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Abstract. We investigate the linear conjugation problem for polyanalytic functions using function theory and
Cauchy-type integrals. We explicitly construct a canonical matrix-function by using the recurrence procedure
and use it to study the linear conjugation problem. We found a solutions of the linear conjugation problem and
given a formula for its index by using Cauchy type integrals. We got a representation of the solution of the linear
conjugation problem through the canonical matrix-function, which is constructed explicitly.
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Àííîòàöèÿ. Îïèðàÿñü íà òåîðèþ ôóíêöèé è èíòåãðàëû òèïà Êîøè â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ëèíåé-
íîãî ñîïðÿæåíèÿ äëÿ ïîëèàíàëèòè÷åñêèõ ôóíêöèé. Ïðèìåíÿÿ ïðîöåäóðó ðåêóððåíòíîñòè, ñòðîèòñÿ êàíîíè-
÷åñêàÿ ìàòðè÷íàÿ ôóíêöèÿ, êîòîðàÿ èñïîëüçóåòñÿ äëÿ èçó÷åíèÿ çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ. Ìû íàøëè
ðåøåíèå çàäà÷è î ëèíåéíîì ñîïðÿæåíèè è äàëè ôîðìóëó äëÿ åå èíäåêñà ñ ïîìîùüþ èíòåãðàëîâ òèïà Êîøè.
Ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ ÷åðåç êàíîíè÷åñêóþ ìàòðèöó-ôóíêöèþ,
êîòîðàÿ ïîñòðîåíà ÿâíî.

Êëþ÷åâûå ñëîâà: Çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ, ôîðìóëà Ãóðñà, ñèíãóëÿðíûé èíòåãðàë Êîøè, êàíîíè-
÷åñêèå ìàòðèöû-ôóíêöèè, ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ.

Äëÿ öèòèðîâàíèÿ: ×àí Êóàíã Âûîíã. 2020. Çàäà÷à ëèíåéíîãî ñîïðÿæåíèÿ. Ïðèêëàäíàÿ ìàòåìàòèêà &

Ôèçèêà, 52(2): 55�61. DOI 10.18413/2687-0959-2020-52-2-55-61.

1. The Goursat Formula. Let D be a subset of C, and u be a Cn function on D, u(z) = u(x, y) in
a complex variable z = x+ iy. This function is called poly-analytic if it is a solution of the equation

∂nu

∂z̄n
= 0, (1.1)

where
∂

∂z̄
=

1

2

(
∂

∂x
+ i

∂

∂y

)
.

To emphasize on the dependency of n, these functions are also called n analytic (bi-analytic when n = 2).
It is clear that when n = 1 the equation (1.1) is the Cauchy-Riemann condition and its solutions are
analytic functions.
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It is well known that any n− analytic function u is represented in the form

u(z) = φ1(z) + z̄φ2(z) +
z̄2

2!
φ3(z) + . . .+

z̄n−1

(n− 1)!
φn(z), (1.2)

where φj(z) are analytic functions onD. When n=2 the formula takes the name Goursat, that we conserve
also in the general case for any n. In particular, from this formula, it follows that the analytic functions
are in�nitely di�erentiable in D.

In (1.2) it is easy to put an induction on n, if it is used on the relation

∂

∂z̄
[z̄kφ(z)] = kz̄k−1φ(z), (1.3)

for any natural k and analytical function φ. In fact, the Goursat formula is true for (n − 1) analytic
functions and function u ∈ Cn(D) satisfying the equation (1.1). So

∂n−1u

∂z̄n−1
= φn(z),

where φn(z) is an analytic function, and from (1.3)

∂n−1

∂z̄n−1

[
u(z)− z̄n−1

(n− 1)!
φn(z)

]
= 0.

According to the induction, hence the validity of the formula (1.2) holds for all n.
From (1.3) and (1.2), we have

∂j−1u

∂z̄j−1
= φj(z) + z̄φj+1(z) + . . .+

z̄n−j

(n− j)!
φn(z), 1 ≤ j ≤ n. (1.4)

Put
U = (U1, . . . , Un), Uj = ∂j−1u/∂z̄j−1,

φ = (φ1, . . . , φn), P = (Pij)
n
1 ,

(1.5)

where P (z) is a upper triangle matrix determined by

Pij(z) =
z̄j−i

(j − i)!
, j ≥ i.

So the relationship (1.4) can be written in the matrix form

U = Pφ. (1.6)

It is easy to check that the determinant of P is equal to 1. Therefore, relation (1.6) can be transformed
to φ = P−1U . In other words, in Goursat formula (1.2), the set of analytic functions φj in the same way
it is determined by n-analytic function u.

For the upper triangle elements of the inverse matrix P−1, we have the following expression

(P−1)ij(z) =
(−1)j−iz̄j−i

(j − i)!
, j ≥ i. (1.7)

In fact, let ∆ be the matrix with elements

∆ij =

{
1, j − i = 1,
0, j − i 6= 1.

Then, we have the identical expression

(∆k)ij =

{
1, j − i = k,
0, j − i 6= k,

0 ≤ k ≤ n− 1,

clearly, ∆n = 0. From this notation, we can write

P (z) =
n−1∑
k=0

z̄k

k!
∆k.
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So, this sum coincides with the series in all k ≥ 0, P (z) = exp(z̄∆). Therefore,

P−1(z) = exp(−z̄∆) =
n−1∑
k=0

z̄k

k!
(−1)k∆k,

this coincides with (1.7).
Let D be a neighborhood domain of the in�nitely distant point∞, this means, it contains the exterior

of {|z| ≥ R}. Suppose, in the notation (1.5), the poly-analytic function u(z), with |z| ≥ R, satis�es the
following inequalities

|Uj(z)| ≤ C|z|l−j , j = 1, . . . , n, (1.8)

with some integer l or, equivalently, Uj(z) = O(|z|l−j) when z →∞.
Due to (1.6), (1.7), we have the following expressions for the components φk of φ

φk(z) =
n∑
j=k

(−z̄)j−k

(j − k)!
Uj(z).

Therefore, the similar inequalities (1.8) are also valid for these components. We also have

φj(z) = O(|z|l−j) when z →∞, j = 1, . . . , n, (1.9)

implies (1.8) with some other constant C.

2. Linear Conjugation Problems. Let Γ be a smooth oriented contour on the complex plan, which
is composed of simple contours Γ1, . . . ,Γm. Therefore, the complement is the open setD = C\Γ composed
of connected components D0, D1, . . . , Dm, where D0 is unbounded and contains a neighborhood of ∞,
the others are bounded. There is no lost of generality, we can assume that

∂D0 = Γ1 ∪ . . . ∪ Γm0
, 1 ≤ m0 ≤ m. (2.1)

Let's designate C(D̂) denote the class ϕ ∈ C(D), that in every domain Dj is continuously extensible
to the boundary. Obviously, we can de�ne the unilateral boundary values of ϕ(t) by ϕ±(t) = limϕ(z) at
points tinΓ, when the point z → t belongs to the left (right) of Γ with a superior signal (inferior). It is
clear that this function is continuous.

Together with this class, we also consider the H�older class. Let Cµ(G) be the class of functions ϕ
satisfying H�older condition in domain G, i.e.

|ϕ(z1)− ϕ(z2)| ≤ C|z1 − z2|µ, zj ∈ G,

with some exponent 0 < µ ≤ 1. It is clear that the conditions ϕ ∈ Cµ(G) and ϕ ∈ Cµ(G) are equivalent. In
this notations, ϕ ∈ Cµ(D̂) by de�nition, means that ϕ ∈ Cµ(D0) for each bounded sub-domain D0 ⊆ D.
Therefore, ϕ ∈ Cµ(Dj), 1 ≤ j ≤ m, and ϕ ∈ Cµ(D0 ∩ {|z| ≤ R}), for any R > 0.

Given n×n matrix function B(t) = (Bij(t))
n
1 on the contour Γ of the class Cµ, whose determinant is

di�erent from zero. Consider poly-analytic function u satisfying

Uj =
∂j−1u

∂z̄j−1
∈ Cµ(D̂), 1 ≤ j ≤ n,

Uj(z) = O(|z|l−j) when z →∞, j = 1, . . . , n,

(2.2)

Consider the linear conjugation problem:(
∂i−1u

∂z̄i−1

)+

−
n∑
j=1

Bij

(
∂j−1u

∂z̄j−1

)−
= fi, 1 ≤ i ≤ n. (2.3)

With the substitution U = Pφ, this problem is the linear conjugation problem

φ+ −Gφ− = g, (2.4)

For a analytic vector function φ ∈ Cµ(D̂) with the matrix coe�cient G = P−1BP and the right side
g = P−1f . Due to (2.2), we have

deg φj ≤ l − j, when z →∞, j = 1, . . . , n. (2.5)
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With the help of the Cauchy type integral

(Iϕ)(z) =
1

2πi

∫
Γ

ϕ(t)dt

t− z
, (2.6)

this problem, by the usual manner, may be reduced to a equivalent system of the singular integral equation
(see, for example: ¾Singular integral equations¿, [N. I. Muskhelishvili, 1946]).

Theorem 2.1. If ϕ ∈ Cµ(Γ), then analytic function φ = Iϕ disappears on the unbounded domain

and belongs to the class Cµ(D̂), and its contour values satis�es the Sokhoski-Plemelj formulas

2φ± = ±ϕ+ Sϕ, (2.7)

with

(Sϕ)(t0) =
1

πi

∫
Γ

ϕ(t)dt

t− t0
, t0 ∈ Γ (2.8)

Cauchy singular integral. Where, Iϕ as a linear operator, is limited by Cµ(Γ)→ Cµ(D̂).

The inverse is also true: any analytic function φ ∈ Cµ(D̂) that satis�es the condition deg φ ≤ æ−1 in
unbounded domain with some integer number æ, is inclusively represent-able as φ = Iϕ+ p with density
ϕ ∈ Cµ(Γ) and polynomial p(z), subjected to the conditions

deg p ≤ æ− 1,

∫
Γ

ϕ(t)q(t)dt = 0, deg q ≤ −æ− 1,

where the last condition of orthogonality is understood in the relation to the polynomials q(z). Where, the
polynomials of negative degree are assumed as equal to zero.

The last a�rmation of the theorem occurs in the fact that, in the neighborhood of ∞, the function
Iϕ possesses the decomposition in Laurent series:

(Iϕ)(z) =

∞∑
k=0

ckz
−k−1, ck = − 1

2πi

∫
Γ

ϕ(t)tkdt. (2.9)

In particularly, for an integer number æ ≤ −1 , the condition deg Iϕ ≤ æ − 1 can be expressed in zero
equality form ∫

Γ

ϕ(t)q(t)dt = 0,

for polynomial q has deg q ≤ −æ− 1.
In particularly, from the theorem, it follows that the singular operator Sϕ is limited on the space

Cµ(Γ).

3. Functions of canonic matrices. Suppose that the matrix-function G ∈ Cµ(Γ) is invertible. By
de�nition, an analytic matrix function X(z) out of Γ is called canonic in relation to G if it belongs to the
class Cµ(D̂), has �nite order in the unbounded domain, satis�es the relation

X+ = GX−, (3.1)

and the condition
A = lim

z→∞
X(z)diag(zæ1 , . . . , zæn), detA 6= 0, (3.2)

in the unbounded domain with some integer number æj .
By the theory of singular equations, there exists a matrix G such that the integer numbers æ1, . . . ,æn

uniquely determined by permutation, and called partial index of G, and

æ1 + . . .+ æn = IndG, IndG =
1

2πi
ln detG(t)

∣∣
Γ
. (3.3)

For the case n = 1, the condition (3.2) and the equality (3.3) are

A = lim
z→∞

zæX(z) 6= 0, æ = IndG. (3.4)

In this case, the canonic function is built directly. Suppose that m = 1, i.e the Γ contour is simple,
the conjunction D0 (D1) stays inside (outside) of this contour and the point z0 ∈ D0 is �xed. Consider
G0(t) = (t − z0)±æ, t ∈ Γ, where the superior (inferior) is selected if contour Γ is oriented counter-
clockwise. Obviously, the Cauchy index of G and G0 coincide and the function

X0(z) =

{
1, z ∈ D0,

(z − z0)−æ, z ∈ D1,
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is G0 canonic, or satis�es the conditions (3.1), (3.4) in relation to G0.
Observe that the Cauchy index of G1 = G−1

0 G is equal to zero, therefore lnG1 ∈ Cµ(Γ). Consider
one integral Cauchy type Y = I(lnG1), this function belongs to a Cµ(D̂), disappears in the in�nite, and
according to (2.7), satis�es the condition Y + − Y − = lnG1. Therefore, X = eYX0, and G are canonical.
The general case when Γ = Γ1 ∪ . . . ∪ Γm, Gj is the restriction of G on Γj and Xj is the Gj canonic
function. So the product X = X1 · · ·Xm is a G canonic function.

From this, the canonic matrix function X(z) corresponding to G, the solution of the problem (2.4),
where

deg φ ≤ l − 1, (3.5)

can be constructed explicitly.
In fact, due to (3.1), vector function ψ = (ψ1, . . . , ψn) = X−1φ satis�es the condition of contour

ψ+ − ψ− = (X+)−1g due to (3.2), condition (3.5) becomes to

degψj ≤ l + æj − 1, 1 ≤ j ≤ n.

As consequence, theorem 2.1 can be applied to ψ, and we have

ψ(z) =

∫
Γ

(X+)−1(t)g(t)dt

t− z
+ p(z).

As a observed above, this function in the neighborhood of ∞ possesses the decomposition in Laurent
series of the form (2.9) with coe�cient

aj = − 1

2πi

∫
Γ

[(X+)−1g](t)t−j−1dt, j ≤ −1,

and a0 + . . . + asz
s = p(z). That why the condition degψk ≤ l + æk − 1 reduces in the fact that

deg pk ≤ l + æk − 1 and ∫
Γ

[(X+)−1g]k(t)qk(t)dt = 0, 1 ≤ k ≤ n,

where the polynomials qk has deg qk ≤ −(l+æk)−1. Obviously, this conditions guarantees that the order
in the unbounded domain of vector function diag(z−æ1 , . . . , z−æn)ψ(z) doesn't exceed l − 1.

In this way, all solutions of the original problem (2.4), (3.5) are described by the formula

φ = X(Ig̃ + p), g̃ = (X+)−1g,

where polynomial vector p = (p1, . . . , pn) has deg pk ≤ l+æk−1, and the density g̃ satis�es the conditions
of orthogonality ∫

Γ

g̃k(t)qk(t)dt = 0, 1 ≤ k ≤ n,

where the polynomial qk has deg qk ≤ −(l + æk)− 1.
In particularly, the index æ = IndG+ nl.
In the case of the problems (2.4), (2.5), the order at in�nity of function φj has to be aligned and is

reduced to the form (3.5), this can be made with the help of the diagonal matrix function

Q(z) =

{
1, z ∈ D \D0,

diag(1, (z − z0)−1, . . . , (z − z0)1−n), z ∈ D0,
(3.6)

where z0 ∈ D \D0 is �xed.
Remember that, in accordance with (2.1) the boundary of the unbounded domain D0 is composed of

components Γj , 1 ≤ j ≤ m0, of contour Γ. The problem φ = Qφ̃ (2.4) is replaced to the linear conjugation
problem

φ̃+ − G̃φ̃− = g̃, (3.7)

where G̃ = (Q+)−1GQ−, and the right side g̃ = (Q+)−1g. The condition (2.5) at in�nity become to (3.5).
Due to (1.2), we have the following result.

Theorem 3.1. Let X̃(z) be a function of canonic matrix corresponding to coe�cient matrix G̃ =
(Q+)−1P−1BPQ−, and æ̃j , 1 ≤ j ≤ n, be their partial index.

To solve the problem (2.2), (2.3) it is necessary and su�cient that condition f̃ = (X̃+)−1(Q+)−1P−1f
satis�es the following orthogonality ∫

Γ

f̃k(t)q̃k(t)dt = 0, 1 ≤ k ≤ n, (3.8)
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where the polynomials q̃k has deg q̃k ≤ −(l + æ̃k) − 1 ( polynomials with negative degree are assumed as
zero ).

Under these conditions, the general solution of this problem is given by the formula

u(z) =
n∑
1

φj(z)
z̄j−1

(j − 1)!
,

φ(z) = Q(z)X̃(z)

[
1

2πi

∫
Γ

f̃(t)dt

t− z
+ p̃(z)

]
, (3.9)

where the polynomial vector p̃ = (p̃1, . . . , p̃n) satis�es the condition deg p̃k ≤ l + æ̃k − 1, 1 ≤ k ≤ n.
From the theorem, the space of the solution of homogeneous system has the same dimension with the

class of the polynomial vector p̃ = (p̃1, . . . , p̃n) where deg p̃k ≤ l + æ̃k − 1. So this dimension is equal to

s+ = (l + æ̃1)+ + . . .+ (l + æ̃n)+.

In the same manner, the number of conditions that is solved linearly independently is equal to

s− = (−l − æ̃1)− + . . .+ (−l − æ̃n)−,

where for an integer s put s± = (|s| ± s)/2. In particular, the index s+ − s− of the problem is equal.

s+ − s− = nl + Ind G̃. (3.10)

We know that

det G̃ =
det Q−(t)

det Q+(t)
det B.

First suppose that all contours Γj in (2.1) are oriented negatively with respect to the D0, i.e counterclock-
wise. Then Q±(t) = 1, t ∈ Γ \ ∂D0 and

detQ+(t) = 1,

detQ−(t) = (t− z0)−n(n−1)/2, t ∈ Γj , 1 ≤ j ≤ m0, (3.11)

therefore
m∑
j=1

1

2πi
ln

detQ−(t)

detQ+(t)

∣∣∣∣
Γj

=
−n(n− 1)

2
, (3.12)

from (3.10) the index s+ − s− of the problem is equal

s+ − s− = IndB + nl − n(n− 1)

2
.

For arbitrary n, let B in (2.3) be an upper triangular matrix, i.e Bij = 0 when i > j. We have matrix
P in (1.5) is upper triangular. Therefore, this property possessed also the matrix G̃ = (Q+)−1P−1BPQ−.
Then, the canonic matrix - function G can be explicitly constructed from a recursive procedure.

Theorem 3.2. Let G ∈ Cµ(Γ) be a upper triangular matrix, i.e Gij = 0 to i > j, and Gii(t) 6= 0,
t ∈ Γ, 1 ≤ i ≤ n. Then the canonic matrix X is also upper triangular and its partial index æi = IndGii.

Prove. First, suppose that all diagonal elements of Gii equal 1. Write matrixX in the formX = 1+Y ,
where Y (z) disappears in ∞ and its element Yij = 0 to i ≥ j. So (3.1) turns into Y + = GY − +G− 1 or
Y + − Y − = (G− 1) + (G− 1)Y −. Write this relation coordinately

Y +
ij − Y

−
ij = Gij +

∑
i<l<j

GilY
−
lj , i < j. (3.13)

From this, we have the following equalities

Y +
n−1,n − Y

−
n−1,n = Gn−1,n, (3.14a)

Y +
n−2,n−1 − Y

−
n−2,n−1 = Gn−2,n−1,

Y +
n−2,n − Y

−
n−2,n = Gn−2,n +Gn−2,n−1Y

−
n−1,n,

(3.14b)

Y +
n−3,n−2 − Y

−
n−3,n−2 = Gn−3,n−2,

Y +
n−3,n−1 − Y

−
n−3,n−1 = Gn−3,n−1 +Gn−3,n−2Y

−
n−2,n−1,

Y +
n−3,n − Y

−
n−3,n = Gn−3,n +Gn−3,n−2Y

−
n−2,n +Gn−3,n−1Y

−
n−1,n,

(3.14c)

and so on.
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Therefore, using theorem 2.1, we have

Yn−1,n = IGn−1,n, (3.15a)

Yn−2,n−1 = IGn−2,n−1,
Yn−2,n = I(Gn−2,n +Gn−2,n−1Y

−
n−1,n),

(3.15b)

Yn−3,n−2 = IGn−3,n−2,
Yn−3,n−1 = I(Gn−3,n−1 +Gn−3,n−2Y

−
n−2,n−1),

Yn−3,n = I(Gn−3,n +Gn−3,n−2Y
−
n−2,n +Gn−3,n−1Y

−
n−1,n),

(3.15c)

and so on. As a consequence, Y is completely determined and X = 1 + Y is canonic with æj = 0 in
relation to a triangular matrix G with diagonal elements Gii = 1, 1 ≤ i ≤ n.

For the general case, where a triangular matrix G with arbitrary diagonal elements, the problem is
reduced to the case considered above by presentation G in the product form

G = G(1)G(2), G(1) = diag (G11, . . . , Gnn), (3.16)

where the diagonal elements of the triangular matrix G(2) are equal to 1. Let X(1)i be a canonic function
corresponding to the coe�cient Gii.

In other words, by (3.1), (3.2), X+
(1)i = GiiX

−
(1)i and X(1)i(z)z

æi → 1 as z →∞, where æi = IndGii.
So

X(1) = diag (X(1)1, . . . , X(1)n) (3.17)

G(1) is canonic, this is, it satis�es (3.1), (3.2) in relation to the correlation G(1). Let us consider the
triangular matrix in Γ

G̃(2) = (X−(1))
−1G(2)X

−
(1), (3.18)

where the diagonal elements of G̃(2) are equal to 1.
So, by what it has been proven above, there exists

lim
z→∞

X(2)(z) = 1.

We will a�rm that the canonic matrix X to the original coe�cient G is an X = X(1)X(2). In fact, the
equality

X+
(1)X

+
(2) = G(1)G(2)X

−
(1)X

−
(2)

having in mind the equality X+
(1) = G(1)X

−
(1) passes to X

+
(2) = G̃(2)X

−
(2).
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Ââåäåíèå. Ìàòåìàòè÷åñêèì îáúåêòîì èçó÷åíèÿ â ðàâíîâåñíîé ñòàòèñòè÷åñêîé ìåõàíèêå ÿâëÿ-
þòñÿ ãèááñîâñêèå âåðîÿòíîñòíûå ìåðû. ×àñòíûì ñëó÷àåì òàêèõ ìåð, êîòîðûé èçó÷àåòñÿ â íàñòîÿ-
ùåé ðàáîòå, ÿâëÿþòñÿ ãèááñîâñêèå ìåðû, ñâÿçàííûå ñ ò. í. ðåøåò÷àòûìè ìîäåëÿìè, êîòîðûå ÿâëÿ-
þòñÿ ìàòåìàòè÷åñêèìè ìîäåëÿìè ñèñòåì ìíîãèõ ÷àñòèö, ðàññìàòðèâàåìûõ â ôèçèêå òâåðäîãî òåëà.
Äëÿ ðåøåò÷àòûõ ìîäåëåé ìåðû îïðåäåëÿþòñÿ ïîñðåäñòâîì çàäàíèÿ ñåìåéñòâà ñîãëàñîâàííûõ ìåæ-
äó ñîáîé ÷àñòíûõ ðàñïðåäåëåíèé âåðîÿòíîñòåé PΛ[·] íà ïðîñòðàíñòâàõ ýëåìåíòàðíûõ ñîáûòèé Ω(Λ),
êàæäîå èç êîòîðûõ ñîïîñòàâëÿåòñÿ ìíîæåñòâó Λ ⊂ Zd, |Λ| <∞, d = 1, 2, 3 (êîíå÷íîé ÷àñòè êðèñòàë-
ëè÷åñêîé ðåøåòêè), ïðèíàäëåæàùåìó ñïåöèàëüíîìó êëàññó êîíå÷íûõ ïîäìíîæåñòâ èç Zd. Òîãäà
ãèááñîâñêàÿ ìåðà P[Σ] ñëó÷àéíîãî ñîáûòèÿ Σ, ñâÿçàííîãî ñ ôèêñèðîâàííûì êîíå÷íûì ìíîæåñòâîì
Λ ⊂ Zd îïðåäåëÿåòñÿ êàê ñîâîêóïíîñòü ïðåäåëüíûõ çíà÷åíèé ïîñëåäîâàòåëüíîñòè 〈PΛ[Σ]; Λ ⊂ Zd〉,
Σ ⊂ Ω(Λ), êîòîðàÿ ñîîòâåòñòâóåò ðàñøèðÿþùåéñÿ ïîñëåäîâàòåëüíîñòè ìíîæåñòâ Λ → Zd. Òàêèå
ïðåäåëüíûå çíà÷åíèÿ âåðîÿòíîñòåé íàçûâàþòñÿ òåðìîäèíàìè÷åñêè ïðåäåëüíûìè âåðîÿòíîñòÿìè.
Ïî ïîâîäó èñïîëüçóåìîé òåðìèíîëîãèè (ñì., íàïðèìåð, [Ìèíëîñ, 2002], [Gallavotti, 1999]).

Îäíîé èç çàäà÷ ñòàòèñòè÷åñêîé ìåõàíèêè ÿâëÿåòñÿ çàäà÷à âû÷èñëåíèÿ ïðåäåëüíûõ çíà÷åíèé
P [Σ] è îäèí èç ïîäõîäîâ ê ðåøåíèþ ýòîé çàäà÷è ñâÿçûâàåòñÿ ñ íàõîæäåíèåì ïîäõîäÿùåé ñèñòåìû



Þ. Ï. Âèð÷åíêî, Å. Þ. Ìîñêîâ÷åíêî 63

óðàâíåíèé, ñâÿçûâàþùèõ ïðåäåëüíûå çíà÷åíèÿ P[Σ] ðàçëè÷íûõ ñëó÷àéíûõ ñîáûòèé Σ. Â ïðîñòåé-
øåì ñëó÷àå ðåøåò÷àòûõ ìîäåëåé, êîòîðûå ñîîòâåòñòâóþò ãèááñîâñêèì òî÷å÷íûì ñëó÷àéíûì ïîëÿì
è íàçûâàþòñÿ ¾ðåøåòî÷íûì ãàçîì¿, òàêîé ñèñòåìîé óðàâíåíèé ÿâëÿþòñÿ èíòåãðàëüíûå óðàâíåíèÿ,
êîòîðûå ïðèìåíÿëèñü äëÿ èññëåäîâàíèÿ òàêèõ ìîäåëåé â ðàáîòàõ [Gallavotti, Miracle-Sole, 1967],
[Äîáðóøèí, 1968], à òàêæå åå âèäîèçìåíåíèå â ðàáîòå [Ïàñòóð, 1974]. Â ïîñëåäíåì ñëó÷àå ñèñòå-
ìà óðàâíåíèé àíàëîãè÷íà ñèñòåìå óðàâíåíèé Êèðêâóäà � Çàëüöáóðãà [Kirkwood, Salsburg, 1953],
èñïîëüçóåìîé ïðè èçó÷åíèè íåïðåðûâíûõ ìîäåëåé ñòàòèñòè÷åñêîé ìåõàíèêè. Íàñòîÿùàÿ ðàáîòà ïî-
ñâÿùåíà âûâîäó ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé îáîáùåíèå ñèñòåì
óðàâíåíèé, ïîëó÷åííûõ â öèòèðóåìûõ ðàáîòàõ, íà ñëó÷àé ðåøåò÷àòûõ ñèñòåì, êîòîðûå ïðåäñòàâ-
ëÿþò ñîáîé âåêòîðíûå ðàññëîåíèÿ ãèááñîâñêèõ òî÷å÷íûõ ñëó÷àéíûõ ïîëåé. Êðîìå òîãî, ìû ðàñïðî-
ñòðàíèì ïîëîæåíèÿ ñïåêòðàëüíîé òåîðèè Ë. À. Ïàñòóðà äëÿ ïîëó÷åííîé íàìè ñèñòåìû óðàâíåíèé.

2. Âåêòîðíûå ðåøåò÷àòûå ìîäåëè ñòàòèñòè÷åñêîé ìåõàíèêè. Îïðåäåëèì äëÿ êàæäîãî
ìíîæåñòâà Λ âåðîÿòíîñòíûå ïðîñòðàíñòâà 〈S(Λ),PΛ〉 ðåøåò÷àòûõ ñèñòåì ñòàòèñòè÷åñêîé ìåõàíèêè,
èçó÷àåìûõ â íàñòîÿùåé ðàáîòå, ãäå S(Λ) � ïðîñòðàíñòâî ñîñòîÿíèé ñèñòåìû (ïðîñòðàíñòâî ýëåìåí-
òàðíûõ ñëó÷àéíûõ ñîáûòèé) è PΛ � íîðìèðîâàííàÿ ìåðà, çàäàííàÿ â ñîîòâåòñòâèè ñî ñòðóêòóðîé
èçìåðèìîñòè íà Ω(Λ).

Ïðåæäå âñåãî, îïèøåì êëàññ ïîäìíîæåñòâ Λ(L) ≡ Λ ⊂ Zd. Îïðåäåëèì äëÿ ëþáîãî L ∈ N+

ìíîæåñòâî Λ = {0, 1, ..., L}d−aL〈1, ..., 1〉 c aL = L/2, åñëè L � ÷åòíîå, è (L−1)/2, åñëè L � íå÷åòíîå.
Ïðè ýòîì äëÿ ëþáîãî L èìååò ìåñòî âêëþ÷åíèå Λ(L + 1) ⊃ Λ(L) è

⋃∞
L=0 Λ(L) = Zd. ×èñëî L

áóäåì íàçûâàòü ðàçìåðîì ìíîæåñòâà Λ. Ïðè ýòîì ÷èñëî òî÷åê â ìíîæåñòâå Λ ñ ðàçìåðîì L ðàâíî
|Λ| ≡ (L+ 1)d.

Ïðîñòðàíñòâà ñîñòîÿíèé ðåøåò÷àòûõ ñèñòåì ñòàòèñòè÷åñêîé ìåõàíèêè äëÿ êàæäîãî èç óêàçàí-
íûõ âûøå ìíîæåñòâ Λ ïðåäñòàâëÿþòñÿ â âèäå ïðÿìîãî ïðîèçâåäåíèÿ

S(Λ) =
⊗
x∈Λ

S({x}) . (1)

Ïîäðàçóìåâàåòñÿ, ÷òî íà ïðîñòðàíñòâå ñîñòîÿíèé SΛ èìååòñÿ ñòðóêòóðà èçìåðèìîñòè è íà íåé
îïðåäåëåí èíòåãðàë ïî σ-àääèòèâíîé ìåðå. Ïðè ýòîì èçìåðèìûå ìíîæåñòâà îïðåäåëÿþòñÿ êàê ïðÿ-
ìûå ïðîèçâåäåíèÿ èçìåðèìûõ ìíîæåñòâ â êàæäîì èç ïðîñòðàíñòâ S({x}) ñîñòîÿíèé ñ x ∈ Λ, à
ìåðà íà S(Λ) îïðåäåëÿåòñÿ êàê ïðîèçâåäåíèå ìåð

∏
x∈Λ dmx, ãäå âõîäÿùèå â ýòî ïðîèçâåäåíèå ìå-

ðû dmx, x ∈ Λ ýêâèâàëåíòíû. Òîãäà ãèááñîâñêèå ðàñïðåäåëåíèÿ âåðîÿòíîñòåé PΛ[Σ] ñëó÷àéíûõ
ñîáûòèé Σ ⊂ S(Λ) äëÿ ñèñòåì ñòàòèñòè÷åñêîé ìåõàíèêè îïðåäåëÿþòñÿ, äëÿ êàæäîãî Λ, íà îñíîâå
çàäàíèÿ ôóíêöèîíàëà HΛ[·] íà ïðîñòðàíñòâå ñîñòîÿíèé S(Λ) ïîñðåäñòâîì ôîðìóëû

PΛ[Σ] = Q−1
Λ

∫
Σ

exp
(
− HΛ/T

) ∏
x∈Λ

dmx , (2)

QΛ =

∫
SΛ

exp
(
− HΛ/T

) ∏
x∈Λ

dmx . (3)

Çäåñü ïàðàìåòð T > 0, íàçûâàåìûé òåìïåðàòóðîé. Ôóíêöèîíàë HΛ[·] íàçûâàåòñÿ ãàìèëüòîíèàíîì
ñèñòåìû.

Äëÿ ðàññìàòðèâàåìûõ íàìè â ýòîé ðàáîòå âåêòîðíûõ ðåøåò÷àòûõ ìîäåëåé ïðîñòðàíñòâî ñî-
ñòîÿíèé S({x}) â êàæäîé òî÷êå x ∈ Λ îïðåäåëÿåòñÿ ôîðìóëîé

S({x}) = {〈ρ(x), s(x)〉 : ρ(x) ∈ {0, 1}, s(x) ∈ Rn, s2(x) ≤ s2}, (4)

s ∈ (0,∞), n ∈ N òàê, ÷òî âñå ïðîñòðàíñòâî S(Λ) ñîñòàâëÿþò ìíîæåñòâî ïàð 〈ρ(x), s(x)〉 ôóíêöèé
íà Λ, èç êîòîðûõ ρ(x) � äèõîòîìè÷åñêàÿ ôóíêöèÿ ñî çíà÷åíèÿìè {0, 1} è s(x) � âåêòîðíîå ïîëå íà
Λ ñî çíà÷åíèÿìè â Rn, n = 1, 2, 3. Ñëåäîâàòåëüíî, ýëåìåíòàìè ïðîñòðàíñòâà S(Λ) ÿâëÿþòñÿ ïàðû
〈ρ(x), s(x)〉 è ãàìèëüòîíèàí HΛ[·] ñîïîñòàâëÿåò êàæäîé òàêîé ïàðå ÷èñëî èç R. Ïîýòîìó åãî çíà÷åíèÿ
ìû áóäåì, äàëåå, îáîçíà÷àòü ïîñðåäñòâîì HΛ[ρ, s].

Â ñâîþ î÷åðåäü, äëÿ âåêòîðíûõ ìîäåëåé èçìåðèìûå ìíîæåñòâà â êàæäîì èç ïðîñòðàíñòâS({x}),
x ∈ Λ îïðåäåëÿþòñÿ èçìåðèìûìè ïî Ëåáåãó ìíîæåñòâàìè â Rn êàê ïðè çíà÷åíèè ρ(x) = 0, òàê è
ïðè çíà÷åíèè ρ(x) = 1, à ìåðà dm[s(x)] íà êàæäîì èç ýòèõ ïðîñòðàíñòâ îïðåäåëÿåòñÿ ñôåðè÷åñêè
ñèììåòðè÷íîé ïëîòíîñòüþ f(s), ñîñðåäîòî÷åííîé íà [0, s] òàê, ÷òî äëÿ ôèêñèðîâàííîé òî÷êè x ∈ Λ
äèôôåðåíöèàë ìåðû ìíîæåñòâà òî÷åê ïðîñòðàíñòâàS({x}) äëÿ êàæäîãî çíà÷åíèÿ ρ = ρ(x) ∈ {0, 1},
ñîñòàâëÿþùèé äèôôåðåíöèàëüíóþ ÷àñòü sn−1dsdΩ ñôåðè÷åñêîãî ñëîÿ îêîëî òî÷êè s ∈ Rn ñ |s| = s,
îïðåäåëÿåìóþ äèôôåðåíöèàëîì òåëåñíîãî óãëà dΩ, ðàâåí w(s)sn−1dsdΩ ≡ w(s)ds. Òàêèì îáðàçîì,
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â ñîîòâåòñòâèè ñ ôîðìóëàìè (2), (3), ãèááñîâñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé äëÿ èçìåðèìûõ ìíî-
æåñòâ Σ â ïðîñòðàíñòâå S(Λ) âåêòîðíûõ ìîäåëåé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

PΛ[Σ] = Q−1
Λ

∑
ρ(x)∈{0,1}Λ :
〈ρ,s〉∈Σ

∫
Σs

exp
(
− HΛ[ρ, s]/T

) ∏
x∈Λ

w(s(x))ds(x) , (4)

QΛ =
∑

ρ(x)∈{0,1}Λ

∫
(Rn)|Λ|

exp
(
− HΛ[ρ, s]/T

) ∏
x∈Λ

w(s(x))ds(x) , (5)

ãäå |s(x)| = s(x) è ââåäåíî îáîçíà÷åíèå Σs = {〈s(x); x ∈ Λ〉 : 〈〈ρ(x), s(x)〉; x ∈ Λ〉 ∈ Σ}.
Äàëåå, â ýòîé ðàáîòå ìû áóäåì èññëåäîâàòü âåêòîðíûå ìîäåëè, ãàìèëüòîíèàíû êîòîðûõ ñîäåðæàò

òîëüêî ïàðíîå âçàèìîäåéñòâèå ìåæäó òî÷êàìè x ∈ Λ. Òàêîãî ðîäà ôóíêöèîíàëû îïðåäåëÿþòñÿ
ôîðìóëîé

HΛ[ρ(x), s] = −
∑
x∈Λ

ρ(x)(s(x),h) +
1

2

∑
x,y∈Λ2

U(x− y)ρ(x)I
(
s(x), s(y)

)
ρ(y) . (6)

Çäåñü â ïåðâîì ñëàãàåìîì (s(x),h) îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðà s(x) è ïîñòîÿííî-
ãî âåêòîðà h. Ôóíêöèÿ U(·) : Zd 7→ R îáëàäàåò ñâîéñòâîì U(−x) = U(x), U(0) = 0 è ÿâëÿåòñÿ
ñóììèðóåìîé

∑
x∈Zd

|U(x)| <∞. Êðîìå òîãî, ôóíêöèÿ I(s1, s2) ÿâëÿåòñÿ ñèììåòðè÷íîé îòíîñèòåëüíî

ïåðåñòàíîâîê àðãóìåíòîâ, îãðàíè÷åííîé |I(s1, s2)| ≤ I, sj ∈ Rn, j = 1, 2 íåêîòîðîé ïîñòîÿííîé I > 0.
Ôóíêöèÿ I(s1, s2) ïðåäïîëàãàåòñÿ çàâèñÿùåé òîëüêî îò èíâàðèàíòîâ ïàðû âåêòîðîâ 〈s1, s2〉, òî åñòü
îò s2

1, s2
2 è ñêàëÿðíîãî ïðîèçâåäåíèÿ (s1, s2).

Äëÿ êàæäîãî n = 1 ÷ |Λ| è íåïóñòîãî ìíîæåñòâà X ⊂ Λ, |X| = m è ñâÿçàííîãî ñ íèì íàáîðà
〈Σs(x); x ∈ X〉 ðàññìîòðèì âåðîÿòíîñòè

Pr{ρ̃(x) = 1 ∨ s̃(x) ∈ Σs(x); x ∈ X} = Q−1
Λ

∑
ρ∈{0,1}Λ

( ∏
x∈X

ρ(x)
)
×

×
∫

s(x)∈Σs(x);
x∈X

∫
s(x)∈Rn;
x∈Λ\X

exp
(
− HΛ[ρ, s]/T

) ∏
y∈Λ

w(s(y))ds(y) .

Çäåñü çíàêîì ¾òèëüäà¿ ïîìå÷åíû ñëó÷àéíûå âåëè÷èíû.
Ââåäåì ïëîòíîñòè fm(X; s(x),x ∈ X) ðàñïðåäåëåíèÿ ýòèõ âåðîÿòíîñòåé, êîòîðûå âûðàæàþòñÿ

ïðîèçâîäíûìè ïî ìåðå
∏

x∈X ds(x) ìíîæåñòâà Σs,

f (Λ)
m (X; s(x),x ∈ X) = Q−1

Λ

∑
ρ∈{0,1}Λ

( ∏
x∈X

ρ(x)w(s(x))
)
×

×
∫

s(y)∈Rn :
y∈Λ\X

exp
(
− HΛ[ρ, s]/T

) ∏
y∈Λ\X

w(s(y))ds(y) . (7)

Òîãäà êàæäàÿ èç âåðîÿòíîñòåé p(X) = Pr{ρ̃(x) = 1; x ∈ X}, ∅ 6= X ⊂ Λ îïðåäåëÿåòñÿ ôîðìóëîé

p(X) =
∑

ρ∈{0,1}Λ

∫
s(y)∈Rn :

y∈X

f (Λ)
m (X; s(x),x ∈ X)

∏
y∈X

w(s(y))ds(y) =

= Q−1
Λ

∑
ρ∈{0,1}Λ

( ∏
x∈X

ρ(x)w(s(x))
) ∫

s(y)∈Rn :
y∈Λ\X

exp
(
− HΛ[ρ, s]/T

) ∏
y∈Λ\X

w(s(y))ds(y).

Ôîðìóëó (7) ìîæíî çàïèñàòü â èíîé ôîðìå, áîëåå óäîáíîé äëÿ ðåøåíèÿ òîé çàäà÷è, êîòîðîé
ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà. Ñîïîñòàâèì êàæäîé ôóíêöèè ρ(x), ìíîæåñòâî Z = {z ∈ Λ : ρ(z) = 1},
â òåðìèíàõ êîòîðîãî çàïèøåì ôîðìóëó (6) äëÿ ãàìèëüòîíèàíà ñèñòåìû

HΛ[ρ(x), s] ≡ HΛ(Z; s) = −
∑
z∈Z

(s(z),h) +
1

2

∑
〈x,y〉∈Z

U(x− y)I
(
s(x), s(y)

)
. (8)

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2



Þ. Ï. Âèð÷åíêî, Å. Þ. Ìîñêîâ÷åíêî 65

Ïëîòíîñòü f (Λ)
m (X; s(x),x ∈ X) â òåðìèíàõ òàêîé ôóíêöèè H(Z), Z ⊂ Λ çàïèñûâàåòñÿ â âèäå

f (Λ)
m (X; s(x),x ∈ X) = Q−1

Λ

( ∏
x∈X

w(s(x))
)
×

×
∑

Y⊂Λ\X

∫
s(y)∈ΣX;

y∈Y

exp
(
− HΛ(X ∪ Y ; s)/T

) ∏
y∈Y

w(s(y))ds(y), (9)

QΛ =
∑
X⊂Λ

∫
s(x);x∈X

exp
(
− HΛ(X; s)/T

) ∏
x∈X

w(s(x))ds(x) . (10)

3. Ïåðèîäè÷åñêèå óñëîâèÿ. Â ñòàòèñòè÷åñêîé ìåõàíèêå ÷àñòî ïðèìåíÿåòñÿ àïïðîêñèìàöèÿ,
îñíîâàííàÿ íà çàìåíå ãàìèëüòîíèàíà HΛ ãàìèëüòîíèàíîì ĤΛ, ïîëó÷àåìîì â ðåçóëüòàòå îòîæäåñòâ-
ëåíèÿ ïðîòèâîïîëîæíûõ ãðàíåé ïàðàëëåëåïèïåäà Λ, íà êîòîðîì îïðåäåëåíî ïðîñòðàíñòâî S(Λ)
ñîñòîÿíèé ìîäåëè. Ïîëó÷àåìàÿ ïðè ýòîì ìîäåëü íàçûâàåòñÿ ìîäåëüþ ñ ïåðèîäè÷åñêèìè ãðàíè÷íû-
ìè óñëîâèÿìè, ñîîòâåòñòâóþùåé èñõîäíîé ðåøåòî÷íîé ìîäåëè (ñì. [Ìèíëîñ, 2002]). Èñïîëüçîâàíèå
ìîäåëè ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè óïðîùàåò âñåâîçìîæíûå êîíñòðóêöèè â ðàìêàõ
ñòàòèñòè÷åñêîé ìåõàíèêè, ñâÿçàííûå ñ âû÷èñëåíèÿìè ñòàòèñòè÷åñêèõ è òåðìîäèíàìè÷åñêèõ õàðàê-
òåðèñòèê ìîäåëè è äîêàçàòåëüñòâà óòâåðæäåíèé î åå êà÷åñòâåííûõ ñâîéñòâàõ.

Îáû÷íî, ïîíÿòèå ñèñòåìû ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè ââîäèòñÿ â òîì ñëó÷àå, êî-
ãäà âçàèìîäåéñòâèå îáëàäàåò êîíå÷íûì ðàäèóñîì [Ìèíëîñ, 2002]. Îäíàêî ïðè îöåíêå ýíåðãèè êîí-
êðåòíîãî ñîñòîÿíèÿ, â ÷àñòíîñòè, ïðè ðåøåíèè çàäà÷è îá îïðåäåëåíèè îñíîâíîãî ñîñòîÿíèÿ êîíå÷íîé
ñèñòåìû ñòàòèñòè÷åñêîé ìåõàíèêè, ñîâñåì íå î÷åâèäíî, ÷òî àïïðîêñèìàöèÿ èñõîäíîãî ãàìèëüòî-
íèàíà HΛ[·] ñèñòåìû, êîòîðûé ôèçè÷åñêè íå îáëàäàåò êîíå÷íûì ðàäèóñîì äåéñòâèÿ, êàêèì-ëèáî
ãàìèëüòîíèàíîì êîíå÷íîãî ðàäèóñà äåéñòâèÿ, ïðèâîäèò ê áëèçîñòè âû÷èñëÿåìûõ âåëè÷èí.

Â ýòîì ðàçäåëå ìû ââîäèì äëÿ êàæäîé ìîäåëè, îïðåäåëÿåìîé ãàìèëüòîíèàíîì (6), ïîíÿòèå
àïïðîêñèìèðóþùåé åå ìîäåëè ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè â òîì ñëó÷àå, êîãäà ïîòåí-
öèàë U íå îáëàäàåò êîíå÷íûì ðàäèóñîì äåéñòâèÿ, è íàõîäèì îöåíêó áëèçîñòè ýíåðãèé èñõîäíîé è
àïïðîêñèìèðóþùåé ìîäåëåé äëÿ êàæäîãî ñîñòîÿíèÿ èç S(Λ).

Çàôèêñèðóåì ìíîæåñòâî Λ è íà åãî îñíîâå îïðåäåëèì äëÿ êàæäîé òî÷êè x ∈ Zd äåéñòâèå îïåðà-
òîðà PΛ ïðîåêòèðîâàíèÿ. Òî÷êà x ∈ Zd îäíîçíà÷íî ïðåäñòàâèìà â âèäå x = (L + 1)

∑d
j=1 njej + y,

y ∈ Λ, ej � îðòû â Rd, (ej)i = δij , nj ∈ Z, i, j = 1÷ d. Ïîëîæèì, ïî îïðåäåëåíèþ, PΛx = y.
Îïðåäåëåíèå. Ãàìèëüòîíèàí

ĤΛ[ρ, s] = −
∑
x∈Λ

ρ(x)(s(x),h) +
1

2

∑
x∈Λ,

y∈Zd,y 6=x

U(x− y)ρ(x)I
(
s(x), s(PΛy)

)
ρ(PΛy) (11)

íàçîâåì ãàìèëüòîíèàíîì ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè, àïïðîêñèìèðóþùèì ãàìèëüòî-

íèàí HΛ[ρ, s].
Ñîïîñòàâèâ êàæäîé ôóíêöèè ρ(x) ìíîæåñòâî Z = {x ∈ Λ : ρ(x) = 1}, ôîðìóëó (11), îïðåäåëÿ-

þùóþ ãàìèëüòîíèàí ñ ïåðèîäè÷åñêèìè óñëîâèÿìè, çàïèøåì â âèäå

ĤΛ(Z; s) = −
∑
x∈X

(s(x),h) +
1

2

∑
x∈Z,

y∈Zd:x6=PΛy∈Z

U(x− y)I
(
s(x), s(PΛy)

)
. (12)

Íîðìîé ‖ · ‖0 ãàìèëüòîíèàíà ĤΛ íàçûâàåòñÿ ÷èñëî

‖HΛ[ρ, s]‖0 = max{|Λ|−1|HΛ[ρ, s]| : 〈ρ(x), s(x); x ∈ Λ〉 ∈ S(Λ),Λ ⊂ Zd} . (13)

Â ñëó÷àå ãàìèëüòîíèàíà ñ êîíå÷íûì ðàäèóñîì äåéñòâèÿ, î÷åâèäíî, ÷òî ðàçíîñòü ìåæäó ýíåð-
ãèÿìè HΛ[s] è ĤΛ[s] äîëæíà áûòü ïðîïîðöèîíàëüíà ïëîùàäè ïîâåðõíîñòè êðèñòàëëà, òî åñòü Ld−1

ïðè L → ∞. Åñëè æå âçàèìîäåéñòâèå ÿâëÿåòñÿ äàëüíîäåéñòâóþùèì, òî òàêàÿ îöåíêà ìîæåò áûòü
ñëàáåå.

Äëÿ ïîëó÷åíèÿ îöåíîê áëèçîñòè ïî íîðìå ‖ · ‖0 ãàìèëüòîíèàíîâ HΛ[ρ, s] è ĤΛ[ρ, s] óñòàíîâèì
ïðåäâàðèòåëüíî ñëåäóþùóþ ïðîñòóþ ãåîìåòðè÷åñêóþ îöåíêó

Ëåììà. Äëÿ ëþáîé òî÷êè z ∈ Zd èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî

|Λ ∩ (Zd \ Λ + z)| ≤ dLd−1 max{|zj |; j = 1, ..., d} ≡ dLd−1‖z‖ (14)

è ïðè |z| > L
√
d+ 1 âûïîëíÿåòñÿ |Λ ∩ (Zd \ Λ + z)| = 0.
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� Ëþáàÿ òî÷êà x ∈ Λ ïîñëå ñäâèãà âäîëü îäíîé èç îñåé íà âåëè÷èíó L ïðèâåäåò ê òîìó, ÷òî
îíà ëèáî âûéäåò çà ïðåäåëû Λ, ëèáî ïåðåéäåò â ãðàíè÷íóþ òî÷êó Λ. Òîãäà ñäâèã íà ëþáîé âåêòîð
z = L

∑d
j=1 θjej , θj ∈ {0, 1} ïðèâåäåò ê òîìó, ÷òî îíà âûéäåò çà ïðåäåëû Λ, ëèáî ïîïàäåò â óãëîâóþ

òî÷êó Λ. Äëèíà âåêòîðà z â ýòîì ñëó÷àå íå ïðåâîñõîäèò L
√
d. Òîãäà òî÷êà x, íàâåðíÿêà, âûéäåò çà

ïðåäåëû Λ, åñëè |z| > L
√
d. Ââèäó òîãî, ÷òî òî÷êà x ∈ Λ âûáðàíà ïðîèçâîëüíî, òî Λ∩(Zd\Λ+z) = ∅,

åñëè |z| ≥ L
√
d+ 1. Îòñþäà ñëåäóåò ïîñëåäíåå ðàâåíñòâî â ôîðìóëèðîâêå ëåììû.

Äîêàçàòåëüñòâî íåðàâåíñòâà (14) ïðîâåäåì èíäóêöèåé ïî d. Ïðè d = 1 è |z| ≤ L èìååì òî÷íîå
ðàâåíñòâî, òàê êàê Λ = {0, 1, ..., L} è Λ+z = {z, z+1, ..., z+L}. Òîãäà |Λ∩(Z\Λ+z)| = L−(L−|z|) = |z|.

Ïóñòü íåðàâåíñòâî (14) èìååò ìåñòî äëÿ çíà÷åíèÿ d. Òîãäà, òàê êàê, â îáùåì ñëó÷àå,

|Λ ∩ (Zd \ Λ + z)| = (L+ 1)d −
d∏
j=1

(L+ 1− |zj |) ,

òî äëÿ çíà÷åíèÿ (d+ 1) è ëþáîé òî÷êè z = 〈z1, ..., zd, zd+1〉, èìååì, ñîãëàñíî ïðåäïîëîæåíèþ èíäóê-
öèè,

|Λ ∩ (Zd+1 \ Λ + z)| = (L+ 1)d+1 −
d+1∏
j=1

(L+ 1− |zj |) =

= (L+ 1)
(

(L+ 1)d −
d∏
j=1

(L+ 1− |zj |)
)

+
(

(L+ 1)
d∏
j=1

(L+ 1− |zj |)−
d+1∏
j=1

(L+ 1− |zj |)
)
≤

≤ dLd max{|zj |; j = 1, ..., d}+
( d∏
j=1

(L+ 1− |zj |)
)

(L+ 1− (L+ 1− |zd+1|)) ≤

≤ d(L+ 1)d max{|zj |; j = 1, ..., d}+ (L+ 1)d|zd+1| ≤ (d+ 1)(L+ 1)d max{|zj |; j = 1, ..., d+ 1}.�

Èç ïîëó÷åííîé ãåîìåòðè÷åñêîé îöåíêè ñëåäóåò îöåíêà áëèçîñòè ýíåðãèé ïðîèçâîëüíîãî ñîñòîÿ-
íèÿ 〈ρ(x), s(x)〉, x ∈ Λ, âû÷èñëåííûõ íà îñíîâå ãàìèëüòîíèàíîâ HΛ è ĤΛ.

Òåîðåìà. Èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

‖HΛ[ρ, s]− H̃Λ[ρ, s]‖0 ≤
dI

2(L+ 1)

∑
x∈Zd :z6=0

|U(z)| ‖z‖ . (15)

� Î÷åâèäíû ñëåäóþùèå íåðàâåíñòâà:

|HΛ[ρ, s]− ĤΛ[ρ, s]| ≤ 1

2

∑
x∈Λ,

y∈Zd\Λ

|U(x− y)|
∣∣∣I(s(x), s(PΛy)

)∣∣∣ ≤

≤ I

2

∑
x∈Λ,

y∈Zd\Λ

|U(x− y)| = I

2

∑
z∈Zd :z6=0

|U(z)| |Γ(z; Λ)| , (16)

ãäå Γ(z; Λ) = {〈x,y〉 : x− y = z,x ∈ Λ,y 6∈ Λ}.
Êàæäàÿ ïàðà, ïðèíàäëåæàùàÿ Γ(z,Λ), âçàèìíî îäíîçíà÷íûì îáðàçîì îïðåäåëÿåòñÿ òî÷êîé x ∈ Λ

òàê, ÷òî y = x− z 6∈ Λ. Ïðè ýòîì x = y + z ∈ Zd \ Λ + z. Ñëåäîâàòåëüíî,

{x : 〈x,y〉 ∈ Γ(z,Λ)} ⊂ {x : x ∈ Λ,x ∈ Zd \ Λ + z} = Λ ∩ (Zd \ Λ + z) .

Òîãäà |Γ(z,Λ)| ≤ |Λ ∩ ((Zd \ Λ) + z)| . Ïîýòîìó, ïðèìåíèâ îöåíêó (14), ïîëó÷àåì (15). �
Èç ïîëó÷åííîé îöåíêè (15) ðàçíîñòè ýíåðãèé ñëåäóåò, ÷òî äëÿ äàëüíîäåéñòâóþùèõ âçàèìîäåé-

ñòâèé ñ êîíå÷íîé íîðìîé ‖ · ‖0, äëÿ êîòîðûõ∑
x∈Zd

|U(x)| ‖x‖ =∞ ,

ðàçíîñòü (15) âîçðàñòàåò áûñòðåå, ÷åì ïëîùàäü ïîâåðõíîñòè Λ. Ýòî çàòðóäíÿåò èñïîëüçîâàíèå àï-
ïðîêñèìàöèè èñõîäíîé ñèñòåìû ñîîòâåòñòâóþùåé åé ñèñòåìîé ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëî-
âèÿìè â ñëó÷àå äàëüíîäåéñòâóþùèõ ïîòåíöèàëîâ âçàèìîäåéñòâèÿ. Ýòîò ôàêò áûë îòìå÷åí â ðàáîòàõ
[Êëþåâ, Âèð÷åíêî 2015], [Âèð÷åíêî, 1991]. Òåì íå ìåíåå, ñïðàâåäëèâî
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Ñëåäñòâèå. Åñëè HΛ[ρ, s] èìååò êîíå÷íóþ íîðìó, òî ïðè òåðìîäèíàìè÷åñêîì ïðåäåëüíîì ïå-
ðåõîäå èìååò ìåñòî

lim
|Λ|→∞

1

|Λ|
|HΛ[ρ, s]− ĤΛ[ρ, s]| = 0 . (17)

� Òàê êàê ‖HΛ[ρ, s]‖0 <∞, òî
∑

z∈Zd |U(z)| <∞. Äëÿ ôóíêöèé U(·) òàêîãî òèïà èìååò ìåñòî

lim
L→∞

1

L

∑
z∈Λ

|U(z)|‖z‖ = 0 .

Â ñàìîì äåëå, âûáåðåì ïðîèçâîëüíîå ÷èñëî ε > 0 è íàéäåì òàêîé ðàçìåð Lε, äëÿ êîòîðîãî∑
z :|z|>Lε

|U(z)| < ε .

Òîãäà ïðè L > Lε ñïðàâåäëèâà îöåíêà∑
z∈Λ

|U(z)|‖z‖ =
∑

z∈Λ :|z|>Lε

|U(z)| ‖z‖+
∑

z∈Λ :|z|≤Lε

|U(z)| ‖z‖ .

Äëÿ îöåíêè ïåðâîé ñóììû èñïîëüçóåì íåðàâåíñòâî ‖z‖ < L ïðè ôèêñèðîâàííîì Lε,∑
z∈Λ

|U(z)|‖z‖ < εL+
∑

z∈Λ :|z|≤Lε

|U(z)| ‖z‖ .

Ïîäñòàâèì ýòó îöåíêó â (15), ãäå ó÷òåì, ÷òî ïðè |z| > L
√
d+ 1, Λ ∩ ((Zd \ Λ) + z) = ∅,

|HΛ[ρ, s]− ĤΛ[ρ, s]| < 1

2
d(L+ 1)d−1I

∑
x∈Zd : z6=0

|z|≤L
√
d+1

|U(z)| ‖z‖ <

<
1

2
dLdIε+

1

2
d(L+ 1)d−1I

∑
x∈Zd : z6=0,|z|≤Lε
|z|≤L

√
d+1

|U(z)| ‖z‖ ,

òàê êàê L
√
d+ 1 > Lε. Ïîäåëèì îáå ÷àñòè íåðàâåíñòâà íà |Λ| = Ld è ïåðåéäåì ê ïðåäåëó L→∞. Â

ðåçóëüòàòå, òàê êàê âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ñòðåìèòñÿ ê íóëþ ïðè ôèêñèðîâàííîé âåëè÷èíå
Lε, òî ìû ïîëó÷èì, ÷òî

lim
|Λ|→∞

1

|Λ|
|HΛ[ρ, s]− ĤΛ[ρ, s]| ≤ ε .

Ââèäó ïðîèçâîëüíîñòè âåëè÷èíû ε > 0, ïîëó÷àåì (17). �

4. Èíòåãðàëüíûå óðàâíåíèÿ äëÿ ïëîòíîñòåé fm. Âûâåäåì ñèñòåìó óðàâíåíèé äëÿ ïëîòíî-
ñòåé f (Λ)

m (X; s(x),x ∈ X) ìîäåëè ðåøåòî÷íîãî ãàçà ñ ïàðíûì ïîòåíöèàëîì U , àíàëîãè÷íóþ ñèñòåìå,
ââåäåííîé â ðàáîòå [Ïàñòóð, 1974], ïðè èçó÷åíèè ìîäåëè ðåøåòî÷íîãî ãàçà. Ïðè åå âûâîäå èñïîëü-
çóåòñÿ ñõåìà ðàññóæäåíèé, àíàëîãè÷íàÿ òîé (ñì. [Ðþýëü, 1971]), êîòîðàÿ èñïîëüçóåòñÿ äëÿ àíàëèçà
ìíîãî÷àñòè÷íûõ êîíôèãóðàöèîííûõ ôóíêöèé â ñòàòèñòè÷åñêîé ìåõàíèêå íåïðåðûâíûõ ñèñòåì.

Ïóñòü X = {x : ρ(x) = 1} ⊂ Λ. Âîñïîëüçîâàâøèñü ôîðìóëîé (12), çàïèøåì âûðàæåíèå (7) äëÿ
ïëîòíîñòåé f (Λ)

m (X; s(x),x ∈ X) â ñëåäóþùåì âèäå:

f (Λ)
m (X; s(x),x ∈ X) = Q−1

Λ

∑
Y⊂Λ\X

( ∏
x∈X

w(s(x))
)
×

×
∫

s(y)∈Rn :
y∈Y

exp
(
− HΛ(X ∪ Y ; s)/T

) ∏
y∈Y

w(s(y))ds(y) . (18)

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ K(x1−x2; s1, s2) = exp(−U(x1−x2)I(s1, s2)/T )−1, îïðåäåëåííóþ
äëÿ êàæäûõ x1,x2 ∈ Zd, s1, s2 ∈ Rn, à òàêæå ñëåäóþùóþ ôóíêöèþ íà Zd × P(Zd), ãäå P(Zd) �
ñåìåéñòâî âñåõ êîíå÷íûõ ïîäìíîæåñòâ Zd:

WΛ(x;X; s(y),y ∈ X) = exp
(

[(s(x),h)−
∑

x∈X,y∈Zd:
x6=PΛy∈X

U(x− y)I
(
s(x), s(PΛy)

)
]/T
)
,
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WΛ(x;∅) = 1. Òîãäà äëÿ ëþáûõ X ⊂ Λ \ {x}, Y ⊂ Λ \ {x}, X ∩ Y = ∅ èìååò ìåñòî

exp
(
− HΛ({x} ∪X ∪ Y ; s)/T

)
=

= WΛ(x;X; s(y),y ∈ X)WΛ(x;Y ; s(y),y ∈ Y ) exp
(
− HΛ(X ∪ Y ; s)/T

)
=

= WΛ(x;X; s(y),y ∈ X)
∏
y∈Y

(
1 +K(x− y; s(x), s(y))

)
exp

(
− HΛ(X ∪ Y ; s)/T

)
. (19)

Ýòî ðàâåíñòâî ñîõðàíÿåòñÿ è ïðè |X ∪ Y | = 1, òàê êàê â ýòîì ñëó÷àå HΛ(X ∪ Y ; s) = exp((h, s(z))),
ãäå z = x,y, â çàâèñèìîñòè îò òîãî, êàêîå èç ìíîæåñòâ ïóñòî.

Îïðåäåëèì, äàëåå, ôóíêöèþ

K(x, s;Y ; s(y),y ∈ Y ) =
{ ∏

y∈Y
K(x− y; s, s(y),y ∈ Y ), ïðè |Y | > 0 ; 1, ïðè |Y | = 0 .

}
òàêóþ, ÷òî∏

y∈Z

(
1 +K(x− y; s(x), s(y))

)
=
∑
Y⊂Z

∏
y∈Y

K(x− y; s(x), s(y)) =
∑
Y⊂Z

K(x, s;Y ; s(y),y ∈ Y ). (20)

Íàêîíåö, ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî EΛ âñåõ íàáîðîâ fλ = 〈f (Λ)
m (X; s(x), x ∈ X) : ∅ 6=

X ⊂ Λ〉 ôóíêöèé ñ s(x) ∈ Rn, x ∈ Λ.
Ïîäñòàâèì (19), âìåñòå ñ (20), â âûðàæåíèå äëÿ f (Λ)

m+1(X ∪ {x}; s(y),y ∈ X ∪ {x}) c X ⊂ Λ \ {x},
ïîëó÷àåìîå íà îñíîâå (18):

f
(Λ)
m+1(X ∪ {x}; s(y),y ∈ X ∪ {x}) = w(s(x))WΛ(x;X; s(y),y ∈ X) ×

×Q−1
Λ

∑
Y⊂Λ\X∪{x}

∑
Z:Y⊂Z,

Z⊂Λ\X∪{x}

( ∏
y∈X

w(s(y))
) ∫

s(y)∈Rn :
y∈Y

K(x, s;Y ; s(y),y ∈ Y )×

× exp
(
− HΛ(X ∪ Y ; s)/T

) ∏
y∈Y

w(s(y))ds(y) (21)

è ïðîèçâåäåì ñëåäóþùèå ïðåîáðàçîâàíèÿ ñóììû:

Q−1
Λ

∑
Y⊂Λ\X∪{x}

∑
Z:Y⊂Z,

Z⊂Λ\X∪{x}

( ∏
y∈X

w(s(y))
) ∫

s(y)∈Rn :
y∈Y

K(x, s;Y ; s(y),y ∈ Y )×

× exp
(
− HΛ(X ∪ Y ; s)/T

) ∏
y∈Y

w(s(y))ds(y) =

=
∑

Y⊂Λ\X∪{x}

∫
s(y)∈Rn :

y∈Y

K(x, s;Y ; s(y),y ∈ Y )
∏

y∈X∪Y
w(s(y))ds(y)×

×Q−1
Λ

∑
Z⊂Λ\(X∪Y ∪{x})

∫
s(z)∈Rn :

z∈ΛZ

exp
(
− HΛ(X ∪ Y ∪ Z; s)/T

) ∏
z∈Z

w(s(z))ds(z) =

=
∑

Y⊂Λ\(X∪{x})

∫
s(y)∈Rn :

y∈Y

K(x, s;Y ; s(y),y ∈ Y )×

×
[
f

(Λ)
m+|Y |(X ∪ Y ; s(z), z ∈ X ∪ Y )− f (Λ)

m+1+|Y |({x} ∪X ∪ Y ; s(z), z ∈ X ∪ Y ∪ {x})
] ∏

y∈Y
ds(y) ,

òàê êàê
∑
Z⊂Λ\({x}∪X∪Y )(·) =

∑
Z⊂Λ\(X∪Y )(·)−

∑
x∈Z⊂Λ\(X∪Y )(·). Ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå

â (21). Âûäåëèâ ñëàãàåìûå ñ Y = ∅, ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ òîæäåñòâ íàáîðà
ïëîòíîñòåé ðàñïðåäåëåíèÿ âåðîÿòíîñòåé f (Λ)

m (X; s(x), x ∈ X) ñ s(x) ∈ Rn, x ∈ X, ∅ 6= X ⊂ Λ:

f
(Λ)
m+1(X ∪ {x}; s(y),y ∈ X ∪ {x}) = w(s(x))WΛ(x;X; s(y),y ∈ X) ×
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×
[
f (Λ)
m (X; s(z), z ∈ X)− f (Λ)

m+1({x} ∪X; s(z), z ∈ X ∪ {x})+

+
∑

Y⊂Λ\(X∪{x})

∫
s(y)∈Rn :

y∈Y

K(x, s;Y ; s(y),y ∈ Y )×

×
[
f

(Λ)
m+|Y |(X ∪ Y ; s(z), z ∈ X ∪ Y )− f (Λ)

m+1+|Y |({x} ∪X ∪ Y ; s(z), z ∈ X ∪ Y ∪ {x})
] ∏

y∈Y
ds(y)

]
. (22)

Òàêèì îáðàçîì, íàìè ïîëó÷åíà ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà 2-ãî ðîäà, êîòîðîé
ïîä÷èíåí íàáîð ïëîòíîñòåé ðàñïðåäåëåíèÿ äëÿ âåêòîðíûõ ðåøåò÷àòûõ ìîäåëåé.

Ìîæíî ïîêàçàòü, ÷òî ýòó ñèñòåìó ìîæíî ðàññìàòðèâàòü â ïðîñòðàíñòâå EΛ. Â ñâÿçè ñ ýòèì, åå
âèä íå çàâèñèò îò âûáîðà òî÷êè x â êàæäîì èç ìíîæåñòâ X ∪ {x} ⊂ Λ. Ïîýòîìó åå âûáîð ìîæíî
óíèôèöèðîâàòü. Áóäåì ïîëàãàòü, ÷òî â êàæäîì X ⊂ Λ ýòà òî÷êà âûáèðàåòñÿ ïåðâîé â ñìûñëå
ëåêñèêîãðàôè÷åñêîãî ïîðÿäêà íà ðåøåòêå Zd.

Íàêîíåö, óêàæåì, ÷òî ïðåäåëüíûå ïëîòíîñòè fm(X; s(y),y ∈ X), m ∈ N, ∅ 6= X ⊂ Zd, ïîëó-
÷àåìûå ïðè òåðìîäèíàìè÷åñêîì ïðåäåëüíîì ïåðåõîäå Λ → Zd, äîëæíû óäîâëåòâîðÿòü ñëåäóþùåé
ïðåäåëüíîé ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé:

fm+1(X ∪ {x}; s(y),y ∈ X ∪ {x}) = w(s(x))W (x;X; s(y),y ∈ X) ×

×
[
fm(X; s(z), z ∈ X)− fm+1({x} ∪X; s(z), z ∈ X ∪ {x})+

+
∑

Y⊂Zd\(X∪{x})

∫
s(y)∈Rn :

y∈Y

K(x, s;Y ; s(y),y ∈ Y )×

×
[
fm+|Y |(X ∪ Y ; s(z), z ∈ X ∪ Y )− fm+1+|Y |({x} ∪X ∪ Y ; s(z), z ∈ X ∪ Y ∪ {x})

] ∏
y∈Y

ds(y)
]
. (23)

Ýòà ñèñòåìà ìîæåò ðàññìàòðèâàòüñÿ êàê âèäîèçìåíåíèå, ïî îòíîøåíèþ ê êëàññè÷åñêèì âåêòîð-
íûì ðåøåò÷àòûì ìîäåëÿì, èçâåñòíîé ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé Êèðêâóäà � Çàëüöáóðãà
[Kirkwood, Salsburg, 1953] â ñòàòèñòè÷åñêîé ìåõàíèêå íåïðåðûâíûõ ìîäåëåé.
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Abstract. Method of similar operators is a useful tool for studying the spectral properties of various classes of
perturbed di�erential operators. In this paper, we exhibit a modi�cation of the method which applies for a large
class of operators. In particular, the spectrum of the unperturbed operator is not assumed to have increasing
lacunas, which is a typical assumption for Hill operators. The method is presented in terms of the operator
matrices. It can be used, for example, for �rst order di�erential operators with an involution, Dirac operators.
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1. Ââåäåíèå. Â ñåðèè ðàáîò À. Ï. Õðîìîâà è Ì. Ø. Áóðëóöêîé (ñì. [Áóðëóöêàÿ, 2014], [Áóðëóö-
êàÿ, Õðîìîâ, 2014] è áèáëèîãðàôèþ â íèõ) èçó÷àëèñü ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíûõ
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îïåðàòîðîâ ïåðâîãî ïîðÿäêà ñ èíâîëþöèåé è ãëàäêèì ïîòåíöèàëîì. Ðàññìàòðèâàëèñü ðàçëè÷íûå
ìåñòà íàõîæäåíèÿ èíâîëþöèè: ïðè ïðîèçâîäíîé èëè ïðè ïîòåíöèàëå, à òàêæå ðàçëè÷íûå êðàåâûå
óñëîâèÿ. Óêàçàííûå îïåðàòîðû ñâîäèëèñü ê îïåðàòîðó Äèðàêà. Äðóãèì, àëüòåðíàòèâíûì, ìåòîäîì
ïîëó÷åíèÿ ñïåêòðàëüíûõ õàðàêòåðèñòèê ÿâëÿåòñÿ ìåòîä ïîäîáíûõ îïåðàòîðîâ. Ñ åãî ïîìîùüþ ïî-
ëó÷åíû ðåçóëüòàòû ðàáîò [Áàñêàêîâ, Äåðáóøåâ, Ùåðáàêîâ, 2011], [Áàñêàêîâ, Óñêîâà, 2018], [Óñêîâà,
2019], [Baskakov, Krishtal, Uskova , 2018], [Baskakov, Krishtal, Uskova, 2019]. Îäíàêî â ýòèõ ðàáîòàõ
íå áûëî ïîñòðîåíî îáùåé ìîäèôèêàöèè ìåòîäà ïîäîáíûõ îïåðàòîðîâ, ïðèãîäíîé äëÿ ïðèìåíåíèÿ ê
äèôôåðåíöèàëüíûì îïåðàòîðàì ïåðâîãî ïîðÿäêà, êàê ñ èíâîëþöèåé, òàê è äðóãèõ. Íàïðèìåð, îïå-
ðàòîðîâ Äèðàêà èëè èíòåãðî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïåðâîãî ïîðÿäêà. Òàêàÿ ìîäèôèêàöèÿ
ïîÿâèëàñü â [Baskakov, Krishtal, Uskova, 2019]. Íî îíà îïÿòü ïîëó÷èëàñü äîñòàòî÷íî îáùåé ïîïûòêîé
óëîæèòü â îäíó ñõåìó äèôôåðåíöèàëüíûå îïåðàòîðû, è ïåðâîãî è âòîðîãî ïîðÿäêà, à òàêæå òåîðèþ
ðàñùåïëåíèÿ ëèíåéíûõ îïåðàòîðîâ. Ïîýòîìó íåîáõîäèìîñòü ïîÿâëåíèÿ îáùåé è îäíîâðåìåííî ïðî-
ñòîé ìîäèôèêàöèè ìåòîäà ïîäîáíûõ îïåðàòîðîâ, â êîòîðóþ èäåàëüíî ëîæèëèñü äèôôåðåíöèàëüíûå
îïåðàòîðû ïåðâîãî ïîðÿäêà ñ èíâîëþöèåé è îïåðàòîðû Äèðàêà, îñòàëàñü. Èìåííî òàêàÿ ìîäèôèêà-
öèÿ è ïðèâîäèòñÿ íèæå â äàííîé ðàáîòå. Åùå ðàç ïîä÷åðêíåì, ÷òî äàííàÿ ðàáîòà íå åñòü ïåðåâîä íà
ðóññêèé ÿçûê ñòàòüè [Baskakov, Krishtal, Uskova, 2019], õîòÿ, áåçóñëîâíî, îíè èìåþò ìíîãî îáùåãî.
Ãëàâíîå èõ îòëè÷èå â òîì, ÷òî â [Baskakov, Krishtal, Uskova, 2019] � áîëåå îáùàÿ ñõåìà, à â äàííîé
ðàáîòå � êîíêðåòíàÿ.

Âñå ðåçóëüòàòû èññëåäîâàíèÿ óäîáíî â íàøåì ñëó÷àå ïðîâîäèòü è ôîðìóëèðîâàòü â òåðìèíàõ
îïåðàòîðíûõ ìàòðèö ðàññìàòðèâàåìûõ îïåðàòîðîâ.

Äàííàÿ ñòàòüÿ ñîñòîèò èç òðåõ ÷àñòåé, ïåðåä ÷èòàòåëåì íàõîäèòñÿ ïåðâàÿ ÷àñòü, ñîñòîÿùàÿ èç
òåîðåòè÷åñêèõ ðåçóëüòàòîâ. Âî âòîðîé è òðåòüåé ÷àñòè áóäóò ñîáðàíû êîíêðåòíûå ïðèìåðû ïðè-
ìåíåíèÿ îáùåé ñõåìû. Çàìåòèì, ÷òî îíè òàêæå îòëè÷àåòñÿ îò ðàáîòû [Baskakov, Krishtal, Uskova,
2019].

Ïåðåéäåì ê êîíêðåòíîé ïîñòàíîâêå çàäà÷è.
Ïóñòü H � êîìïëåêñíîå ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî, è J � íåêîòîðîå íåïóñòîå ïîä-

ìíîæåñòâî èç Z. Ââåäåì â ðàññìîòðåíèå íîðìàëüíûé ëèíåéíûé çàìêíóòûé îïåðàòîð A : D(A) ⊂
H → H, èìåþùèé ïëîòíóþ îáëàñòü îïðåäåëåíèÿ D(A), ñïåêòð σ(A) è ðåçîëüâåíòíîå ìíîæåñòâî
ρ(A). Ñïåêòðàëüíûì ìíîæåñòâîì áóäåì íàçûâàòü çàìêíóòîå îòäåëåííîå ïîäìíîæåñòâî èç σ(A). Íà-
ïîìíèì [Ðóäèí Ó. 1975], ÷òî îïåðàòîð A : D(A) ⊂ H → H íàçûâàåòñÿ íîðìàëüíûì, åñëè D(A) = H
è äëÿ îïåðàòîðà A∗ : D(A∗) ⊂ H → H âûïîëíÿþòñÿ óñëîâèÿ: D(A) = D(A∗) è ‖Ax‖ = ‖A∗x‖ äëÿ
âñåõ x ∈ D(A).

Ïóñòü îïåðàòîð À èìååò ïîëóïðîñòûå ñîáñòâåííûå çíà÷åíèÿ λn, n ∈ J, êîíå÷íîé êðàòíîñòè, íå
ïðåâîñõîäÿùåé íåêîòîðîãî ÷èñëà N0 ∈ N. Ïðè ýòîì âñþäó â ñòàòüå ñ÷èòàåòñÿ âûïîëíåííûì óñëîâèå

dist({λn}, σ(A)\{λn}) ≥ β > 0 (1)

(óñëîâèå ðàçäåëåííîñòè ñïåêòðà îïåðàòîðà À). Îòìåòèì, ÷òî èç ýòèõ óñëîâèé âûòåêàåò êîìïàêò-
íîñòü ðåçîëüâåíòû îïåðàòîðà A.

Äàëåå, äëÿ n ∈ J, ñèìâîëîì
Pn = P ({λn}, A) (2)

îáîçíà÷èì ïðîåêòîð Ðèññà, ïîñòðîåííûé ïî îäíîòî÷å÷íîìó ñïåêòðàëüíîìó ìíîæåñòâó
σn = {λn}, n ∈ J, îïåðàòîðà À. Îòìåòèì, ÷òî ñîâîêóïíîñòü îðòîãîíàëüíûõ ïðîåêòîðîâ {Pn, n ∈ J}
îáðàçóåò äèçúþíêòíóþ ñèñòåìó îïåðàòîðîâ, ÿâëÿþùóþñÿ ðàçëîæåíèåì åäèíèöû, ò. å. PmPn = 0
ïðè m 6= n, è

∑
n∈J Pnx = x, ãäå ðÿä ñõîäèòñÿ áåçóñëîâíî äëÿ ëþáîãî x ∈ H.

Äàëåå ñèìâîëîì LA(H) îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî îïåðàòîðîâ, ïîä÷èíåííûõ îïåðàòîðó
À. Ëèíåéíûé îïåðàòîð B : D(B) ⊂ H → H îòíåñåì ê LA(H), åñëè D(A) ⊂ D(B) è ‖Bx‖ ≤
C(‖x‖+‖Ax‖), äëÿ âñåõ x ∈ D(A) è íåêîòîðîãî C ≥ 0. Îáû÷íî, áåç îãðàíè÷åíèÿ îáùíîñòè, ïîëàãàþò
D(B) = D(A). Íîðìà â LA(H) çàäàåòñÿ ôîðìóëîé: ‖B‖A = inf{C ≥ 0 : ‖Bx‖ ≤ C(‖x‖ + ‖Ax‖) äëÿ
ëþáîãî x ∈ D(A)}.

Ñèìâîëîì EndH áóäåò îáîçíà÷àòüñÿ áàíàõîâà àëãåáðà îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ, äåé-
ñòâóþùèõ â H, ñ íîðìîé ‖X‖ = sup

‖x‖≤1

‖Xx‖, x ∈ H,X ∈ EndH. Ïðîñòðàíñòâî EndH íåïðåðûâíî

âëîæåíî â LA(H), åñëè D(A) = H.
Ñèìâîëîì I îáîçíà÷èì òîæäåñòâåííûé îïåðàòîð â EndH, à ñèìâîëàìè Ik, k ∈ J, I(m), m ∈ Z+−

òîæäåñòâåííûå îïåðàòîðû â ïîäïðîñòðàíñòâàõ Hk = ImPk, k ∈ J, è H(m) = ImP(m), ãäå P(m) =∑
|i|<m,i∈J

Pi,m ∈ Z+, ñîîòâåòñòâåííî.

Îòìåòèì, ÷òî ïðèíàäëåæíîñòü îïåðàòîðà B ïðîñòðàíñòâó LA(H) îçíà÷àåò îãðàíè÷åííîñòü îïå-
ðàòîðà B(A−λI)−1 äëÿ êàæäîãî λ ∈ ρ(A). Ïðè ýòîì â LA(H) ìîæíî ââåñòè ýêâèâàëåíòíûå íîðìû,
ïîëîæèâ ‖B‖A = ‖B(A− λI)−1‖, λ ∈ ρ(A).
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Â ðàáîòå ðàññìàòðèâàåòñÿ îïåðàòîð A− B, ãäå B ∈ LA(H). Äîïîëíèòåëüíûå óñëîâèÿ íà îïåðà-
òîðû A è B áóäóò ïðèâåäåíû â §2. Ê îïåðàòîðó A − B ïðèìåíÿåòñÿ ìåòîä ïîäîáíûõ îïåðàòîðîâ
[Áàñêàêîâ, Óñêîâà, 2018], [Baskakov, Krishtal, Uskova, 2018], [Baskakov, Krishtal, Uskova, 2019]. Â îñ-
íîâå ìåòîäà ëåæèò ïðåîáðàçîâàíèå ïîäîáèÿ èññëåäóåìîãî îïåðàòîðà ê îïåðàòîðó âèäà

Ã = A− P(n)Y P(n) −
∑

|i|>n,i∈J

PiY Pi, n ∈ Z+ = Z ∪ {0}, (3)

ãäå îãðàíè÷åííûé îïåðàòîð Y åñòü ðåøåíèå íåêîòîðîãî íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ (ïî-
äðîáíîñòè ñì. â §3, 5). Ïðåèìóùåñòâî îïåðàòîðà Ã èç ôîðìóëû (3) çàêëþ÷àåòñÿ â òîì, ÷òî ïîäïðî-
ñòðàíñòâà Hk, |k| > n, k ∈ J è H(n), n ∈ Z+, ÿâëÿþòñÿ äëÿ íåãî èíâàðèàíòíûìè.

Äàëåå îïåðàòîð A−B áóäåì íàçûâàòü âîçìóùåííûì îïåðàòîðîì, îïåðàòîð A � íåâîçìóùåííûì
îïåðàòîðîì, à îïåðàòîð B � âîçìóùåíèåì.

Ìåòîä ïîäîáíûõ îïåðàòîðîâ èìååò äàâíþþ èñòîðèþ [Áàñêàêîâ, 1983], [Áàñêàêîâ, Äåðáóøåâ,
Ùåðáàêîâ, 2011] è ïðèìåíÿåòñÿ äëÿ èññëåäîâàíèÿ ðàçëè÷íûõ êëàññîâ äèôôåðåíöèàëüíûõ è ðàç-
íîñòíûõ îïåðàòîðîâ (ñì. [Áàñêàêîâ, 1983], [Áàñêàêîâ, Äåðáóøåâ, Ùåðáàêîâ, 2011], [Áàñêàêîâ À. Ã.,
Ïîëÿêîâ Ä. Ì. 2017], [Áàñêàêîâ À. Ã., Óñêîâà Í. Á. 2018], Ãàðêàâåíêî, Óñêîâà, 2017. Â äàííîé ðàáîòå
ïðèâîäèòñÿ ìîäèôèêàöèÿ ìåòîäà ïîäîáíûõ îïåðàòîðîâ äëÿ íåâîçìóùåííîãî îïåðàòîðà ó êîòîðîãî
ñîáñòâåííûå çíà÷åíèÿ ¾íå ðàçáåãàþòñÿ¿, â îòëè÷èè îò, íàïðèìåð, ðàáîòû [Áàñêàêîâ, Ïîëÿêîâ, 2017].
Ýòî ñîçäàåò îïðåäåëåííûå òðóäíîñòè â ïðèìåíåíèè ìåòîäà ïîäîáíûõ îïåðàòîðîâ. Ïîýòîìó ïðèõî-
äèòñÿ ââîäèòü íåêîòîðóþ âåñîâóþ ïîñëåäîâàòåëüíîñòü, îòâå÷àþùóþ çà ñêîðîñòü óáûâàíèÿ ìàòðè÷-
íûõ ýëåìåíòîâ îïåðàòîðà ïî ñòðîêàì è ïî ñòîëáöàì è ïîëó÷àòü óñëîâèÿ ïðèìåíèìîñòè â òåðìèíàõ
ýòîé ïîñëåäîâàòåëüíîñòè. Âïåðâûå âåñîâàÿ ïîñëåäîâàòåëüíîñòü áûëà ââåäåíà â [Áàñêàêîâ, Äåðáó-
øåâ, Ùåðáàêîâ, 2011], ðåçóëüòàòû ñòàòåé [Áàñêàêîâ, Óñêîâà, 2018], [Óñêîâà, 2019], [Baskakov, Krishtal,
Uskova, 2018], [Baskakov, Krishtal, Uskova, 2019], òàêæå ïîëó÷åíû ñ å¼ èñïîëüçîâàíèåì.

2. Ïðîñòðàíñòâà îïåðàòîðîâ. Óñëîâèÿ íà îïåðàòîðû A è B. Ââåäåì ïîíÿòèÿ îïåðàòîð-
íîé ìàòðèöû è ìàòðèöû îïåðàòîðîâ [ Áàñêàêîâ À. Ã., 1997], [Baskakov., Krishtal, 2014], [Baskakov,
Krishtal, Uskova, 2019], ñîîòâåòñòâóþùèå íåêîòîðîìó ðàçëîæåíèþ åäèíèöû ïðîåêòîðàìè {Ej , j ∈ J}.

Îïðåäåëåíèå 2.1. Îïåðàòîðíîé ìàòðèöåé X = (Xij)i,j∈J íàçûâàåòñÿ îòîáðàæåíèå X : J ×
J → EndH. Ïðè ýòîì îïåðàòîðíàÿ ìàòðèöà X = (Xij) àññîöèèðîâàíà ñ ðàçëîæåíèåì åäèíèöû
{Ej , j ∈ J}, åñëè Xij = PiXijPj, i, j ∈ J.

Îïðåäåëåíèå 2.2. Ìàòðèöåé îïåðàòîðà X ∈ LA(H) îòíîñèòåëüíî ðàçëîæåíèÿ åäèíèöû ïðî-
åêòîðàìè {Pj , j ∈ J}, îïðåäåëåííûìè ôîðìóëîé (2), íàçûâàåòñÿ îïåðàòîðíàÿ ìàòðèöà X = (Xij),
äëÿ êîòîðîé Xij = PiXPj, i, j ∈ J.

Îïðåäåëåíèå 2.2 êîððåêòíî, òàê êàê PiXPj ∈ EndH, i, j ∈ J.
Êàæäàÿ îïåðàòîðíàÿ ìàòðèöà X , àññîöèèðîâàííàÿ ñ ðàçëîæåíèåì åäèíèöû {Pj , j ∈ J}, îïðå-

äåëÿåò îïåðàòîð X : D(X) ⊂ H → H. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü îïðåäåëåíèÿ îïå-
ðàòîðà X, çàäàâàåìîãî ìàòðèöåé X , ÿâëÿåòñÿ ìàêñèìàëüíîé èç âîçìîæíûõ. Ïóñòü X � íåêîòî-
ðàÿ îïåðàòîðíàÿ ìàòðèöà, àññîöèèðîâàííàÿ ñ ðàçëîæåíèåì åäèíèöû {Pj , j ∈ J}. Îïðåäåëèì îïå-
ðàòîð X : D(X) ⊂ H → H, ïîëàãàÿ ÷òî x ∈ H ïðèíàäëåæèò D(X) è Xx = y ∈ H, åñëè∑
n,m∈J

Xnmx =
∑

n,m∈J
XnmPmx áåçóñëîâíî ñõîäèòñÿ ê y. Îòìåòèì, ÷òî åñëèX ∈ LA(H), òî åãî ìàòðèöà

(Xij), i, j ∈ J, îïðåäåëÿåò îïåðàòîð, ÿâëÿþùèéñÿ ðàñøèðåíèåì îïåðàòîðà X. Òàêæå çàìåòèì ÷òî, èç
ðàâåíñòâà îïåðàòîðíîé ìàòðèöû íóëþ ñëåäóåò, ÷òî ñîîòâåòñòâóþùèé îïåðàòîð èç LA(H) íóëåâîé.
Êðîìå òîãî, ìàòðèöà (Aij), i, j ∈ J, íåâîçìóùåííîãî îïåðàòîðà A äèàãîíàëüíà è Aii = λiIi, i ∈ J,
Aij = 0 ïðè i 6= j.

Â íàñòîÿùåé ðàáîòå âñå äîêàçàòåëüñòâà è ðåçóëüòàòû áóäóò ôîðìóëèðîâàòüñÿ â òåðìèíàõ ìàò-
ðèö ðàññìàòðèâàåìûõ îïåðàòîðîâ. Äëÿ ïðîñòîòû ìû áóäåì îòîæäåñòâëÿòü îïåðàòîð ñ åãî ìàòðèöåé
îòíîñèòåëüíî ââåäåííîé ôîðìóëîé (2) ñèñòåìû ñïåêòðàëüíûõ ïðîåêòîðîâ (ïðîåêòîðîâ Ðèññà) íåâîç-
ìóùåííîãî îïåðàòîðà A.

Äàëåå íàì ïîòðåáóåòñÿ ïîíÿòèå äèàãîíàëåé îïåðàòîðà X ∈ LA(H). Îïåðàòîðû Xp ∈ LA(H), p ∈
Z, îïðåäåëÿåìûå ìàòðèöàìè

(Xp)ij =

{
Xij , i− j = p,

0, i− j 6= p.

Ìàòðèöû Xp íàçîâåì p-ìè äèàãîíàëÿìè îïåðàòîðà X èç LA(H).
Íèæå íàìè áóäåò èñïîëüçîâàòüñÿ äâóñòîðîííèé èäåàë S2(H) ⊂ EndH îïåðàòîðîâ Ãèëüáåðòà-

Øìèäòà. ×åðåç ‖X‖2, X ∈ S2(H) îáîçíà÷èì íîðìó Ãèëüáåðòà-Øìèäòà.
Îòìåòèì, ÷òî äëÿ X èç S2(H) åãî íîðìó Ãèëüáåðòà-Øìèäòà ìîæíî âûðàçèòü ÷åðåç íîðìó

ìàòðè÷íûõ ýëåìåíòîâ ôîðìóëîé
‖X‖22 =

∑
i,j∈J
‖Xij‖22. (4)
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Íóæíûå íàì ñâîéñòâà èäåàëà S2(H) ìîæíî íàéòè â [Ãîõáåðã, Êðåéí, 1965], [12].
Ïåðåéäåì ê óñëîâèÿì íà îïåðàòîðû A è B, íàêëàäûâàåìûì â äàííîé ðàáîòå äëÿ ïðèìåíåíèÿ

ìåòîäà ïîäîáíûõ îïåðàòîðîâ.
Íàïîìíèì, ÷òî ñïåêòð σ(A) îïåðàòîðà A ïðåäñòàâèì â âèäå σ(A) = ∪

n∈J
{λn}. Ïîëóïðîñòîòà

ñîáñòâåííûõ çíà÷åíèé λn, n ∈ J îçíà÷àåò, â ÷àñòíîñòè, âûïîëíåíèå ðàâåíñòâ

APn = λnPn, n ∈ J. (5)

Äàëåå áóäåò ñ÷èòàòüñÿ âñþäó âûïîëíåííûì óñëîâèå:

sup
i∈J

∑
n∈J/{i}

|λi − λn|−2 <∞. (6)

Îòìåòèì, ÷òî óñëîâèå ðàçäåëåííîñòè ñïåêòðà (1) íåïîñðåäñòâåííî âûòåêàåò èç (6).
Òàêæå ñ÷èòàþòñÿ âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:
1) ∑

i∈J
‖Bii‖22 <∞; (7)

2) ∑
i,j∈J,i 6=j

‖Bij‖22
(λi − λj)2

<∞; (8)

3) ∑
i,j∈J

∥∥∥∥∥∥
∑

l∈J,l 6=j

BilBlj
λl − λj

∥∥∥∥∥∥
2

2

<∞; (9)

4) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå ÷èñëî λε ∈ ρ(A), ÷òî

‖B(A− λεI)−1‖ < ε. (10)

Â íåêîòîðûõ ñëó÷àÿõ ìû íå áóäåì ïðîâåðÿòü âûïîëíåíèå óñëîâèÿ (7) (ñì. çàìå÷àíèå 4.1).
Îòìåòèì, ÷òî ïîñòàâëåííûå âûøå óñëîâèÿ íà îïåðàòîðû A è B àâòîìàòè÷åñêè âûïîëíÿëèñü

èëè ïðåäïîëàãàëèñü â ðàáîòàõ [Áàñêàêîâ, Äåðáóøåâ, Ùåðáàêîâ, 2011], [Áàñêàêîâ., Óñêîâà, 2018],
[Êðèøòàë, Óñêîâà, 2019 ], [Óñêîâà, 2019], [Baskakov, Krishtal, Uskova, 2018], [Baskakov, Krishtal,
Uskova, 2019].

Çàìå÷àíèå 2.1. Äëÿ òîãî, ÷òîáû âîçìóùåíèå B ïðèíàäëåæàëî èäåàëó îïåðàòîðîâ Ãèëüáåðòà �
Øìèäòà S2(H) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ∑

i,j∈J
‖Bij‖22 <∞. (11)

Ïðè ýòîì óñëîâèÿ (7)�(10) âûïîëíÿþòñÿ àâòîìàòè÷åñêè è èõ ïðîâåðêà íå ïðîâîäèòñÿ.
Çàìå÷àíèå 2.2. Âûïîëíåíèå óñëîâèÿ (7) îçíà÷àåò, ÷òî îïåðàòîð B0, ÿâëÿþùèéñÿ íóëåâîé äèà-

ãîíàëüþ îïåðàòîðà B, ïðèíàäëåæèò S2(H) îïÿòü æå â ñèëó (4). Ïî ïîâîäó ôîðìóë (8), (9) ñì.
çàìå÷àíèå 4.2.

3. Ìåòîä ïîäîáíûõ îïåðàòîðîâ. Àáñòðàêòíàÿ ñõåìà. Ðàçëè÷íûå ïðåîáðàçîâàíèÿ ïîäîáèÿ
øèðîêî èñïîëüçóþòñÿ â ìàòåìàòèêå, íà÷èíàÿ ñ ïðèâåäåíèÿ êîíå÷íûõ ìàòðèö ê äèàãîíàëüíîé ôîðìå.
Èñòîðèÿ è îáçîð îïåðàòîðîâ ïðåîáðàçîâàíèÿ èçëîæåíû, íàïðèìåð, â ðàáîòå [Ñèòíèê, Øèøêèíà,
2019].

Îïðåäåëåíèå 3.1. Ëèíåéíûå îïåðàòîðû E1 : D(E1) ⊂ H → H è E2 : D(E2) ⊂ H → H íàçû-
âàþòñÿ ïîäîáíûìè, åñëè ñóùåñòâóåò íåïðåðûâíî îáðàòèìûé îïåðàòîð V ∈ EndH, òàêîé, ÷òî
V D(E2) = D(E1) è E1V x = V E2x, x ∈ D(E2). Îïåðàòîð V íàçûâàåòñÿ îïåðàòîðîì ïðåîáðàçîâàíèÿ
îïåðàòîðà E1 â îïåðàòîð E2. Îïåðàòîð V òàêæå èíîãäà íàçûâàþò ñïëåòàþùèì îïåðàòîðîì.

Ïîäîáíûå îïåðàòîðû èíòåðåñíû è øèðîêî èñïîëüçóþòñÿ â ñâÿçè ñ òåì, ÷òî çíàÿ ñïåêòðàëüíûå
ñâîéñòâà îäíîãî îïåðàòîðà, ìîæíî ïîëó÷èòü ñîîòâåòñòâóþùèå ñâîéñòâà äðóãîãî îïåðàòîðà.

Ëåììà 3.1. Ïóñòü îïåðàòîðû E1 : D(E1) ⊂ H → H è E2 : D(E2) ⊂ H → H ïîäîáíû è E1V = V E2.
Òîãäà:

1) èõ îáðàçû ImE1 è ImE2 ñâÿçàíû ðàâåíñòâîì ImE1 = V (ImE2);
2) èõ ñïåêòðû σ(E1) è σ(E2) òàêèå, ÷òî σ(E1) = σ(E2);
3) ïóñòü e � ñîáñòâåííûé âåêòîð îïåðàòîðà E2, E2e = λe, òîãäà V e � ñîáñòâåííûé âåêòîð

îïåðàòîðà E1, ïðè÷åì E1V e = λV e;
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4) ïóñòü Q ∈ EndH � ñïåêòðàëüíûé ïðîåêòîð, ïîñòðîåííûé ïî íåêîòîðîìó ñïåêòðàëüíîìó

ìíîæåñòâó σ îïåðàòîðà E2. Òîãäà ñïåêòðàëüíûé ïðîåêòîð Q̃ ∈ EndH, ïîñòðîåííûé ïî ñïåê-
òðàëüíîìó ìíîæåñòâó σ äëÿ îïåðàòîðà E1, îïðåäåëÿåòñÿ ðàâåíñòâîì

Q̃ = V QV −1.

Íåìíîãî çàòðîíåì âîïðîñû èñòîðèè ìåòîäà ïîäîáíûõ îïåðàòîðîâ. Ïåðâîíà÷àëüíî ýòîò ìåòîä
ïðåäëîæèë Ê. Î. Ôðèäðèõñ [Äàíôîðä, Øâàðö, 1974] äëÿ èññëåäîâàíèÿ âîçìóùåííûõ ñàìîñîïðÿæåí-
íûõ îïåðàòîðîâ ñ íåïðåðûâíûì ñïåêòðîì (ìåòîä Ôðèäðèõñà). Ð. Òåðíåð ðàçâèë ìåòîä Ôðèäðèõñà
(ñì. [Äàíôîðä, Øâàðö, 1974]) äëÿ îïåðàòîðîâ ñ äèñêðåòíûì ñïåêòðîì. À. Ã. Áàñêàêîâ ïðîäîëæèë
ðàçâèòèå ìåòîäà Ôðèäðèõñà ñ ó÷åòîì èäåé Ïóàíêàðå, Êðûëîâà, Áîãîëþáîâà (ñì. [Áàñêàêîâ, 1983],
[Áàñêàêîâ, Ïîëÿêîâ, 2017], [Áàñêàêîâ., Óñêîâà, 2018]. Â ðàáîòàõ [Áàñêàêîâ, 1985], [Áàñêàêîâ, 1999]
ïîêàçàíà ñâÿçü ìåòîäà ïîäîáíûõ îïåðàòîðîâ ñ çàìåíîé Êðûëîâà-Áîãîëþáîâà. Îòìåòèì òàêæå, ÷òî
ìåòîä ïîäîáíûõ îïåðàòîðîâ èìååò ìíîæåñòâî ðàçíîâèäíîñòåé. Â äàííîé ðàáîòå îñíîâíûå ïîëîæåíèÿ
ìåòîäà áóäóò èçëàãàòüñÿ â ñîîòâåòñòâèè ñ [Áàñêàêîâ, Óñêîâà, 2018].

Ìû äàëåå áóäåì íàçûâàòü òðàíñôîðìàòîðîì (òåðìèí Ì. Ã. Êðåéíà) îïåðàòîð, äåéñòâóþùèé â
ïðîñòðàíñòâå îïåðàòîðîâ.

Îñíîâíûì ïîíÿòèåì ìåòîäà ïîäîáíûõ îïåðàòîðîâ ÿâëÿåòñÿ ïîíÿòèå äîïóñòèìîé (äëÿ íåâîçìó-
ùåííîãî îïåðàòîðà) òðîéêè. Îíà ñîñòîèò èç ïðîñòðàíñòâàM äîïóñòèìûõ âîçìóùåíèé è äâóõ òðàíñ-
ôîðìàòîðîâ J ∈ EndM è Γ :M→ EndH.

Îïðåäåëåíèå 3.2.[Áàñêàêîâ, Óñêîâà, 2018] Äëÿ îïåðàòîðà A òðîéêó (M, J,Γ) íàçîâåì äîïó-
ñòèìîé òðîéêîé èM � ïðîñòðàíñòâîì äîïóñòèìûõ âîçìóùåíèé, åñëè âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ:

1) M � áàíàõîâî ïðîñòðàíñòâî ñî ñâîåé íîðìîé ‖ · ‖∗, íåïðåðûâíî âëîæåííîå LA(H), ò. å.
ñóùåñòâóåò ïîñòîÿííàÿ c > 0 òàêàÿ, ÷òî ‖X‖A ≤ c‖X‖∗ äëÿ ëþáîãî X ∈M;

2) J è Γ � îãðàíè÷åííûå òðàíñôîðìàòîðû è J2 = J ;
3) (ΓX)D(A) ⊂ D(A). Äëÿ ëþáîãî îïåðàòîðà X èç ïðîñòðàíñòâàM âûïîëíåíî ðàâåíñòâî

AΓXx− ΓXAx = (X − JX)x,

äëÿ êàæäîãî âåêòîðà x ∈ D(A). Êðîìå òîãî, Y = ΓX � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

AY − Y A = X − JX, (12)

è JY = 0;
4) äëÿ ëþáûõ îïåðàòîðîâ X è Y èçM îïåðàòîðû XΓY, (ΓX)Y òàêæå ïðèíàäëåæàòM. Êðîìå

òîãî, ñóùåñòâóåò ïîñòîÿííàÿ γ > 0, êîòîðàÿ óäîâëåòâîðÿåò íåðàâåíñòâàì

‖Γ‖ ≤ γmax{‖XΓY ‖∗, ‖(ΓX)Y ‖∗} ≤ γ‖X‖∗‖Y ‖∗; (13)

5) äëÿ âñåõ X,Y èçM: J((ΓX)JY ) = 0;
6) äëÿ ëþáîãî îïåðàòîðà X ∈ M è ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò ÷èñëî λε, êîòîðîå ïðèíàä-

ëåæèò ðåçîëüâåíòíîìó ìíîæåñòâó ρ(A) òàêîå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

‖X(A− λεI)−1‖ < ε. (14)

Çàìå÷àíèå 3.1. Ñîãëàñíî [Áàñêàêîâ, 1983] óñëîâèå 6) ìîæíî ñôîðìóëèðîâàòü òàê: äëÿ ëþáîãî
X ∈M, ImΓX ⊂ D(A) è AΓX ∈ EndH.

Ïóñòü òðîéêà (M, J,Γ) � ôèêñèðîâàííàÿ äîïóñòèìàÿ òðîéêà äëÿ îïåðàòîðà A.
Òåîðåìà 3.1. [Áàñêàêîâ, Ïîëÿêîâ, 2017] Ïóñòü B ∈M è âûïîëíåíî íåðàâåíñòâî

‖J‖‖B‖∗γ < 0.25, (15)

òî âîçìóùåííûé îïåðàòîð A − B ïîäîáåí îïåðàòîðó A − JX∗, ãäå X∗ ∈ M åñòü ðåøåíèå îïåðà-
òîðíîãî óðàâíåíèÿ

X = BΓX − (ΓX)(JB)− (ΓX)J(BΓX) +B = Φ(X). (16)

Îïåðàòîð X∗ ìîæåò áûòü íàéäåí ìåòîäîì ïðîñòûõ èòåðàöèé, X0 = 0, X1 = B, .... Ïðåîá-
ðàçîâàíèå ïîäîáèÿ îïåðàòîðà A − B â îïåðàòîð A − JX∗ îñóùåñòâëÿåò îáðàòèìûé îïåðàòîð
I + ΓX∗ ∈ EndH è ΓX∗ ∈ M. Îòîáðàæåíèå Φ : M → M ÿâëÿåòñÿ ñæèìàþùèì â øàðå
{X ∈M : ‖X −B‖∗ ≤ 3‖B‖∗}.

Âîçìóùåíèå B íå îáÿçàíî ïðèíàäëåæàòü íóæíîìó (óäîáíîìó) ïðîñòðàíñòâó äîïóñòèìûõ âîç-
ìóùåíèé. Â ýòîì ñëó÷àå óäîáíî ñíà÷àëà ñäåëàòü ïðåäâàðèòåëüíîå ïðåîáðàçîâàíèå ïîäîáèÿ äàííîãî
âîçìóùåííîãî îïåðàòîðà A−B â òàêîé îïåðàòîð A− B̃, ãäå B̃ óæå åñòü ýëåìåíòM.
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Ïðåäïîëîæåíèå 3.1. Äëÿ îïåðàòîðà B ∈ LA(H) è ïðîñòðàíñòâà äîïóñòèìûõ âîçìóùåíèé
M ñóùåñòâóþò îïåðàòîðû M,N ∈ EndH óäîâëåòâîðÿþùèå óñëîâèÿì:

1)‖N‖ < 1;
2)ND(A) ⊂ D(A);
3)BN,NM ∈M;
4)ANx−NAx = Bx−Mx, x ∈ D(A);
5) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ÷èñëî λε ∈ p(A) òàêîå, ÷òî ‖B(A− λεI)−1‖ < ε.
Òåîðåìà 3.2. [Áàñêàêîâ, Ïîëÿêîâ, 2017] Ïóñòü ïðåäïîëîæåíèå 3.1 èìååò ìåñòî. Òîãäà îïåðà-

òîð A−B ïîäîáåí îïåðàòîðó A−M −C, ãäå C = (I +N)−1(BM −NM) è ñïðàâåäëèâî ðàâåíñòâî

(A−B)(I +N) = (I +N)(A−M − C). (17)

Çàìå÷àíèå 3.2. Îòìåòèì, ÷òî åñëèM � äâóñòîðîííèé èäåàë â EndH, òî C ∈ M. Åñëè, áîëåå
òîãî, è M ∈ M, òîãäà íîâîå âîçìóùåíèå M + C òàêæå ïðèíàäëåæèò ïðîñòðàíñòâó äîïóñòèìûõ
âîçìóùåíèéM.

Çàìå÷àíèå 3.3. Â [Áàñêàêîâ, Ïîëÿêîâ, 2017] è äðóãèõ ðàáîòàõ, íàïðèìåð, â [Baskakov, Krishtal,
Uskova, 2019], Ïðåäëîæåíèå 3.1 è òåîðåìà 3.2 ñôîðìóëèðîâàíû â äðóãèõ òåðìèíàõ.

Â çàêëþ÷åíèè ïàðàãðàôà ñôîðìóëèðóåì òåîðåìó, ïîçâîëÿþùóþ îñëàáèòü óñëîâèå (15) â ÷àñòíîì
ñëó÷àå JB = 0.

Òåîðåìà 3.3. Ïóñòü B ∈M è JB = 0. Òîãäà åñëè

3‖J‖‖B‖∗γ < 1,

òî îïåðàòîð A−B ïîäîáåí îïåðàòîðó A− JX∗, ãäå X∗ ∈M � ðåøåíèå íåëèíåéíîãî îïåðàòîðíîãî
óðàâíåíèÿ

X = BΓX − ΓXJ(BΓX) +B,

è îíî ìîæåò áûòü íàéäåíî ìåòîäîì ïðîñòûõ èòåðàöèé, ïîëîæèâ X0 = 0, X1 = B, . . . .

4. Ïðåäâàðèòåëüíîå ïðåîáðàçîâàíèå ïîäîáèÿ. Â ðàññìîòðåííîì íàìè ñëó÷àå â êà÷åñòâå
ïðîñòðàíñòâà äîïóñòèìûõ âîçìóùåíèé óäîáíî áðàòü èäåàë îïåðàòîðîâ Ãèëüáåðòà � ØìèäòàM =
S2(H) (èëè áîëåå óçêîå ïðîñòðàíñòâî, îïðåäåëåííîå â §5.2). Îäíàêî, â îáùåì ñëó÷àå B /∈ S2(H), è
ïîýòîìó íåîáõîäèìî ñäåëàòü ïðåäâàðèòåëüíîå ïðåîáðàçîâàíèå ïîäîáèÿ îïåðàòîðà A−B,B ∈ LA(H)
â îïåðàòîð A−Q, ãäå Q ∈ S2(H).

Âàæíî îòìåòèòü, ÷òî åñëè B óæå ïðèíàäëåæèò èäåàëó S2(H), òî ïðåäâàðèòåëüíîå ïðåîáðàçî-
âàíèå ïîäîáèÿ íå òðåáóåòñÿ.

Ïîä÷åðêíåì åùå ðàç, ÷òî îñíîâíîå è ïðåäâàðèòåëüíîå ïðåîáðàçîâàíèÿ ïîäîáèÿ ìû áóäåì ñòðîèòü
ñ èñïîëüçîâàíèåì ìàòðèö îïåðàòîðîâ, ïðè÷åì îïåðàòîðû ÷àñòî áóäóò îòîæäåñòâëÿåòñÿ ñî ñâîèìè
ìàòðèöàìè. Ïîäõîä ê ïðåäâàðèòåëüíîìó ïðåîáðàçîâàíèþ ïîäîáèÿ, èçëîæåííûé íèæå, îòëè÷àåòñÿ
îò [Baskakov, Krishtal, Uskova, 2019].

Îïðåäåëèì äâà ëèíåéíûõ îïåðàòîðà M è N , ó÷àñòâóþùèõ â ïðåäâàðèòåëüíîì ïðåîáðàçîâàíèè
ïîäîáèÿ, ñâîèìè ìàòðèöàìè, ïîëîæèâ M = (Mij), N = (Nij),i, j ∈ J ãäå

Mij =

{
Bij , i = j,

0, i 6= j,
Nij =

{
Bij
λi−λj , i 6= j,

0, i = j.
(18)

Íàðÿäó ñ îïåðàòîðàìè M è N ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè îïåðàòîðîâ M (n) è N (n), n ∈
Z+, ïîëîæèâ

M
(n)
ij =


Bij , i = j,

Bij ,max{|i|, |j|} ≤ n,
0, â îñòàëüíûõ ñëó÷àÿõ,

N
(n)
ij =

{
Bij
λi−λj , i 6= j è min(|i|, |j|) ≥ n,
0, â îñòàëüíûõ ñëó÷àÿõ,

(19)

N (0) = N , M (0) = M . Âàæíî, ÷òî îïåðàòîðû M (n)−M è N (n)−N åñòü îïåðàòîðû êîíå÷íîãî ðàíãà.
Îïåðàòîðû M , N , N (n) è M (n), n ∈ Z+, åñòü îïåðàòîðû Ãèëüáåðòà � Øìèäòà. Äåéñòâèòåëüíî,

‖M‖22 =
∑
i∈J
‖Bii‖22 <∞, (20)

‖N‖22 =
∑

i,j∈J,i6=j

‖Bij‖22
|λi − λj |2

. (21)
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Òàêæå î÷åâèäíî, ÷òî

(BN)ij =
∑

l∈J,l 6=j

BilBlj
λl − λj

(22)

è, ñëåäîâàòåëüíî,

‖BN‖22 =
∑
i,j∈J
‖
∑

l 6=j,l∈J

BilBlj
λl − λj

‖22 <∞. (23)

Òàêèì îáðàçîì îïåðàòîðû N,M,BN ïðèíàäëåæàò S2(H).
Ïîñ÷èòàåì ìàòðè÷íûå ýëåìåíòû êîììóòàòîðà AN −NA; ó÷òåì ôîðìóëó (5):

Pi(AN −NA)Pj = (λi − λj)Nij =

{
Bij , i 6= j,

0, i = j.

Ìàòðè÷íûå ýëåìåíòû êîììóòàòîðà AN − NA ñîâïàäàþò ñ ìàòðè÷íûìè ýëåìåíòàìè ìàòðèöû
B −M , ò. å. AN −NA = B −M . Ïîêàæåì, ÷òî N(D(A)) ⊂ D(A). Ïóñòü λ0 ∈ ρ(A), x ∈ D(A), òîãäà

x = (A− λ0I)−1y, y ∈ H,

N(A− λ0I)−1y =
∑

n,m∈J,n6=m

PmY Pn
(λm − λn)(λn − λ0)

=

=
∑

n,m∈J,n6=m

PmY Pn
(λm − λn)(λm − λ0)

=
∑

n,m∈J,n6=m

PmY Pn
(λm − λ0)(λn − λ0)

=

= (A− λ0I)−1Ny + (A− λ0I)−1(B −M)x = (A− λ0I)−1(Ny + (B −M)x) ∈ D(A).

Äëÿ îïåðàòîðîâ M è N âûïîëíåíû âñå óñëîâèÿ ïðåäïîëîæåíèÿ 3.1. Íàïîìíèì, ÷òî óñëîâèå 5)
ïðåäïîëîæåíèÿ 3.1 åñòü óñëîâèå (9) íà îïåðàòîð B.

Çàìåòèì, ÷òî ýëåìåíòû ìàòðèöû îïåðàòîðà B(A−λεI)−1 èìåþò âèä
(

Bij
λi−λε

)
, i, j ∈ J, λε ∈ ρ(A).

Äàëåå òàêæå áóäåò èñïîëüçîâàòüñÿ ñëåäóþùàÿ ïðîñòàÿ
Ëåììà 4.1. Äëÿ ëþáîãî îïåðàòîðà X ∈ S2(H) èìååò ìåñòî ðàâåíñòâî:

lim
n→∞

‖X − P(n)XP(n)‖2 = 0.

Èç òåîðåìû 3.2 è ëåììû 4.1 âûòåêàåò
Òåîðåìà 4.1. Åñòü òàêîå öåëîå k ≥ 0, ÷òî âîçìóùåííûé îïåðàòîð A−B ïîäîáåí îïåðàòîðó

A−M (k) − C(k) = A−Q;C(k) = (I +N (k))(BN (k) −N (k)M (k)),

ãäå C(k), N (k),M (k), N (k)M (k) ∈ S2(H) è èìååò ìåñòî ðàâåíñòâî

(A−B)(I +N (k)) = (I +N (k))(A−Q), Q ∈ S2(H).

Çàìå÷àíèå 4.1. Óñëîâèå (6) íà îïåðàòîð B, ãàðàíòèðóþùåå ïðèíàäëåæíîñòü îïåðàòîðà M
èäåàëó S2(H), â íåêîòîðûõ ñëó÷àÿõ ìîæíî îáîéòè.

Ïðèâåäåì ïðîñòîé ïðèìåð.
Ïóñòü B0 (íóëåâàÿ äèàãîíàëü îïåðàòîðà � âîçìóùåíèÿ B) îïðåäåëÿåòñÿ ôîðìóëîé B0 = b0I, b0 ∈

C. Òîãäà M0 = b0I /∈ S2(H). Â ýòîì ñëó÷àå îòíåñåì îïåðàòîð b0I ê íåâîçìóùåííîìó îïåðàòîðó.
Âìåñòî A íåâîçìóùåííûì ñ÷èòàåì A− b0I, è M = 0

Çàìå÷àíèå 4.2. Èç ôîðìóë (20) è (23) ñëåäóåò, ÷òî îïåðàòîðû M è BN , ìàòðè÷íûå ýëåìåí-
òû êîòîðûõ îïðåäåëåíû ôîðìóëàìè (18) è (22) ñîîòâåòñòâåííî, ïðèíàäëåæàò èäåàëó îïåðàòîðîâ
Ãèëáåðòà-Øìèäòà S2(H). Ïîýòîìó â íåêîòîðûõ ñëó÷àÿõ óäîáíåå âìåñòî ïðîâåðêè íåðàâåíñòâ (20)
è (23) ïðîâåðÿòü ïðèíàäëåæíîñòü ñîîòâåòñòâóþùèõ îïåðàòîðîâ èäåàëóS2(H). Â òàêîì ñëó÷àå óñëî-
âèÿ (8), (9) íà ìàòðèöó îïåðàòîðà B, îáåñïå÷èâàþùèå âûïîëíåíèå íåðàâåíñòâ (20) è (23), òàêæå íå
ïðîâåðÿþòñÿ.

5. Ïîñòðîåíèå äîïóñòèìûõ òðîåê. Â ýòîì ïàðàãðàôå áóäóò ïîñòðîåíû äâà ðàçëè÷íûõ ñåìåé-
ñòâà äîïóñòèìûõ òðîåê äëÿ íåâîçìóùåííîãî îïåðàòîðà A ñ âîçìóùåíèåì Q èç èäåàëà S2(H). Åñëè ó
íåâîçìóùåííîãî îïåðàòîðàA ñîáñòâåííûå çíà÷åíèÿ ¾ðàçáåãàþòñÿ¿, ò. å. lim

n→∞
dist({λn}, σ(A)\{λn}) =

∞, èëè íîðìà ‖Q‖2 âîçìóùåíèÿ äîñòàòî÷íî ìàëà, òî â êà÷åñòâå ïðîñòðàíñòâà äîïóñòèìûõ âîçìóùå-
íèé ìîæíî èñïîëüçîâàòü S2(H). Â îáùåì ñëó÷àå ìû èñïîëüçóåì áîëåå ¾óçêèå¿ ïðîñòðàíñòâàMQ,
ïîñòðîåííûå ïî âîçìóùåíèþ Q. (ñì. §5.2)
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5.1. Ïîñòðîåíèå ïåðâîãî ñåìåéñòâà äîïóñòèìûõ òðîåê (S2(H), Jm,Γm). Â ýòîì ïóíê-
òå â êà÷åñòâå ïðîñòðàíñòâà äîïóñòèìûõ âîçìóùåíèé M âûñòóïàåò èäåàë îïåðàòîðîâ Ãèëüáåðòà �
Øìèäòà S2(H) èç àëãåáðû EndH. Îòìåòèì, ÷òî ìîæíî ñ÷èòàòü A îáðàòèìûì îïåðàòîðîì, èíà÷å,
âìåñòî A ìîæíî ðàññìàòðèâàòü îïåðàòîð A − µI, µ ∈ ρ(A). Äîïóñòèìûå òðîéêè äëÿ A è A − µI
áóäóò îäèíàêîâûìè.

Ïîñêîëüêó S2(H) ⊂ EndH ⊂ LA(H), èìååì ‖Xx‖ = ‖XA−1Ax‖ ≤ ‖XA−1‖‖̇Ax‖,
X ∈ S2(H), x ∈ D(A). Òàêèì îáðàçîì, ‖X‖A ≤ ‖XA−1‖.

Ïåðåéäåì ê ïîñòðîåíèþ òðàíñôîðìàòîðîâ J,Γ ∈ End(S2(H)).
Äëÿ X ∈ S2(H) îïðåäåëèì òðàíñôîðìàòîðû JX è ΓX ìàòðèöàìè:

(JX)ij =

{
Xij , i = j,

0, i 6= j,
(24)

(ΓX)ij =

{
Xij
λi−λj , i 6= j,

0, i = j.
(25)

Î÷åâèäíî, ÷òî JX =
∑
n∈J

PnXPn è âûïèñàííûé ðÿä áåçóñëîâíî ñõîäèòñÿ â S2(H), ‖JX‖22 =∑
i∈J
‖PiXPi‖22 ≤ ‖X‖22, ò. å. èç X ∈ S2(H) ñëåäóåò, ÷òî JX ∈ S2(H).

Ïîêàæåì, ÷òî ΓX ∈ S2(H) äëÿ X ∈ S2(H).
Äåéñòâèòåëüíî,

‖ΓX‖22 =
∑

i,j∈J,i6=j

‖Xij‖22
|λi − λj |2

≤ 1

β2

∑
i,j∈J,i 6=j

‖Xij‖22 ≤
1

β2
‖X‖22, (26)

ãäå β îïðåäåëåíî ôîðìóëîé (1).
Òåîðåìà 5.1. Òðîéêà (S2(H), J,Γ) ÿâëÿåòñÿ äîïóñòèìîé òðîéêîé äëÿ îïåðàòîðà A.
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3.5 èç [Baskakov,

Krishtal, Uskova, 2019].
Íàðÿäó ñ òðàíñôîðìàòîðàìè J,Γ ∈ End(S2(H)), ââåäåì â ðàññìîòðåíèå ñåìåéñòâà òðàíñôîðìà-

òîðîâ Jk,Γk ∈ End(S2(H)), k ∈ Z+, ôîðìóëàìè

JkX = P(k)XP(k) +
∑

|i|>k,i∈J

PiXPi, X ∈ S2(H) (27)

ΓkX = ΓX − P(k)ΓXP(k) = Γ(X − JkX), X ∈ S2(H), (28)

ïðè ýòîì J0X = JX,Γ0X = ΓX. Îïåðàòîðû JkX è ΓkX, k ∈ Z+, îïðåäåëåíû êîððåêòíî, âñå âûøå-
îïèñàííûå ðÿäû ñõîäÿòñÿ â S2(H). Îòìåòèì, ÷òî îïåðàòîðû JX − JkX, ΓX − ΓkX åñòü îïåðàòîðû
êîíå÷íîãî ðàíãà. Ïîýòîìó èìååò ìåñòî

Òåîðåìà 5.2. Òðîéêà (S2(H),ΓkX, JkX) ÿâëÿåòñÿ äîïóñòèìîé äëÿ îïåðàòîðà A òðîéêîé ïðè
ëþáîì k ∈ Z+.

Èç òåîðåìû 5.1 è òåîðåìû 3.1 ñëåäóåò
Òåîðåìà 5.3. Ïóñòü îïåðàòîð Q òàêîé, ÷òî

‖Q‖2 ≤
β

4
. (29)

Òîãäà îïåðàòîð A−Q ïîäîáåí îïåðàòîðó A−JX∗ = A−V , X∗, V ∈ S2(H), èìåþùåìó äèàãîíàëüíóþ
îïåðàòîðíóþ ìàòðèöó. Èìååò ìåñòî ðàâåíñòâî

(A−Q)(I + ΓX∗) = (I + ΓX∗)(A− V ),

ãäå îïåðàòîð X∗ ∈ S2(H) åñòü ðåøåíèå íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ (16).
Îòìåòèì, ÷òî äîâîëüíî æåñòêîå óñëîâèå (29) ìîæíî ñíÿòü â òîì ñëó÷àå, åñëè ñîáñòâåííûå çíà-

÷åíèÿ îïåðàòîðà A ¾ðàçáåãàþòñÿ¿ ò. å.

lim
n→∞

dist({λn}, σ(A)\{λn}) =∞. (30)

Òîãäà ðàññìàòðèâàåòñÿ òðîéêà (S2(H), Jn,Γn) è êîíñòàíòà γ, àíàëîãè÷íî (26), îöåíèâàåòñÿ ñëåäó-
þùåé âåëè÷èíîé

γ = γn = (dist({λn}, σ(A)\{λn}))−1,
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ïðè ýòîì î÷åâèäíî, ÷òî âåëè÷èíó γn ìîæíî ñäåëàòü ìàëîé.
Òåîðåìà 5.4. Ïðè âûïîëíåíèè óñëîâèÿ (30). Ñóùåñòâóåò òàêîå m ∈ Z+, ÷òî îïåðàòîð A−Q

ïîäîáåí îïåðàòîðó áëî÷íî-äèàãîíàëüíîãî âèäà A− V è

(A−Q)(I + ΓmX∗) = (I + ΓmX∗)(A− V ),

ãäå îïåðàòîðû V,X∗ ∈ S2(H) è X∗ åñòü ðåøåíèå íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ (16) ñ òðàíñ-
ôîðìàòîðàìè Jm,Γm ∈ End(S2(H)), îïðåäåëåííûì ôîðìóëàìè (27), (28).

Èç òåîðåì 5.3, 5.4, 4.1 âûòåêàåò
Òåîðåìà 5.5. Ïóñòü âûïîëíÿåòñÿ óñëîâèå òåîðåìû 5.3 èëè 5.4. Òîãäà èñõîäíûé îïåðàòîð A−B

ïîäîáåí îïåðàòîðó A − V, V ∈ S2(H), èìåþùåìó ìàòðèöó äèàãîíàëüíîãî (áëî÷íî-äèàãîíàëüíîãî)
âèäà. Îïåðàòîðîì ïðåîáðàçîâàíèÿ îïåðàòîðà A−B â îïåðàòîð A− V ñëóæèò îïåðàòîð

(I +M (k))(I + ΓmX∗) = I + Ukm,

ãäå Ukm ∈ S2(H).
Îòìåòèì, ÷òî äëÿ îïåðàòîðà Äèðàêà èç [Áàñêàêîâ, Äåðáóøåâ, Ùåðáàêîâ, 2011], [Óñêîâà, 2019]

èëè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïåðâîãî ïîðÿäêà ñ èíâîëþöèåé èç [Áàñêàêîâ, Óñêîâà, 2018],
[Êðèøòàë, Óñêîâà, 2019 ], [Baskakov, Krishtal, Uskova, 2018] ïðåäïîëîæåíèÿ òåîðåì 5.3 è 5.4 íå
âûïîëíåíî â îáùåì ñëó÷àå. Ïîýòîìó äëÿ íèõ ñòðîèòñÿ äðóãîå ñåìåéñòâî äîïóñòèìûõ òðîåê.

5.2. Ïîñòðîåíèå äîïóñòèìîé òðîéêè (MQ, Jk,Γk). Íèæå áóäóò èñïîëüçîâàòüñÿ ïðîñòðàíñòâà
äîïóñòèìûõ âîçìóùåíèéMQ. Ïî ëþáîìó íåíóëåâîìó îïåðàòîðó X ∈ S2(H) ïîñòðîèì äâóñòîðîí-
íþþ ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë âèäà

αn(X) = ‖X‖−
1
2

2 max

(
∑

|k|≥n,k∈J

‖PkX‖22)
1
4 , (

∑
|k|≥n,k∈J

‖XPk‖22)
1
4

 , n ∈ Z. (31)

Ïîñëåäîâàòåëüíîñòü (αn(X))n∈Z îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1) αn(X) = α−n(X), n ∈ Z;
2) lim
|n|→∞

αn(X) = 0, n ∈ Z;

3) αn(X) ≤ 1 äëÿ âñåõ n ∈ Z;
4) αn(X) ≥ αn+1(X), n ≥ 0;
5) αn(X) 6= 0 äëÿ âñåõ n ∈ Z, åñëè P(m)XP(m) 6= X äëÿ âñåõ m ∈ Z+;
6) êîíå÷íà âåëè÷èíà ∑

n∈J

‖XPn‖22 + ‖XPn‖22
(αn(X))2

.

Áåç îãðàíè÷åíèÿ îáùíîñòè â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî P(n)QP(n) 6= 0 äëÿ âñåõ n ∈ Z+.
Äëÿ ëþáîãî îïåðàòîðà X ∈ S2(H) òàêæå çàäàäèì ñàìîñîïðÿæåííûé êîìïàêòíûé îïåðàòîð F :

FX =
∑
n∈J

αn(X)Pn,

FX ∈ EndH � ôóíêöèÿ îò íîðìàëüíîãî îïåðàòîðà A è ‖FX‖∞ = max |αn(X)| = 1.
Ïóñòü FQ = F . Ââåäåì ìíîæåñòâî îïåðàòîðîâMQ ⊂ S2(H), ïðåäñòàâëÿåìûõ â âèäå

X = XlF, X = FXr,

ãäå Xl, Xr ∈ S2(H). Çàäàäèì âMQ íîðìó ‖X‖MQ
= max{‖Xl‖2, ‖Xr‖2}, ‖X‖2 ≤ ‖X‖MQ

, X ∈MQ.
Èç ñâîéñòâà 5) ïîñëåäîâàòåëüíîñòè (αn(X))n∈Z ñëåäóåò, ÷òîMQ ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàí-

ñòâîì.
Î÷åâèäíî, ÷òî ëþáîé îïåðàòîð X èç S2(H) ìîæíî çàïèñàòü êàê

X = (
∑
n∈J

1

αn(X)
XPn)FX = FX(

∑
n∈J

1

αn(X)
PnX).

Ñëåäîâàòåëüíî, Q ∈MQ.
Îòìåòèì, ÷òî ïîñëåäîâàòåëüíîñòü α : Z → R+ õàðàêòåðèçóåò ñêîðîñòü óáûâàíèÿ ìàòðè÷íûõ

ýëåìåíòîâ îïåðàòîðà X ∈ S2(H) ïî ñòðîêàì è ñòîëáöàì.
Ïîñêîëüêó MQ ⊂ S2(H), òî òðàíñôîðìàòîðû Jk è Γk, k ≥ 0, çàäàâàåìûå ôîðìóëàìè (24), (25),

(27), (28), îïðåäåëåíû è äëÿ îïåðàòîðîâ èçMQ. Áîëåå òîãî,

Jk(XlF ) = (JkXl)F, Jk(FXr) = F (JkXr),
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Γ(XlF ) = (ΓkXl)F, Γk(FXr) = F (ΓkXr),

ãäå Xr, Xl ∈ S2(H).
Äëÿ îöåíêè íîðì ‖Γk(XF )‖2 è ‖Γk(FX)‖2, X ∈ S2(H), ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè

(α′n), n ∈ N è (α̃′n), n ∈ N, îïðåäåëåííûå ôîðìóëàìè

α′n+1 = max{λld−1
jl , l, j ∈ J, |l| ≤ n, |j| > n}, (32)

α̃n
′ = (β−1αn + α′n), n ∈ N, (33)

ãäå dij = dist(σi, σj), i, j ∈ J. Ïîñëåäîâàòåëüíîñòè (α′n) è (α̃′n) ïðèíàäëåæàò ïðîñòðàíñòâó ñõîäÿùèõ-
ñÿ ê íóëþ ïîñëåäîâàòåëüíîñòåé, ò. å.

lim
n→∞

α′n+1 = lim
n→∞

α̃′n = 0. (34)

Àíàëîãè÷íî [Áàñêàêîâ, Äåðáóøåâ, Ùåðáàêîâ, 2011, Ëåììà 3] äîêàçûâàåòñÿ
Ëåììà 5.1. Äëÿ êàæäîãî k ∈ Z+ è X ∈ S2(H) èìåþò ìåñòî îöåíêè

max{‖Γk(XF )‖2, ‖Γk(FX)‖2} ≤ ã′k+1‖X‖2.

Òåîðåìà 5.6. [Baskakov, Krishtal, Uskova, 2019, Proposition 3.7] Òðîéêà (MQ, Jk,Γk) ÿâëÿåòñÿ
äîïóñòèìîé òðîéêîé äëÿ íåâîçìóùåííîãî îïåðàòîðà A äëÿ ëþáîãî k ∈ Z+ è ïîñòîÿííàÿ γ = γk èç
îïðåäåëåíèÿ 3.2 äîïóñêàåò îöåíêó

γk ≤ α̃′k+1, k ∈ Z+.

Èç òåîðåìû 5.6 è òåîðåìû 3.1 ñëåäóåò
Òåîðåìà 5.7. Ïóñòü öåëîå k ≥ 0 òàêîå, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî

4α̃′k+1‖Q‖MQ
< 1. (35)

Òîãäà îïåðàòîð A − Q ïîäîáåí áëî÷íî-äèàãîíàëüíîìó îïåðàòîðó A − JkX∗ = A − P(k)X∗P(k) −∑
|i|>k,i∈J

PiX∗Pi,= A−V , ãäå X∗ ∈MQ � ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ (16). Îïåðàòîð ïðåîáðàçî-

âàíèÿ A − Q â îïåðàòîð A − V åñòü îïåðàòîð I + ΓX∗,
ΓX∗ ∈MQ ⊂ S2(H).

Òåîðåìà 5.8. Â óñëîâèÿõ òåîðåìû 5.7 èñõîäíûé îïåðàòîð A−B ïîäîáåí îïåðàòîðó A−V , ãäå V
ïðèíàäëåæèò S2(H) è èìååò ìàòðèöó áëî÷íî-äèàãîíàëüíîãî âèäà. Îïåðàòîðîì ïðåîáðàçîâàíèÿ
îïåðàòîðà A−B â îïåðàòîð A− V ñëóæèò îïåðàòîð

(I +M (k))(I + ΓmX∗) = I + Ukm, Ukm ∈ S2(H), X∗ ∈ S2(H),m ≥ 0.

6. Îöåíêè ñïåêòðàëüíûõ õàðàêòåðèñòèê îïåðàòîðà A−B.
6.1. Îöåíêè ñïåêòðà. Èç òåîðåì 5.5 è 5.7 ñëåäóåò î÷åâèäíàÿ
Ëåììà 6.1. σ(A − B) = σ(A − V ) = σ(A − P(m)X∗P(m) −

∑
|i|>m

PiX∗Pi), ãäå X∗ � ðåøåíèå

îïåðàòîðíîãî óðàâíåíèÿ (16).
Îñîáî ïîä÷åðêíåì, ÷òî îïåðàòîð A − V èìååò áëî÷íî-äèàãîíàëüíûé âèä, ÷òî ñóùåñòâåííî îá-

ëåã÷àåò èññëåäîâàíèå åãî ñïåêòðàëüíûõ ñâîéñòâ.
Ëåììà 6.2. Â óñëîâèÿõ òåîðåìû 5.5 èëè 5.7 ñïåêòð îïåðàòîðà A − B ïðåäñòàâèì â âèäå

îáúåäèíåíèÿ âçàèìíî ïåðåñåêàþùèõñÿ êîíå÷íûõ ìíîæåñòâ σ̃(m), σ̃i, |i| > m, ïðè÷åì

σ̃(m) = σ((A− PiX∗)|H(m)
) = σ(Ã(m)), H(m) = ImP(m),

σ̃i = σ((A− PiX∗)|Hi) = σ(Ãi), Hi = ImPi, |i| > m, i ∈ J,

σ(A−B) = σ(Ã(m)) ∪

 ⋃
|i|>m,i∈J

σ(Ãi

 = σ̃(m) ∪

 ⋃
|i|>m,i∈J

σ̃i

 .

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà (36) íåîáõîäèìî ïðîâåðèòü äâà âêëþ÷åíèÿ

σ(A−B) ⊂ σ̃(m) ∪

 ⋃
|i|>m,i∈J

σ̃i

 ,
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σ̃(m) ∪

 ⋃
|i|>m,i∈J

σ̃i

 ⊂ σ(A−B).

Îïåðàòîð A−V ïåðåñòàíîâî÷åí ñî âñåìè îïåðàòîðàìè P(m), Pi, |i| > m è ïðîñòðàíñòâà H(m), Hi, |i| >
m ÿâëÿåòñÿ äëÿ íåãî èíâàðèàíòíûìè.

Èç êîìïàêòíîñòè ðåçîëüâåíòû îïåðàòîðà A − V ñëåäóåò êîìïàêòíîñòü ðåçîëüâåíòû îïåðàòîðà
A − B. Ïîýòîìó åñëè λ0 ∈ σ(A − V ), òî ñóùåñòâóåò ñîáñòâåííûé âåêòîð x0 ∈ D(A) òàêîé, ÷òî
(A− V )x0 = λ0x0. Ñëåäîâàòåëüíî, èìåþò ìåñòà ðàâåíñòâà

Ã(m)P(m)x0 = λ0P(m)x0, ÃiPix0 = λ0x0, |i| > m+ 1.

Ñèñòåìà ïðîåêòîðîâ P(m), Pi, |i| > m îáðàçóåò ðàçëîæåíèå åäèíèöû: x = P(m)x +
∑
|i|>m

Pix, x ∈ H,

õîòÿ áû îäèí èç âåêòîðîâ P(m)x0, Pix0, |i| > m íåíóëåâîé. Ñëåäîâàòåëüíî, λ0 � ñîáñòâåííîå çíà÷åíèå
êàæäîãî èç îïåðàòîðîâ Ã(m), Ãi, |i| > m.

Ïóñòü λ0 ∈ σ(Ãl) äëÿ íåêîòîðîãî |l| > m, òîãäà ÃlPlx0 = λ0Plx0, x0 ∈ D(A) � ñîîòâåòñòâóþùèé
âåêòîð. Ïðèìåíèì îïåðàòîð A − V ê âåêòîðó x0 = Plx0, |l| > m, (A − V )x0 = (A − P(m)X∗P(m) −∑
|i|>m

PiX∗Pi)Plx0 = (APl − PlXPl)Plx0 − ÃlPlx0 = λ0Plx0. Ëåììà äîêàçàíà.

Çàìå÷àíèå 6.1. Â îáùåì ñëó÷àå ñïåêòð îïåðàòîðà E ñ áëî÷íî-äèàãîíàëüíîé ìàòðèöåé ìîæåò
íå ñîâïàäàòü ñ îáúåäèíåíèåì ñïåêòðîâ åãî áëîêîâ Ei è äàæå ñ åãî çàìûêàíèåì. Ïðèâåäåì ïðîñòîé
ïðèìåð. Ó îïåðàòîðà E, çàäàííîãî áåñêîíå÷íîé áëî÷íî-äèàãîíàëüíîé ìàòðèöåé âèäà

0 1
0 0

0 0 . . .

0
0 1 0
0 0 1
0 0 0

0 . . .

0 0

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

. . .

...
...

...
. . .


,

ñïåêòðàëüíûé ðàäèóñ ðàâåí åäèíèöå, è σ(Ei) = {0}, i ∈ J.
Èç ëåììû 6.2 ñëåäóåò, ÷òî âàæíîé çàäà÷åé ÿâëÿåòñÿ âû÷èñëåíèå ñïåêòðà îïåðàòîðîâ Ãi, |i| >

k, i ∈ J.
Âåðíåìñÿ ê îïåðàòîðó X∗ � ðåøåíèþ íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ (16) è îöåíèì åãî

áëîê PiX∗Pi, êîòîðûé è èñïîëüçóåòñÿ äàëåå â ñïåêòðàëüíîì àíàëèçå. Èìååì:

PiX∗Pi = PiQΓmX∗Pi + PiQPi,

îòêóäà
PiX∗Pi = PiQPi + PiQΓmQPi + PiQΓm(X −Q)Pi = PiQPi + T0i,

ãäå îïåðàòîð T0i ïðèíàäëåæèò èäåàëó ÿäåðíûõ îïåðàòîðîâ S1(H). Îòìåòèì òàêæå, ÷òî èç òåîðåìû
4.1 ñëåäóåò, ÷òî

PiQPi = PiBPi + Pi(I +N (k))−1(BN (k) −N (k)M (k))Pi = PiBPi + PiBN
(k)Pi + T1i,

|i| > k, T1i ∈ S1(H).

Ïîýòîìó, ñîáèðàÿ âñå âìåñòå, ïîëó÷èì ðàâåíñòâà

PiX∗Pi = PiBPi + PiBN
(k)Pi + Ti, Ti ∈ S1(H).

Íàïîìíèì òàêæå, ÷òî ýëåìåíòû ìàòðèöû BN (k) îïðåäåëåíû ôîðìóëîé (18), è, ñëåäîâàòåëüíî, ïðè
|i| > max{k,m} èìåþò ìåñòî ðàâåíñòâà

PiBN
(k)Pi =

∑
l 6=i

BilBli
λl − λi

.

Îïðåäåëåíèå 6.1. ×èñëî λ̂, îïðåäåëåííîå ôîðìóëîé

λ̂ =
1

n

n∑
i=1

λi,
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íàçûâàåòñÿ âçâåøåííûì ñðåäíèì çíà÷åíèåì ñîáñòâåííûõ çíà÷åíèé λ1, λ2, ..., λn.
Ïåðåä òåì, êàê ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò äàííîãî ïàðàãðàôà, ââåäåì ñëåäóþùåå îáî-

çíà÷åíèå: li = dimImPi, i ∈ J, è ïóñòü ìàòðèöû PiBPi è PiBN
(k)Pi, i ∈ J, |i| > m, ñîñòîÿò èç

ýëåìåíòîâ binj , 1 ≤ n, j ≤ li è b̃inj , 1 ≤ n, j ≤ li ñîîòâåòñòâåííî.
Òåîðåìà 6.1. Èìååò ìåñòî ñëåäóþùåå àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå:

λ̂i = λi −
1

li

li∑
n=1

binn −
1

li

li∑
n=1

b̃inn + βi, ãäå βi ∈ `1(J). (36)

Äîêàçàòåëüñòâî. Ïîäïðîñòðàíñòâà ImPi, |i| > m, êîíå÷íîìåðíû, à â êîíå÷íîìåðíîì ïîäïðî-
ñòðàíñòâå ñïåêòðàëüíûé ñëåä ðàâåí ìàòðè÷íîìó.

Ñëåäñòâèå 6.1. Åñëè dimImPi = 1, |i| > m, i ∈ J, òî äëÿ êàæäîãî èç ñîáñòâåííûõ çíà÷åíèé
λ̃i, |i| > m èñõîäíîãî îïåðàòîðà A−B èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

λ̃i = λi − bii −
∑
l 6=i

bilbli
λl − λi

+ βi, ãäå βi ∈ `1(J). (37)

Ðåçóëüòàò òåîðåìû 6.1 ìîæíî ñôîðìóëèðîâàòü íåñêîëüêî èíà÷å, â ðóñëå ðàáîòû [Áàñêàêîâ, Ïî-
ëÿêîâ, 2017]. Ïðèâåäåì ñîîòâåòñòâóþùóþ ôîðìóëèðîâêó. Äëÿ ýòîãî íàì ïîíàäîáèòñÿ ïîñëåäîâà-
òåëüíîñòü ìàòðèö

Ψn = PiBPi + PiBN
(k)Pi = Bii +

∑
l 6=i

BilBli
λl − λi

.

Òåîðåìà 6.2. Èìååò ìåñòî îöåíêà

∑
|n|>k

1

α2
n

li∑
l=1

|λ̃n,l − λn|2 <∞,

ãäå λn, |n| > k, � ñîáñòâåííûå çíà÷åíèÿ íåâîçìóùåííîãî îïåðàòîðà A, λ̃n,l � ñîáñòâåííûå çíà÷åíèÿ
áëîêà Pn(A−X∗)Pn è ïîñëåäîâàòåëüíîñòü α : Z→ R îïðåäåëåíà ôîðìóëîé (31). Áîëåå òîãî,

σn = {λn − σ(Φn)} , |n| > k,

è Φn åñòü òàêàÿ ìàòðèöà, ÷òî ïîñëåäîâàòåëüíîñòü

|λ̂(Φn)− λ̂(Ψn)|, |n| > k,

ñóììèðóåìà.
Çàìå÷àíèå 6.2. Åñëè ê èñõîäíîìó îïåðàòîðó A−B íå ïðèìåíÿëîñü ïðåäâàðèòåëüíîå ïðåîáðà-

çîâàíèå ïîäîáèÿ (äðóãèìè ñëîâàìè, åñëè âîçìóùåíèå B èçíà÷àëüíî ïðèíàäëåæàëî èäåàëó S2(H)),
òî ôîðìóëû (36) è (37) ïåðåïèøóòñÿ â âèäå

λ̂i = λi −
1

li

li∑
n=1

binn + δi, (38)

λ̃i = λi − bii + δi, (39)

ãäå ïîñëåäîâàòåëüíîñòü δi ïðèíàäëåæèò `1(J).
Â ôîðìóëàõ (38) è (39) ó÷òåíî, ÷òî îïåðàòîð BΓX∗ ïðèíàäëåæèò S1(H), åñëè B ∈ S2(H).
6.2. Îöåíêè ñïåêòðàëüíûõ ïðîåêòîðîâ. Â ýòîì ïàðàãðàôå èçëîæåíèå ïðîâîäèòñÿ â óñëîâèÿõ

ïîäîáèÿ îïåðàòîðà A−B îïåðàòîðó A−Q,Q ∈ S2(H). Íàïîìíèì, ÷òî ñèìâîëîì Pl, l ∈ J, îáîçíà÷åíû
ñïåêòðàëüíûå ïðîåêòîðû íåâîçìóùåííîãî îïåðàòîðà A èç ôîðìóëû (2), P(k) =

∑
|i|≤k,i∈J

Pi. Îáîçíà-

÷èì ÷åðåç P̃n, |n| > k, ñïåêòðàëüíûå ïðîåêòîðû îïåðàòîðà A − B, ïîñòðîåííûå ïî ñïåêòðàëüíûì
ìíîæåñòâàì σ̃n èç ëåììû 6.2, P̃(k) =

∑
|i|≤k

P̃i. Ìû ïðèõîäèì ê äâóì ðàçëîæåíèÿì åäèíèöû:

I = P(k) +
∑
|i|>k

Pi, I = P̃(k) +
∑
|i|>k

P̃i.

Îòìåòèì, ÷òî P̃i = (I + Ukm)Pi(I + Ukm)−1, P̃(k) = (I + Ukm)P(k)(I + Ukm)−1. Îòêóäà

P̃i − Pi = (UkmPi − PiUkm)(I + Ukm)−1 ∈ S2(H), (40)
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P̃(k) − P(k) = (UkmP(k) − P(k)Ukm)(I + Ukm)−1 ∈ S2(H).

Äëÿ ëþáîãî ïîäìíîæåñòâà Ω ∈ Z\{−k, . . . ,−1, 0, 1, . . . , k} (íå îáÿçàòåëüíî êîíå÷íîãî) ÷åðåç P (Ω)
îáîçíà÷èì ñïåêòðàëüíûå ïðîåêòîðû P (Ω) =

∑
j∈Ω∩J

Pj , P̃ (Ω) =
∑

j∈Ω∩J
P̃j . Î÷åâèäíî, ÷òî P̃ (Ω)−P (Ω) =

(UkmP (Ω)−P (Ω)Ukm)(I+Ukm)−1 ∈ S2(H). Äëÿ ëþáîãî îïåðàòîðà X ∈ S2(H) îïðåäåëèì âåëè÷èíó

α(Ω, X) = max
n∈Ω

αn(X), Ω ⊂ Z,

ãäå ïîñëåäîâàòåëüíîñòü α : Z → R îïðåäåëåíà ôîðìóëîé (31). Îòìåòèì, ÷òî äàæå â ñëó÷àå èñ-
ïîëüçîâàíèÿ ïåðâîé äîïóñòèìîé òðîéêè (S2(H), J(k),Γ(k)) äëÿ îöåíêè ïðîåêòîðîâ óäîáíåå áðàòü
ïîñëåäîâàòåëüíîñòü α : Z→ R.

Ëåììà 6.3. [Baskakov, Krishtal, Uskova, 2019]. Èìååò ìåñòî îöåíêà

max{‖UkmP (Ω)‖, ‖P (Ω)Ukm‖} ≤ C(Ukm)α(Ω, Ukm).

Òåîðåìà 6.3. [Baskakov, Krishtal, Uskova, 2019]. Èìååò ìåñòî îöåíêà

‖P̃ (Ω)− P (Ω)‖2 ≤ α(Ω, Q)C(Ukm, Q),

ãäå êîíñòàíòà C(Ukm, Q) > 0 íå çàâèñèò îò Ω.
Äîêàçàòåëüñòâî òåîðåìû 6.3 âûòåêàåò èç (40) è ëåììû 6.3.
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Abstract. In this paper the spectral problem of a special form for the singular elliptic operator of the second order
in an unbounded angular sector on a plane is solved. The rearrangement of eigenvalues and changing the shape
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during the transformation of the solution search area from an angular sector to a half-plane is established.
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1. Ââåäåíèå. Íà÷èíàÿ ñ ðàáîòû [Êåëäûø, 1951], â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè ñôîðìèðîâàëîñü íàïðàâëåíèå, â ðàáîòàõ êîòîðîãî èçó÷àþòñÿ êðàåâûå çà-
äà÷è äëÿ ñèíãóëÿðíûõ è âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ óðàâíåíèé. Ñïåöèôèêà ïîñòàíîâîê òàêèõ
çàäà÷ îïðåäåëÿåòñÿ êàê íàëè÷èåì îñîáåííîñòåé â êîýôôèöèåíòàõ óðàâíåíèé [Êèïðèÿíîâ, 1997],
òàê è äîïóñòèìûì ïîâåäåíèåì èñêîìîãî ðåøåíèÿ â ðàññìàòðèâàåìîé îáëàñòè [Ëàíäèñ, 1971; Êà-
òðàõîâ, Ñèòíèê, 2018]. Ïîñëåäíåå çàìå÷àíèå îòíîñèòñÿ äàæå ê óðàâíåíèÿì ñ ãëàäêèìè êîýôôèöè-
åíòàìè [Êàòðàõîâ, Ñèòíèê, 2018]. Òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê ðåøåíèþ, òàêèå êàê, íàïðèìåð,
åãî îãðàíè÷åííîñòü, îïðåäåëÿþò îñîáåííîñòü ïîñòàíîâêè ñîîòâåòñòâóþùèõ êðàåâûõ óñëîâèé. Ïðè-
ìåðîì òàêîé çàäà÷è, â êîòîðîé èùóòñÿ íåïðåðûâíûå, à ïîòîìó ëîêàëüíî îãðàíè÷åííûå ðåøåíèÿ
ñèíãóëÿðíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ, ïîä÷èíåííûå íåêîòîðîìó íåëîêàëüíîìó óñëîâèþ, ñëóæèò
çàäà÷à äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ Øðåäèíãåðà ñ êóëîíîâñêèì öåíòðàëüíî-ñèììåòðè÷íûì ïîòåí-
öèàëîì. Àêòóàëüíîñòü ïîäîáíîé çàäà÷è â ïîñëåäíåå âðåìÿ îáóñëîâëåíà èññëåäîâàíèÿìè â îáëàñòè
îïòè÷åñêèõ ñâîéñòâ íèçêîðàçìåðíûõ ñèñòåì, â êîòîðûõ äîñòèãàåòñÿ êâàíòîâàíèå ýíåðãåòè÷åñêèõ
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óðîâíåé íîñèòåëåé çàðÿäà õîòÿ áû â îäíîì íàïðàâëåíèè [Klingshirn, 2005]. Â ÷àñòíîñòè, îñîáûé èí-
òåðåñ ñâÿçàí ñ ïðîöåññàìè îïòè÷åñêîãî ïîãëîùåíèÿ è ëþìèíåñöåíöèè â êâàíòîâûõ òî÷êàõ [Klimov,
2010; Gavrilenko, 2011], â òîì ÷èñëå ñ ó÷àñòèåì äîíîðíî-àêöåïòîðíûõ ïàð [Ovchinnikov et al., 2016;
Mora-Ramos et al., 2020]. Èçâåñòíî, ÷òî ôîðìà òàêèõ îáúåêòîâ ñóùåñòâåííî ìåíÿåò ñïåêòðàëüíûå
õàðàêòåðèñòèêè íîñèòåëåé çàðÿäà. Îäíàêî ïîäîáíàÿ âàðèàöèÿ ôîðìû ìîæåò ïðèâîäèòü ê íåîáõî-
äèìîñòè ôîðìóëèðîâêè íîâûõ ãðàíè÷íûõ óñëîâèé ñ öåëüþ ñîõðàíåíèÿ êîððåêòíîñòè ïîñòàíîâêè
ìàòåìàòè÷åñêîé çàäà÷è èëè âîçíèêíîâåíèþ îñîáûõ òî÷åê â ðåøåíèè, äëÿ êîòîðûõ òðåáóåòñÿ åãî
ðåãóëÿðèçàöèÿ. Ââèäó àêòóàëüíîñòè ìàòåìàòè÷åñêèõ èññëåäîâàíèé, ïðîâîäèìûõ ïðè ðåøåíèè óïî-
ìÿíóòûõ çàäà÷, â äàííîé ðàáîòå èçó÷àåòñÿ ñïåêòðàëüíàÿ çàäà÷à â ïëîñêîì óãëå äëÿ ñèíãóëÿðíîãî
ýëëèïòè÷åñêîãî îïåðàòîðà âòîðîãî ïîðÿäêà, ñîäåðæàùåãî ïî ïåðåìåííîé y äèôôåðåíöèàëüíûé îïå-
ðàòîð Áåññåëÿ By = ∂2/∂y2 + k ∂/(y ∂y) [Êèïðèÿíîâ, 1997].

2. Ïîñòàíîâêà çàäà÷è. Ïóñòü K � óãîë â ïîëóïëîñêîñòè E+
2 = {(x, y) ∈ E2 : y > 0} ñ âåðøèíîé

â òî÷êå O = O(0, 0), ãðàíèöó êîòîðîãî îáðàçóåò çàìêíóòûé ëó÷ Γ è ïîëîæèòåëüíàÿ ÷àñòü îñè Ox.
Îáîçíà÷èì ýòó ÷àñòü îñè ÷åðåç Γ0 è ïóñòü ω ∈ (0, π) � ðàñòâîð óãëà K. Ïðåäïîëàãàåì, ÷òî K �
îòêðûòîå ìíîæåñòâî, òàê ÷òî K = K ∪Γ∪Γ0 (÷åðòà ñâåðõó îáîçíà÷àåò çàìûêàíèå ìíîæåñòâà â E2).

Â êëàññå ôóíêöèé C2(K) ∩C1(K ∪ Γ0) ∩C(K) áóäåì ðàññìàòðèâàòü ñïåêòðàëüíóþ çàäà÷ó âèäà

−∂
2u

∂x2
− ∂2u

∂y2
− k

y

∂u

∂y
− E

r
u = λu, (x, y) ∈ K, (1)

u|Γ = 0, (2)

∂u

∂y

∣∣∣∣
Γ0

= 0. (3)

Â óðàâíåíèè (1) E è k � ïîëîæèòåëüíûå ïîñòîÿííûå, k > 1; r =
√
x2 + y2. Ïîìèìî ãðàíè÷íûõ

óñëîâèé (2) è (3) ïîä÷èíèì ôóíêöèþ u(x, y) íåëîêàëüíîìó óñëîâèþ∫
K

u2(x, y) yk dydx <∞.

Ðàññìàòðèâàåìàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò èçîëèðîâàííûå îòðèöàòåëüíûå ñîáñòâåííûå çíà÷å-
íèÿ. Òðåáóåòñÿ íàéòè ýòè ñîáñòâåííûå çíà÷åíèÿ è îòâå÷àþùèå èì ñîáñòâåííûå ôóíêöèè.

3. Ðåøåíèå êðàåâîé çàäà÷è. Ñëåäóÿ [Íèêèôîðîâ, Óâàðîâ, 1984; Òèò÷ìàðø, 1961], âîñïîëü-
çóåìñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ýòîãî ïåðåéäåì â çàäà÷å (1)�(3) ê ïîëÿðíîé ñèñòåìå
êîîðäèíàò ïî ôîðìóëàì x = r cos θ, y = r sin θ, r ≥ 0, 0 ≤ θ ≤ ω è, ïîëàãàÿ v(r, θ) = u(r cos θ, r sin θ),
ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó äëÿ íåïðåðûâíîé ôóíêöèè v(r, θ) â ïîëóïîëîñå Π = {(r, θ) :
0 ≤ r <∞, 0 ≤ θ ≤ ω}:

∂2v

∂r2
+
k + 1

r

∂v

∂r
+

1

r2

(
∂2v

∂θ2
+ k cot θ

∂v

∂θ

)
+

(
λ+

E

r

)
v = 0, r > 0, 0 < θ < ω, (4)

v(r, θ)|θ=ω = 0, r ≥ 0, (5)

∂v

∂θ

∣∣∣∣
θ=0

= 0, r > 0, (6)∫
Π

v2(r, θ) rk+1 sinkθ drdθ <∞. (7)

Ðàçäåëåíèå ïåðåìåííûõ â çàäà÷å (4)�(7) ïî ôîðìóëå v(r, θ) = R(r)Φ(θ) ïðèâîäèò ê ñïåêòðàëü-
íûì çàäà÷àì äëÿ ôóíêöèé R(r) è Φ(θ). Äëÿ óãëîâîé êîìïîíåíòû Φ(θ) ïîëó÷àåì çàäà÷ó Øòóðìà-
Ëèóâèëëÿ âèäà

−d
2Φ

dθ2
− k cot θ

dΦ

dθ
= µΦ, 0 < θ < ω, (8)

dΦ

dθ

∣∣∣∣
θ=0

= Φ(ω) = 0. (9)

Êàæäîìó ôèêñèðîâàííîìó µ áóäóò ñîîòâåòñòâîâàòü ðàäèàëüíûå êîìïîíåíòû, êîòîðûå ÿâëÿþòñÿ
ðåøåíèÿìè çàäà÷è

d2R

dr2
+
k + 1

r

dR

dr
+

(
λ+

E

r
− µ

r2

)
R = 0, 0 < r <∞, (10)

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2



Îá îäíîé ñïåêòðàëüíîé çàäà÷å â ïëîñêîì óãëå äëÿ ñèíãóëÿðíîãî ýëëèïòè÷åñêîãî ... 88

lim
r→0

R(r) ñóùåñòâóåò è êîíå÷åí,
∫
Π

R2(r) rk+1 dr <∞. (11)

Ðåøåíèå çàäà÷è (8)�(10) ïîëó÷åíî â [Ëàðèí, Êèðèëëîâ, 2017]. Ïóñòü P qs (t) � ïðèñîåäèíåííàÿ
ôóíêöèÿ Ëåæàíäðà ïåðâîãî ðîäà àðãóìåíòà t, îïðåäåëåííàÿ íà ðàçðåçå [Áåéòìåí, Ýðäåéè, 1973], è
ïóñòü αl � ïîëîæèòåëüíûå ðåøåíèÿ óðàâíåíèÿ

f(α) = P
(1−k)/2
α+(k−1)/2(cosω) = 0, (12)

êîòîðûå áóäåì ñ÷èòàòü çàíóìåðîâàííûìè â ïîðÿäêå âîçðàñòàíèÿ l = 1, 2, . . . [Ãîáñîí, 1931]. Òîãäà
ñîáñòâåííûå çíà÷åíèÿ (ÑÇ) çàäà÷è èìåþò âèä µl = αl(αl+k), à îòâå÷àþùèå èì ñîáñòâåííûå ôóíêöèè
(ÑÔ), ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ, çàïèñûâàþòñÿ â âèäå

Φl(θ) = (sin θ)(1−k)/2P
(1−k)/2
αl+(k−1)/2(cos θ). (13)

Çàìåòèì, ÷òî ôîðìóëîé (17) ôóíêöèè Φl(θ) îïðåäåëÿþòñÿ òîëüêî äëÿ θ ∈ (0, ω ]. Äîîïðåäåëÿÿ
èõ â òî÷êå θ = 0 ïî íåïðåðûâíîñòè, ò. å. ïîëàãàÿ Φl(0) = lim

θ→0
Φl(θ), ïîëó÷èì ñèñòåìó ôóíêöèé,

ïðèíàäëåæàùèõ êëàññó C2[ 0, ω ] è óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì (10).
Äëÿ ðåøåíèÿ ñïåêòðàëüíîé çàäà÷è (11)�(12) ñ óêàçàííûìè ÑÇ µ = µl ôèêñèðóåì ïðîèçâîëüíûé

èíäåêñ l è ïåðåéäåì ê íîâîé ôóíêöèè S(r) = r(k+1)/2R(r). Êðàåâàÿ çàäà÷à äëÿ S(r) èìååò âèä

d2S

dr2
+

4λr2 + 4Er + 1− (2αl + k)2

4r2
S = 0, r > 0, (14)

lim
r→0

S(r) r−(k+1)/2 ñóùåñòâóåò è êîíå÷åí,
∫
Π

S2(r) dr <∞. (15)

Ðåøåíèå (18) èùåì â âèäå [Íèêèôîðîâ, Óâàðîâ, 1984]

S(r) = rαl+(k+1)/2 exp
(
−
√
−λ r

)
y(r), (16)

ãäå y(r) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, äëÿ êîòîðîé ïîëó÷àåì óðàâíåíèå ãèïåðãåîìåòðè÷åñêîãî òèïà

r
d2y

dr2
+
(

1 + 2αl + k − 2
√
−λ r

) dy
dr

+
(
E −

√
−λ (2αl + k + 1)

)
y = 0. (17)

Óñëîâèÿ (19) îáåñïå÷èâàþò ïðèìåíèìîñòü òåîðåìû î ðàçðåøèìîñòè ãèïåðãåîìåòðè÷åñêîãî óðàâ-
íåíèÿ [Íèêèôîðîâ, Óâàðîâ, 1984], èç êîòîðîé ñëåäóåò, ÷òî ÑÇ λ èñõîäíîé çàäà÷è, ÿâëÿþùèåñÿ ïà-
ðàìåòðîì â óðàâíåíèè (21), íàõîäÿòñÿ èç ñîîòíîøåíèÿ

E −
√
−λ (2αl + k + 1) = 2n

√
−λ,

òàê ÷òî

λ = λn,l = − E2

(2n+ 2αl + k + 1)2
, n = 0, 1, 2, . . . . (18)

Íåòðèâèàëüíûå ðåøåíèÿ yn,l óðàâíåíèÿ (21) îïðåäåëÿþòñÿ ôîðìóëîé Ðîäðèãà [Íèêèôîðîâ, Óâà-
ðîâ, 1984]

yn,l =
Cn,l
r2αl+k

exp

(
2E

2n+ 2αl + k + 1
r

)
dn

drn

(
rn+2αl+k exp

(
− 2E

2n+ 2αl + k + 1
r

))
, (19)

ãäå Cn,l � ïðîèçâîëüíûå íåíóëåâûå ïîñòîÿííûå. Èç ñîîòíîøåíèé (20) è (23), à òàêæå òîæäåñòâà
R(r) = r(k+1)/2S(r), ïîëó÷àåì, ÷òî ðàäèàëüíûå ñîñòàâëÿþùèå R(r) ðåøåíèÿ v(r, θ), îòâå÷àþùèå
ôèêñèðîâàííîìó l, èìåþò âèä

Rn,l =
Cn,l
rαl+k

exp

(
2E

2n+ 2αl + k + 1
r

)
dn

drn

(
rn+2αl+k exp

(
− 2E

2n+ 2αl + k + 1
r

))
, (20)

ãäå n = 0, 1, 2, . . . . Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1 Îòðèöàòåëüíûå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1)�(3) îïðåäåëÿþòñÿ ðàâåíñòâîì (22),
à îòâå÷àþùèå èì ñîáñòâåííûå ôóíêöèè â ïîëÿðíîé ñèñòåìå êîîðäèíàò çàïèñûâàþòñÿ â âèäå

un,l(r cos θ, r sin θ) = Rn,l(r)Φl(θ), l = 1, 2, . . . , n = 0, 1, . . . . (21)

ãäå ôóíêöèè Rn,l(r) è Φl(θ) îïðåäåëÿþòñÿ ðàâåíñòâàìè (24) è (17), ñîîòâåòñòâåííî.
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Îòìåòèì, ÷òî ìîæíî ðàññìàòðèâàòü ïîäîáíóþ çàäà÷ó è â ïðåäåëüíîì ñëó÷àå, êîãäà ω = π, ò.
å. â ïîëóïëîñêîñòè. Â ýòîì ñëó÷àå ó÷àñòîê ãðàíèöû Γ ïåðåõîäèò â çàìêíóòûé ëó÷ {(x, 0) : x ≤ 0},
êðàåâîå óñëîâèå (2) îòñóòñòâóåò, à ãðàíè÷íîå óñëîâèå (3) ñòàâèòñÿ íà âñåé ïðÿìîé y = 0 ñ óäàëåííîé
èç íåå òî÷êîé O(0, 0).

Ïðè ïåðåõîäå ê ïîëÿðíîé ñèñòåìå êîîðäèíàò óñëîâèå (5) îòñóòñòâóåò, à óñëîâèå (6) ïðèíèìàåò
âèä

∂v

∂θ

∣∣∣∣
θ=0

=
∂v

∂θ

∣∣∣∣
θ=π

= 0, r > 0. (22)

Íîâîå óñëîâèå (22) äëÿ ôóíêöèè v(r, θ) ïðèâîäèò ê íîâîìó ãðàíè÷íîìó óñëîâèþ â çàäà÷å (8)�(10)
äëÿ ôóíêöèè Φ(θ). Îíî ïðèíèìàåò âèä Φ′(0) = Φ′(π) = 0. Ñîáñòâåííûå çíà÷åíèÿ µ îïðåäåëÿþò-
ñÿ ïîñëåäîâàòåëüíîñòüþ µ = µl = l(l + k), ãäå l = 0, 1, . . . , à ñîîòâåòñòâóþùèå ýòèì çíà÷åíèÿì
ñîáñòâåííûå ôóíêöèè ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ èìåþò âèä

Φl(θ) = (sin θ)(1−k)/2P
(1−k)/2
l+(k−1)/2(cos θ). (23)

Îòìåòèì, ÷òî ñîáñòâåííóþ ôóíêöèþ (23) ïðåäñòàâëÿþò â ýòîì ñëó÷àå àëãåáðàè÷åñêèå ìíîãî÷ëåíû
îò àðãóìåíòà cos θ [Ëàðèí, Êèðèëëîâ, 2017].

ÑÇ çàäà÷è íà ïîëóïëîñêîñòè îïðåäåëÿþòñÿ ïîñëåäîâàòåëüíîñòüþ

λ = λn,l = − E2

(2n+ 2l + k + 1)2
, n = 0, 1, 2, . . . . (24)

à ðàäèàëüíûå êîìïîíåíòû, îòâå÷àþùèå ôóíêöèè Φl(θ) â ïðåäñòàâëåíèè äëÿ ôóíêöèè v(r, θ), èìåþò
âèä

Rn,l =
Cn,l
rl+k

exp

(
E

2n+ 2l + k + 1
r

)
dn

drn

(
rn+2l+k exp

(
− 2E

2n+ 2l + k + 1
r

))
. (25)

4. Îáñóæäåíèå ðåçóëüòàòîâ. Ðàññìîòðèì ñïåêòð êðàåâîé çàäà÷è íà ïîëóïëîñêîñòè θ ∈ [ 0, π ]
ñ ãðàíè÷íûìè óñëîâèÿìè (22). ÑÇ, îïðåäåëÿåìûå ôîðìóëîé (24), ïðåäñòàâëåíû íà ðèñ. 1. Çäåñü è
äàëåå ñ÷èòàåì, ÷òî E = 1 è k = 2, à òàêæå Cn,l = 1. Êàê âèäíî, âñå ÑÇ, êðîìå ïåðâîãî, ÿâëÿþòñÿ
êðàòíûìè ñî ñòåïåíüþ êðàòíîñòè γ = n+ 1. Ñ ðîñòîì l ñïåêòð çàäà÷è ñãóùàåòñÿ, à ñàìè çíà÷åíèÿ
ñòðåìÿòñÿ ê íóëþ.

Ðèñ. 1. Ñîáñòâåííûå çíà÷åíèÿ (24) äëÿ ðàçëè÷íûõ ïàð ÷èñåë (n, l)

Fig. 1. Eigenvalues (24) for various pairs numbers (n, l)

Äëÿ çàäà÷è â íåîãðàíè÷åííîì óãëå íà ïëîñêîñòè θ ∈ [ 0, ω ] êàðòèíà íåñêîëüêî ìåíÿåòñÿ. Õà-
ðàêòåðíîå ñãóùåíèå ÑÇ è èõ ñòðåìëåíèå ê íóëþ ñ ðîñòîì l îñòàåòñÿ àíàëîãè÷íûì çàäà÷å íà ïîëó-
ïëîñêîñòè, îäíàêî äëÿ ïðîèçâîëüíîãî óãëà ω âûðîæäåíèå ÑÇ ñíèìàåòñÿ. Òîëüêî â ÷àñòíîì ñëó÷àå
ω = π/2 ÑÇ ñíîâà ñòàíîâÿòñÿ âûðîæäåííûìè ñî ñòåïåíüþ γ = n+ 1, íî â îòëè÷èå îò ïîëóïëîñêîñòè
ìåíÿåòñÿ ñî÷åòàíèå èíäåêñîâ (n, l) êðàòíûõ êîðíåé. Íàïðèìåð, åñëè n = 2, òî êðàòíûìè áóäóò ÑÇ
ñ èíäåêñàìè (1, 1) è (0, 3). Ïðè n = 3 êðàòíûìè ÑÇ áóäóò (2, 1), (1, 3), (0, 5). Íà ðèñ. 2 ïðåäñòàâëåíû
ñåðèè ÑÇ ïðè l = 1, . . . , 5 â ñëó÷àå ω = 11π/12. Òàê, ê ïðèìåðó, äëÿ ñîñåäíèõ ñåðèé ÑÇ âûïîëíÿåòñÿ
íåðàâåíñòâî λ1,l > λ0,l+1.
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Ðèñ. 2. Ñîáñòâåííûå çíà÷åíèÿ (22) ïðè ðàçëè÷íûõ ïàðàõ ÷èñåë (n, l) äëÿ ω = 11π/12.
Âñòàâêà: çàâèñèìîñòü êîðíåé αl óðàâíåíèÿ (13) îò óãëà ω

Fig. 2. Eigenvalues (22) for various pairs numbers (n, l) at ω = 11π/12. Insert: roots αl of the equation (13)

as function of angle ω

Ðèñ. 3. Ãðàôèê ôóíêöèè u(r cos θ, r sin θ) ïðè ðàçëè÷íûõ çíà÷åíèÿõ l íà ïîëóïëîñêîñòè ω = π (ñëåâà)
è ïðè óãëå ω = 11π/12 (ñïðàâà)

Fig. 3. Function u(r cos θ, r sin θ) for various l on the half-plane ω = π (left) and ω = 11π/12 (right)

Ïîñêîëüêó ÑÇ çàâèñÿò îò êîðíåé óðàâíåíèÿ (13), ò. å. çàâèñÿò îò âåëè÷èíû óãëà ω, áûëî âûïîë-
íåíî ÷èñëåííîå ðåøåíèå óðàâíåíèÿ (13) ïðè ðàçëè÷íûõ ω. Óêàçàííûå çàâèñèìîñòè ïðåäñòàâëåíû íà
âñòàâêå ê ðèñ. 2 â ñëó÷àÿõ l = 1, 2, 3. Îêàçûâàåòñÿ, ÷òî ñ ðîñòîì ω çíà÷åíèÿ αl óáûâàþò êàê ôóíêöèÿ
lπ/ω − 1, à çíà÷èò α1 → 0 ïðè ω → π. Â ðåçóëüòàòå ïðèõîäèì ê ñïåêòðó (24). Äàííàÿ çàâèñèìîñòü
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óêàçûâàåò íà åñòåñòâåííîñòü ïåðåõîäà îò ãðàíè÷íîãî óñëîâèÿ íà ëó÷å Γ (5) ê óñëîâèþ (22). Âèä ÑÔ
u(r cos θ, r sin θ) îïðåäåëÿåòñÿ óãëîâîé êîìïîíåíòîé Φl(θ). Ãðàôèêè ÑÔ â ïîëÿðíîé ñèñòåìå êîîðäè-
íàò ïðè n = 0 ïðåäñòàâëåíû íà ðèñ. 3 â äèàïàçîíå èçìåíåíèÿ r = 0.20, . . . , 0.90. Ñëåâà ïðåäñòàâëåíû
ÑÔ äëÿ çàäà÷è â ïîëóïëîñêîñòè ω = π, ñïðàâà äëÿ çàäà÷è ñ óãëîì ω < π. Òî÷êàìè îáîçíà÷åíû óçëû
ñåòêè ïðè ôèêñèðîâàííîì óãëå θi. Ôîðìà ÑÔ çàâèñèò îò ÷åòíîñòè l. Íà÷èíàÿ ñî çíà÷åíèé l ≥ 2,
ðîñò l ïðèâîäèò ê óâåëè÷åíèþ ÷èñëà ïåòåëü íà ãðàôèêå â îáëàñòè íà÷àëà êîîðäèíàò, â òî âðåìÿ êàê
èçìåíåíèå n âëèÿåò òîëüêî íà àáñîëþòíîå çíà÷åíèå ôóíêöèè. Äëÿ çàäà÷è â íåîãðàíè÷åííîì óãëå
ñèììåòðèÿ ÑÔ íàðóøàåòñÿ (ðèñ. 3, ñïðàâà). Ãðàôèêè ïðåäñòàâëåíû ïðè èçìåíåíèè θ ∈ [ 0, 11π/12 ].
Êàê è â ñëó÷àå ñ ñîáñòâåííûìè çíà÷åíèÿìè, ÑÔ â ïðåäåëå ïðè ω → π ïî ôîðìå ïåðåõîäÿò ê âèäó,
ïîëó÷åííîìó äëÿ çàäà÷è íà ïîëóïëîñêîñòè ïðè ω = π.

4. Çàêëþ÷åíèå. Â ðàáîòå âûïîëíåíî èññëåäîâàíèå ñïåêòðàëüíîé çàäà÷è äëÿ ñèíãóëÿðíîãî
ýëëèïòè÷åñêîãî äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà, ñîäåðæàùåãî äèôôåðåíöèàëüíîå
âûðàæåíèå Áåññåëÿ By. Äëÿ äâóìåðíîãî ñëó÷àÿ ðàññìîòðåíû óãëîâûå ñåêòîðû ïðè óãëå ðàñòâîðà
ω = π è 0 < ω < π. Ïîêàçàíî, ÷òî ñïåêòð çàäà÷è ÿâëÿåòñÿ âûðîæäåííûì òîëüêî â ñëó÷àÿõ ω = π/2
è ω = π, îäíàêî î÷åðåäíîñòü êðàòíûõ êîðíåé ìîæåò ðàçëè÷àòüñÿ. ×èñëåííîå ðåøåíèå óðàâíåíèÿ
ñ ïðèñîåäèíåííûìè ôóíêöèÿìè Ëåæàíäðà ïîçâîëèëî óñòàíîâèòü àñèìïòîòèêó ÑÇ ïðè 0 < ω < π,
êîòîðàÿ óêàçûâàåò íà ïðåäåëüíûé ïåðåõîä ñïåêòðà ðàññìàòðèâàåìîãî óðàâíåíèÿ ïðè ω → π. Ïîëó-
÷åíû ñîáñòâåííûå ôóíêöèè è ïðîäåìîíñòðèðîâàíî èõ èçìåíåíèå ïðè âàðèàöèè ÷èñëà l.

Òàêèì îáðàçîì, â ðàìêàõ ïîñòàâëåííîé çàäà÷è óñòàíîâëåíî, ÷òî äëÿ ñîõðàíåíèÿ êîððåêòíîñòè
ïîñòàíîâêè êðàåâîé çàäà÷è äëÿ ñèíãóëÿðíîãî óðàâíåíèÿ ïðè ïåðåõîäå îò çàäà÷è â óãëå ðàñòâîðîì
ω < π ê çàäà÷å â ïîëóïëîñêîñòè íåîáõîäèìî èçìåíåíèå ãðàíè÷íîãî óñëîâèÿ Äèðèõëå äëÿ ëó÷à Γ íà
óñëîâèå Íåéìàíà.
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Àííîòàöèÿ. Èññëåäîâàíî íåàâòîíîìíîå ìíîãîìåðíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà,
ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ïðîèçâîëüíóþ íåëèíåéíîñòü ïî íåèçâåñòíîé ôóíêöèè è ñòåïåííûå íåëè-
íåéíîñòè ïî å¼ ïåðâûì ïðîèçâîäíûì. Íàéäåíî ðåøåíèå ýòîãî óðàâíåíèÿ òèïà áåãóùåé âîëíû â íåÿâíîì
âèäå. Äëÿ ñëó÷àÿ ñòåïåííîé íåëèíåéíîñòè ïî íåèçâåñòíîé ôóíêöèè ïîëó÷åíû ÿâíûå ðåøåíèÿ òèïà áåãóùåé
âîëíû, â ÷àñòíîñòè, â âèäå ñòåïåííîé, ýêñïîíåíöèàëüíîé è ëîãàðèôìè÷åñêîé ôóíêöèé. Òàêæå ïîëó÷åíû
ðåøåíèÿ â âèäå êâàäðàòè÷íîãî ïîëèíîìà è îáîáù¼ííîãî ìîíîìà, îïðåäåëåíû óñëîâèÿ íà ïàðàìåòðû è ïðà-
âóþ ÷àñòü óðàâíåíèÿ, ïðè êîòîðûõ äàííûå ðåøåíèÿ ñóùåñòâóþò. Íàéäåíû ÷àñòíûå ðåøåíèÿ, âûðàæåííûå
÷åðåç ôóíêöèè îò ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ, à òàêæå ðåøåíèÿ â âèäå ëèíåéíîé êîìáèíàöèè
íåêîòîðûõ ýêñïîíåíöèàëüíûõ ôóíêöèé. Ïðîàíàëèçèðîâàíû ñâîéñòâà íàéäåííûõ ðåøåíèé ïðè ðàçëè÷íûõ
ïàðàìåòðàõ óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíîñòü ñòåïåííîãî òèïà, óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ñ ïåðåìåííûìè êî-
ýôôèöèåíòàìè, ðàçäåëåíèå ïåðåìåííûõ, ðåøåíèå òèïà áåãóùåé âîëíû.
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Abstract. We consider non-autonomous multi-dimensional partial di�erential equation of the second order, the
right side of which contains arbitrary nonlinearity on the unknown function and power nonlinearities on its �rst
partial derivatives. There is founded the solution of travelling wave type for this equation in the implicit form.
There are received the explicit solutions of travelling wave type for the case of power nonlinearity on the unknown
function. In particular, these solutions can be in the form of some elementary functions. There are also received the
solutions in the form of quadratic polynomial and generalized monomial, and the conditions on the parameters
and on the right side of equation are determined, under which these solutions exist. There are founded some
solutions, which can be represented through the functions of independent variables subsets, in particular, in the
form of sum and production of such functions, and the solutions of aggregated travelling wave type. Also there
are received the solutions in the form of linear combination of some exponential functions. The properties of the
founded solutions under the di�erent parameters of equation are analysed.

Key words: power type nonlinearity, partial di�erential equation with variable coe�cients, separation of variables,
travelling wave type solution.

For citation: Rakhmelevich I. V. 2020. Multi-dimensional non-autonomous second order equation with power
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93-104.

Ââåäåíèå. Â ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêå áîëüøîå âíèìàíèå óäåëÿåòñÿ èññëåäîâàíèþ
ðåøåíèé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ðàçëè÷íûìè òèïàìè íåëèíåéíîñòåé. Â ÷àñòíîñòè,
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ðåçóëüòàòû ïî óðàâíåíèÿì ñ íåëèíåéíîñòÿìè ñòåïåííîãî òèïà øèðîêî ïðåäñòàâëåíû êàê â èçâåñò-
íûõ ïîñîáèÿõ è ñïðàâî÷íèêàõ [Ïîëÿíèí, Çàéöåâ, 2002], [Êóäðÿøîâ, 2010], òàê è â îðèãèíàëüíûõ
ðàáîòàõ [Ðàõìåëåâè÷, 2016 á; 2017 à, á; 2018], [Zhdanov, 1994], [Grundland, Infeld, 1992], [Polyanin,
2019 a, b]. Òàê, ðåçóëüòàòû èññëåäîâàíèÿ äâóìåðíûõ ãèïåðáîëè÷åñêèõ è ýëëèïòè÷åñêèõ óðàâíåíèé
ïðèâåäåíû â ðàáîòàõ [Ðàõìåëåâè÷, 2017á,â], [Miller, Rubel, 1993]. Ïðè ýòîì îäíèì èç íàèáîëåå ýô-
ôåêòèâíûõ ÿâëÿåòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ [Ïîëÿíèí, Çàéöåâ, Æóðîâ, 2005]; òàêæå øèðîêî
ïðèìåíÿþòñÿ ìåòîäû àíàëèòè÷åñêîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé [Êóäðÿøîâ, 2010], ìå-
òîäû ãðóïïîâîãî àíàëèçà, ìåòîä äèôôåðåíöèàëüíûõ ñâÿçåé, ìåòîä Êëàðêñîíà � Êðóñêàëà è äðóãèå
[Polyanin, 2019 b]. Â ïîñëåäíèå ãîäû ìíîãî ðàáîò ïîñâÿùåíî èññëåäîâàíèþ íåàâòîíîìíûõ ëèíåéíûõ
è íåëèíåéíûõ óðàâíåíèé [Ðàõìåëåâè÷, 2016á, 2018], [Polyanin, 2019 a, b]. Öåëüþ äàííîé ðàáîòû ÿâ-
ëÿåòñÿ èññëåäîâàíèå íåêîòîðûõ êëàññîâ ðåøåíèé íåàâòîíîìíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà, ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ñòåïåííûå íåëèíåéíîñòè ïî èñêîìîé ôóíêöèè è
å¼ ïåðâûì ïðîèçâîäíûì.

1. Èñõîäíîå óðàâíåíèå è åãî ïðîñòåéøèå ðåøåíèÿ. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ
ïðîèçâîäíûõ îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè u(X):

N∑
i=1

ai
∂2u

∂x2
i

= g(u)F (X)
N∏
i=1

(
∂u

∂xi

)βi
, (1.1)

ai, βi � âåùåñòâåííûå ïàðàìåòðû, g(u), F (X) � çàäàííûå ôóíêöèè. Çäåñü è äàëåå áóäóò èñïîëü-
çîâàòüñÿ îáîçíà÷åíèÿ: X = {x1, ..., xN} � ìíîæåñòâî íåçàâèñèìûõ ïåðåìåííûõ; I = {1, ..., N} �
ìíîæåñòâî çíà÷åíèé èíäåêñà, íóìåðóþùåãî íåçàâèñèìûå ïåðåìåííûå.
Ñëåäóþùàÿ òåîðåìà îïðåäåëÿåò ðåøåíèÿ äëÿ óðàâíåíèÿ (1.1), çàâèñÿùèå îò ëèíåéíîé êîìáèíàöèè
íåçàâèñèìûõ ïåðåìåííûõ.

Òåîðåìà 1.1. Ïóñòü F (X) ≡ 1. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå òèïà áåãóùåé âîëíû,
êîòîðîå ìîæåò áûòü ïðåäñòàâëåíî â íåÿâíîì âèäå:
1) ïðè βΣ = 2:

N∑
n=1

cnxn − z0 = V0

∫
exp (−CG(u)) du; (1.2)

2) ïðè βΣ 6= 2:
N∑
n=1

cnxn − z0 = (2− βΣ)
1

βΣ−2

∫
(CG(u) +A)

1
βΣ−2 du. (1.3)

Â ôîðìóëàõ (1.2), (1.3) cn, z0, V0, A � ïðîèçâîëüíûå ïîñòîÿííûå; βΣ, C,G(u) îïðåäåëÿþòñÿ âûðà-
æåíèÿìè:

βΣ =
N∑
i=1

βi, C =

∏N
i=1 c

βi
i∑N

i=1 aic
2
i

, (1.4à)

G(u) =

∫
g(u)du, (1.4á)

ïðè÷¼ì ïîñòîÿííûå ci äîëæíû óäîâëåòâîðÿòü óñëîâèþ:

N∑
i=1

aic
2
i 6= 0. (1.5)

Äîêàçàòåëüñòâî. Ðåøåíèå óðàâíåíèÿ (1.1) èùåì â âèäå:

u(X) = U(z), z =
N∑
n=1

cnxn. (1.6)

Ïîäñòàâëÿÿ (1.6) â óðàâíåíèå (1.1), ïîëó÷àåì óðàâíåíèå:

U ′′(z)
N∑
i=1

aic
2
i = g(U)[U ′(z)]βΣ

N∏
i=1

cβii . (1.7)

Ó÷èòûâàÿ óñëîâèå (1.5) è ââîäÿ ôóíêöèþ G(U) ñîãëàñíî (1.4á), óðàâíåíèå (1.7) ïðåîáðàçóåòñÿ òàê:

U ′′(z)[U ′(z)]1−βΣ = C
d

dz
G(U). (1.8)
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Ïðîàíàëèçèðóåì óðàâíåíèå (1.8) äëÿ ñëó÷àåâ, ïåðå÷èñëåííûõ â óñëîâèè òåîðåìû.
1. Ïðè βΣ = 2 óðàâíåíèå (1.8) çàïèøåòñÿ â âèäå:

U ′′(z)

U ′(z)
= C

d

dz
G(U). (1.9)

Â ðåçóëüòàòå èíòåãðèðîâàíèÿ (1.9) ñâîäèòñÿ ê óðàâíåíèþ ïåðâîãî ïîðÿäêà:

ln |U ′(z)| = CG(U)− lnV0. (1.10)

Ðàçäåëÿÿ ïåðåìåííûå è èíòåãðèðóÿ óðàâíåíèå (1.10), ïîëó÷àåì:

z − z0 = V0

∫
exp (−CG(U)) dU. (1.11)

Ó÷èòûâàÿ (1.6), èç (1.11) ïîëó÷àåì ðåøåíèå â âèäå (1.2).
2. Ïðè βΣ 6= 2 óðàâíåíèå (1.8) ïðåîáðàçóåì ê âèäó:

d

dz

{
[U ′(z)]2−βΣ − (2− βΣ)CG(U)

}
= 0. (1.12)

Â ðåçóëüòàòå èíòåãðèðîâàíèÿ (1.12) ïîëó÷àåì:

U ′(z) = {(2− βΣ)(CG(U) +A)}
1

2−βΣ . (1.13)

Èíòåãðèðóÿ (1.13), íàõîäèì:

z − z0 = (2− βΣ)
1

βΣ−2

∫
(CG(U) +A)

1
βΣ−2 dU. (1.14)

Èñïîëüçóÿ (1.6), ïîëó÷àåì èç (1.14) äëÿ äàííîãî ñëó÷àÿ ðåøåíèå â âèäå (1.3). Òåîðåìà äîêàçàíà.
Ðàññìîòðèì òåïåðü ðåøåíèÿ óðàâíåíèÿ (1.1) òèïà áåãóùåé âîëíû â ñëó÷àå, êîãäà F (X) = f(z),

ïðè÷¼ì z îïðåäåëÿåòñÿ âûðàæåíèåì (1.6).
1. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) = exp (αz) , g(u) = g0u
γ , (1.15)

ãäå g0, α, γ � âåùåñòâåííûå ïàðàìåòðû. Òîãäà ïðåäïîëàãàåìûé âèä ðåøåíèÿ óðàâíåíèÿ (1.1) áóäåò
ñëåäóþùèì:

u = U0 exp(z), (1.16)

ãäå U0 � íåèçâåñòíàÿ ïîñòîÿííàÿ, ïîäëåæàùàÿ îïðåäåëåíèþ â äàëüíåéøåì. Ïîäñòàâèâ (1.16) â (1.1)
è ó÷èòûâàÿ (1.15), íàõîäèì:

U0 exp(z)
N∑
i=1

aic
2
i = g0U

βΣ+γ
0 exp ((α+ βΣ + γ)z)

N∏
i=1

cβii . (1.17)

Ïðåäïîëàãàÿ, ÷òî ïîñòîÿííûå ci óäîâëåòâîðÿþò óñëîâèþ (1.5), è âûïîëíÿÿ ýëåìåíòàðíûå ïðåîáðà-
çîâàíèÿ, èç (1.17) ïîëó÷àåì:

U1−βΣ−γ
0 = g0C exp ((α+ βΣ + γ − 1)z) , (1.18)

ãäå C îïðåäåëÿåòñÿ âûðàæåíèåì (1.4à). Óðàâíåíèå (1.18) ìîæíî óäîâëåòâîðèòü òîëüêî â òîì ñëó÷àå,
åñëè ïàðàìåòðû óäîâëåòâîðÿþò óñëîâèþ:

α+ βΣ + γ = 1. (1.19)

Ïðåäïîëàãàÿ, ÷òî óñëîâèå (1.19) âûïîëíÿåòñÿ, èç (1.18) íàõîäèì:
à) åñëè βΣ + γ 6= 1:

U0 = (g0C)
1

1−βΣ−γ , (1.20à)

á) åñëè βΣ + γ = 1, òî U0 � ïðîèçâîëüíàÿ, à ïîñòîÿííûå ci äîëæíû óäîâëåòâîðÿòü óñëîâèþ:

g0C = 1. (1.20á)
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2. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) = zα, g(u) = g0u
γ . (1.21)

Òîãäà ïðåäïîëàãàåì ñëåäóþùèé âèä ðåøåíèÿ óðàâíåíèÿ (1.1):

u = U0z
σ, (1.22)

ãäå U0, σ � íåèçâåñòíûå ïîñòîÿííûå, ïîäëåæàùèå îïðåäåëåíèþ. Ïîäñòàâèâ (1.22) â (1.1), îòêóäà ñ
ó÷¼òîì (1.21) è (1.5) ñëåäóåò:

σ1−βΣ(σ − 1)zσ(1−βΣ−γ)+βΣ−α−2 = g0CU
βΣ+γ−1
0 . (1.23)

Óðàâíåíèå (1.23) ìîæíî óäîâëåòâîðèòü, åñëè âûïîëíåíî óñëîâèå:

σ(βΣ + γ − 1) + α− βΣ + 2 = 0. (1.24)

à) åñëè βΣ + γ 6= 1, òî èç (1.23), (1.24) ñëåäóåò, ÷òî U0, σ îïðåäåëÿþòñÿ âûðàæåíèÿìè:

σ =
βΣ − α− 2

βΣ + γ − 1
, U0 =

(
g0C

σ1−βΣ(σ − 1)

) 1
1−βΣ−γ

. (1.25)

Åñëè, êðîìå òîãî, α + γ = −1, òî èç (1.25) ïîëó÷àåì σ = 1. Òîãäà èç âûðàæåíèÿ (1.25) äëÿ U0

ñëåäóåò, ÷òî ïðè βΣ + γ < 1 ðåøåíèå âèäà (1.22) íå ñóùåñòâóåò, à ïðè βΣ + γ > 1 U0 = 0 � ðåøåíèå
âûðîæäàåòñÿ â òðèâèàëüíîå.

á) åñëè βΣ + γ = 1, òî èç (1.23), (1.24) ñëåäóåò, ÷òî U0 � ïðîèçâîëüíàÿ; ïðè÷¼ì ðåøåíèå (1.22)
ñóùåñòâóåò òîëüêî ïðè äîïîëíèòåëüíîì óñëîâèè:

βΣ − α− 2 = 0, (1.26)

ïðè ýòîì σ äîëæíî óäîâëåòâîðÿòü óðàâíåíèþ:

σ1−βΣ(σ − 1) = g0C. (1.27)

3. Ïóñòü âûïîëíåíû óñëîâèÿ (1.21), ïðè÷¼ì γ = 0. Ïîêàæåì, ÷òî â ýòîì ñëó÷àå óðàâíåíèå (1.1)
ìîæåò èìåòü ëîãàðèôìè÷åñêîå ðåøåíèå:

u = U0 ln |z|. (1.28)

Ïîäñòàâèâ (1.28) â (1.1) è ñ ó÷¼òîì (1.21), (1.5), èìååì:

U1−βΣ

0 = −g0Cz
α−βΣ+2. (1.29)

Ýòî óðàâíåíèå ìîæíî óäîâëåòâîðèòü òîëüêî â òîì ñëó÷àå, åñëè âûïîëíåíî óñëîâèå (1.26).
à) åñëè βΣ 6= 1, òî èç (1.29) ñëåäóåò, ÷òî U0 îïðåäåëÿåòñÿ âûðàæåíèåì:

U0 = (−g0C)
1

1−βΣ , (1.30)

á) åñëè βΣ = 1, òî èç (1.29) ñëåäóåò, ÷òî U0 � ïðîèçâîëüíàÿ; ïðè÷¼ì ðåøåíèå (1.28) ñóùåñòâóåò
òîëüêî ïðè äîïîëíèòåëüíîì óñëîâèè:

g0C = −1. (1.31)

Èòàê, â ðåçóëüòàòå ïðîâåä¼ííûõ âûøå ðàññóæäåíèé äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1.2. 1. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.15), ãäå z îïðåäå-

ëÿåòñÿ âòîðîé ôîðìóëîé (1.6). Âñþäó â äàííîé òåîðåìå ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû ci
óäîâëåòâîðÿþò óñëîâèþ (1.5). Ïóñòü òàêæå ïàðàìåòðû óðàâíåíèÿ (1.1) óäîâëåòâîðÿþò óñëîâèþ
(1.19). Òîãäà óðàâíåíèå (1.1) èìååò ýêñïîíåíöèàëüíîå ðåøåíèå (1.16), ïðè÷¼ì:
à) åñëè βΣ + γ 6= 1, òî ïîñòîÿííàÿ U0 îïðåäåëÿåòñÿ âûðàæåíèåì (1.20à);
á) åñëè βΣ + γ = 1, òî U0 � ïðîèçâîëüíàÿ, à ðåøåíèå (1.16) ñóùåñòâóåò ïðè äîïîëíèòåëüíîì
óñëîâèè (1.20á).
2. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.21). Òîãäà óðàâíåíèå (1.1) èìååò
ñòåïåííîå ðåøåíèå (1.22), ïðè÷¼ì:
à) åñëè βΣ + γ 6= 1, òî U0, σ îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.25);
á) åñëè βΣ + γ = 1, òî U0 � ïðîèçâîëüíàÿ, à σ äîëæíî óäîâëåòâîðÿòü óðàâíåíèþ (1.27); ïðè ýòîì
ðåøåíèå (1.22) ñóùåñòâóåò òîëüêî ïðè äîïîëíèòåëüíîì óñëîâèè (1.26).
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3. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.21), ãäå γ = 0, à òàêæå óäîâëåòâî-
ðÿåòñÿ óñëîâèå (1.26). Òîãäà óðàâíåíèå (1.1) èìååò ëîãàðèôìè÷åñêîå ðåøåíèå (1.28), ïðè÷¼ì:
à) åñëè βΣ 6= 1, òî U0 îïðåäåëÿåòñÿ âûðàæåíèåì (1.30);
á) åñëè βΣ = 1, òî U0 � ïðîèçâîëüíàÿ; à ðåøåíèå (1.28) ñóùåñòâóåò òîëüêî ïðè äîïîëíèòåëüíîì
óñëîâèè (1.31).

Òåîðåìà 1.3. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) =
N∏
i=1

(pixi + qi)
−βi , g(u) = g0, (1.32)

ãäå pi, qi � âåùåñòâåííûå ïàðàìåòðû. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå â âèäå êâàäðàòè÷íîãî
ïîëèíîìà:

u(X) = U0

N∑
n=1

(
pnx

2
n

2
+ qnxn

)
, (1.33)

ïðè÷¼ì:
à) åñëè βΣ 6= 1, òî U0 âûðàæàåòñÿ òàê:

U0 =

(
1

g0

N∑
i=1

aipi

) 1
βΣ−1

; (1.34à)

á) åñëè βΣ = 1, òî U0 � ïðîèçâîëüíàÿ, ïðè ýòîì íåîáõîäèìî, ÷òîáû ïàðàìåòðû óðàâíåíèÿ óäîâëå-
òâîðÿëè óñëîâèþ:

N∑
i=1

aipi = g0. (1.34á)

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (1.33) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (1.32), ïîëó÷àåì:

UβΣ−1
0 =

1

g0

N∑
i=1

aipi. (1.35)

Ïðè βΣ 6= 1 èç (1.35) ñëåäóåò, ÷òî ôóíêöèÿ (1.33) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.1), åñëè U0

îïðåäåëÿåòñÿ âûðàæåíèåì (1.34à). Â ñëó÷àå βΣ = 1 óðàâíåíèå (1.35) ñâîäèòñÿ ê (1.34á), à ïîñòîÿííàÿ
U0 ìîæåò áûòü ïðîèçâîëüíîé. Òåîðåìà äîêàçàíà.

Òåîðåìà 1.4. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) =
N∑
i=1

bi
x2
i

N∏
i=1

xαii , g(u) = g0u
γ . (1.36)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå â âèäå îáîáù¼ííîãî ìîíîìà:

u(X) = U0

N∏
n=1

xσnn . (1.37)

Ïðè ýòîì âîçìîæíû äâà ñëó÷àÿ:
1) åñëè βΣ + γ 6= 1, òî σn, U0 îïðåäåëÿþòñÿ âûðàæåíèÿìè:

σn =
βn − αn
βΣ + γ − 1

, U0 =

(
g0

N∏
n=1

σβnn

) 1
1−βΣ−γ

; (1.38)

2) åñëè βΣ +γ = 1, òî ðåøåíèå (1.37) ñóùåñòâóåò, åñëè ïðè ∀n ∈ I βn = αn. Òîãäà σn, U0 ÿâëÿþòñÿ
ïðîèçâîëüíûìè, íî ïðè ýòîì σn äîëæíû óäîâëåòâîðÿòü óñëîâèþ:

g0

N∏
n=1

σβnn = 1. (1.39)

Êðîìå òîãî, âî âñåõ ïåðå÷èñëåííûõ âûøå ñëó÷àÿõ ïðè ∀n ∈ I äîëæíû áûòü âûïîëíåíû óñëîâèÿ:

bn = anσn(σn − 1). (1.40)
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Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (1.37) â óðàâíåíèå (1.1), ïîëó÷àåì:

N∑
i=1

aiσi(σi − 1)

x2
i

= g0[u(X)]βΣ+γ−1
N∑
i=1

bi
x2
i

N∏
n=1

σβnn xαn−βnn . (1.41)

Óðàâíåíèå (1.41) ìîæíî óäîâëåòâîðèòü, åñëè ïðè ∀n ∈ I âûïîëíÿþòñÿ óñëîâèÿ:

σn(βΣ + γ − 1) + (αn − βn) = 0, (1.42)

à òàêæå óñëîâèÿ (1.40).
Åñëè βΣ + γ 6= 1, òî èç (1.42) ñëåäóåò, ÷òî σn îïðåäåëÿåòñÿ ïåðâûì èç âûðàæåíèé (1.38); èç (1.41)
ñëåäóåò, ÷òî U0 îïðåäåëÿåòñÿ âòîðûì èç âûðàæåíèé (1.38). Åñëè æå βΣ + γ = 1, òî óñëîâèÿ (1.42)
âûïîëíÿþòñÿ, åñëè ïðè ∀n ∈ I βn = αn; ïðè ýòîì σn ìîãóò áûòü ïðîèçâîëüíûìè. Òàêæå èç (1.41) â
ýòîì ñëó÷àå ñëåäóåò, ÷òî U0 ÿâëÿþòñÿ ïðîèçâîëüíîé, ïðè ýòîì íåîáõîäèìî, ÷òîáû σn óäîâëåòâîðÿëè
óñëîâèþ (1.39). Äîêàçàòåëüñòâî çàêîí÷åíî.

Ïóñòü òåïåðü ïðåäïîëàãàåìûé âèä ðåøåíèÿ îïðåäåëÿåòñÿ ôîðìóëîé:

u(X) = U (z) , z =
N∑
n=1

ϕn(xn), (1.43)

ãäå ϕn(xn) � íåêîòîðûå ôóíêöèè, êîòîðûå áóäóò îïðåäåëåíû íèæå. Èñïîëüçóÿ (1.43), óðàâíåíèå
(1.1) ìîæíî çàïèñàòü â âèäå:

U ′′(z)
N∑
i=1

ai[ϕ
′
i(xi)]

2 + U ′(z)
N∑
i=1

aiϕ
′′
i (xi) = g(U)F (X)[U ′(z)]βΣ

N∏
i=1

[ϕ′i(xi)]
βi , (1.44)

Ïðåäïîëîæèì, ÷òî ôóíêöèè ϕi(xi) òàêîâû, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå:

N∑
i=1

aiϕ
′′
i (xi) = P = const. (1.45)

Èç (1.45) ñëåäóåò, ÷òî â ýòîì ñëó÷àå ϕi(xi) ïðåäñòàâëÿþò ñîáîé êâàäðàòè÷íûå ôóíêöèè:

ϕi(xi) =
pix

2
i

2
+ qixi + ri. (1.46)

Òîãäà óðàâíåíèå (1.44) ìîæåò áûòü ñâåäåíî ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ (ÎÄÓ)
îòíîñèòåëüíî U(z), åñëè âûïîëíåíû óñëîâèÿ:

ai[ϕ
′
i(xi)]

2 = λϕi(xi), F (X) = Φ(z)
N∏
i=1

[ϕ′i(xi)]
−βi , (1.47)

ãäå Φ(z) � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ; λ � âåùåñòâåííàÿ ïîñòîÿííàÿ. Òîãäà, ïîäñòàâëÿÿ (1.46) â
ïåðâîå èç óñëîâèé (1.47), íàõîäèì:

pi =
λ

2ai
, ri =

aiq
2
i

λ
. (1.48)

Â ñâîþ î÷åðåäü, èç (1.45) è (1.48) ñëåäóåò:

N∑
i=1

aiϕ
′′
i (xi) =

Nλ

2
. (1.49)

Òîãäà èç (1.44) ñ ó÷¼òîì (1.47) è (1.49), ïîëó÷àåì, ÷òî ôóíêöèÿ U(z) äîëæíà óäîâëåòâîðÿòü ñëåäó-
þùåìó ÎÄÓ:

zU ′′(z) +
N

2
U ′(z) =

g(U)

λ
[U ′(z)]βΣΦ(z). (1.50)

Òàêèì îáðàçîì, â ðåçóëüòàòå ïðîâåä¼ííûõ âûøå ðàññóæäåíèé äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1.5. Ïóñòü ôóíêöèÿ F (X) îïðåäåëÿåòñÿ âûðàæåíèåì:

F (X) = Φ(z)
N∏
i=1

(pixi + qi)
−βi , z =

N∑
i=1

(
pix

2
i

2
+ qixi + ri

)
. (1.51)
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Çäåñü Φ(z) � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ; λ, qi � âåùåñòâåííûå ïîñòîÿííûå; pi, ri âûðàæàþòñÿ
ïî ôîðìóëàì (1.48). Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà u = U(z), ïðè÷¼ì U(z) íàõîäèòñÿ
èç óðàâíåíèÿ (1.50).

2. Ðåøåíèÿ, çàâèñÿùèå îò ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ. Ïóñòü ìíîæåñòâî
çíà÷åíèé I = {1, . . . , N} èíäåêñà n, íóìåðóþùåãî íåçàâèñèìûå ïåðåìåííûå, ïðåäñòàâëåíî â âèäå
îáúåäèíåíèÿ K ïîäìíîæåñòâ Il (l = 1, . . . ,K), ïðè÷¼ì Il1 ∩ Il2 = � ïðè ëþáûõ l1 6= l2. Òîãäà
ìíîæåñòâî ïåðåìåííûõ X = {x1, x2, ..., xN} òàêæå ìîæåò áûòü ïðåäñòàâëåíî â âèäå îáúåäèíåíèÿ
K íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ Xl = {xn}n∈Il . Òàêæå çäåñü è äàëåå âñþäó áóäåì îáîçíà÷àòü
Ξ = {1, . . . ,K} � ìíîæåñòâî çíà÷åíèé èíäåêñà l.

Àãðåãèðîâàííûìè ïåðåìåííûìè áóäåì íàçûâàòü ïåðåìåííûå âèäà: yl =
∑
n∈Il

ϕn(xn), ãäå ϕn(xn) �

íåêîòîðûå çàäàííûå ôóíêöèè. Äàííûé ïàðàãðàô ïîñâÿù¼í èññëåäîâàíèþ ðåøåíèé, çàâèñÿùèõ îò
ôóíêöèé íåêîòîðûõ ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ, è â ÷àñòíîñòè, îò àãðåãèðîâàííûõ ïå-
ðåìåííûõ. Â ïðîñòåéøåì ñëó÷àå àãðåãèðîâàííûå ïåðåìåííûå ïðåäñòàâëÿþò ñîáîé ëèíåéíûå êîì-
áèíàöèè èñõîäíûõ íåçàâèñèìûõ ïåðåìåííûõ: yl =

∑
n∈Il

cnxn.

Òåîðåìà 2.1. Ïóñòü ôóíêöèÿ F (X) îïðåäåëÿåòñÿ âûðàæåíèåì:

F (X) = exp

(
−

K∑
l=1

αl
∑
n∈Il

cnxn

)
. (2.1)

1. Ïóñòü òàêæå k ∈ Ξ � íåêîòîðîå âûáðàííîå ôèêñèðîâàííîå çíà÷åíèå, ïðè÷¼ì âûïîëíåíû óñëîâèÿ:

Al ≡
∑
i∈Il

aic
2
i = 0 (∀l 6= k), (2.2à)

αl = βΣl (∀l 6= k), αk = βΣk − 1, βΣl =
∑
i∈Il

βi, (2.2á)

g(u) = g0. (2.2â)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà:

u(X) =

K∑
l=1

Bl exp

(∑
n∈Il

cnxn

)
, (2.3)

ãäå êîýôôèöèåíòû Bl ñâÿçàíû ñîîòíîøåíèåì:

g0

K∏
l=1

PlB
βΣl

l = AkBk, Pl =
∏
i∈Il

cβii . (2.4)

2. Ïóñòü ïðè ∀l ∈ Ξ âûïîëíåíû óñëîâèÿ:

Al = A 6= 0, αl = βΣl, g(u) = g0u. (2.5)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà (2.3), ïðè÷¼ì êîýôôèöèåíòû Bl ñâÿçàíû ñîîòíîøåíèåì:

g0

K∏
l=1

PlB
βΣl

l = A. (2.6)

Äîêàçàòåëüñòâî. 1. Ïîäñòàâëÿÿ (2.3) â óðàâíåíèå (1.1), ñ ó÷¼òîì (2.2â) ïîëó÷àåì:

K∑
l=1

AlBl exp

(∑
n∈Il

cnxn

)
= g0

K∏
l=1

PlB
βΣl

l exp

(
(βΣl − αl)

∑
n∈Il

cnxn

)
. (2.7)

Ïóñòü âûáðàíî òàêîå k ∈ Ξ , ÷òî ïðè ∀l 6= k âûïîëíåíû óñëîâèÿ (2.2à). Òîãäà óðàâíåíèå (2.7) ìîæíî
ïðèâåñòè ê âèäó:

g0Pk
Ak

BβΣk−1
k exp

(
(βΣk − αk)

∑
n∈Ik

cnxn

) ∏
l∈Ξ−k

PlB
βΣl

l exp

(
(βΣl − αl)

∑
n∈Il

cnxn

)
= 1. (2.8)
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Çäåñü èñïîëüçîâàíî îáîçíà÷åíèå Ξ−k = Ξ\{k}. Óðàâíåíèå (2.8) ìîæåò óäîâëåòâîðÿòüñÿ, åñëè âûïîë-
íåíû óñëîâèÿ (2.2á). Òîãäà îíî ñâîäèòñÿ ê ñëåäóþùåìó:

g0

AkBk

K∏
l=1

PlB
βΣl

l = 1,

îòêóäà ïîëó÷àåì ñîîòíîøåíèå (2.4).
2. Àíàëîãè÷íûì îáðàçîì, â ñëó÷àå, êîãäà âûïîëíåíû óñëîâèÿ (2.5), ïîäñòàâëÿÿ (2.3) â óðàâíåíèå

(1.1), ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïîëó÷àåì:

g0

K∏
l=1

PlB
βΣl

l exp

(
(βΣl − αl)

∑
n∈Il

cnxn

)
= A. (2.9)

Óðàâíåíèå (2.9) ìîæíî óäîâëåòâîðèòü, åñëè ïðè ∀l ∈ Ξ âûïîëíåíî âòîðîå èç óñëîâèé (2.5). Òîãäà
èç (2.9) íåïîñðåäñòâåííî ñëåäóåò ñîîòíîøåíèå (2.6). Òåîðåìà äîêàçàíà.

Òåîðåìà 2.2. Ïóñòü ôóíêöèè g(u), F (X) óäîâëåòâîðÿþò ñîîòíîøåíèÿì:

g(u) = g0 exp(λu), F (X) =
K∏
l=1

fl(Xl), (2.10)

ãäå fl(Xl) � íåêîòîðûå çàäàííûå ôóíêöèè. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u(X) =
K∑
l=1

ul(Xl), (2.11)

â ñëåäóþùèõ ñëó÷àÿõ:
1. Åñëè ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé:

∑
i∈Il

ai
∂2ul
∂x2

i

= pl, fl(Xl) exp(λul(Xl))
∏
i∈Il

(
∂ul
∂xi

)βi
= ql, (2.12)

ãäå pl, ql � ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèþ:

K∑
l=1

pl = g0

K∏
l=1

ql. (2.13)

2.Åñëè ïðè ∀l ∈ Ξ, l 6= k ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé
(2.11), à ôóíêöèÿ uk(Xk) óäîâëåòâîðÿåò óðàâíåíèþ:

∑
i∈Ik

ai
∂2uk
∂x2

i

= g0q̃kfk(Xk)
∏
i∈Ik

(
∂uk
∂xi

)βi
− p̃k, (2.14)

ãäå
p̃k =

∑
l∈Ξ−k

pl, q̃k =
∏
l∈Ξ−k

ql, Ξ−k = Ξ \ {k}. (2.14à)

Çäåñü k ∈ Ξ� íåêîòîðîå âûáðàííîå ôèêñèðîâàííîå çíà÷åíèå.
Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (2.11) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (2.10), ïîëó÷àåì:

K∑
l=1

M̂lul(Xl) = g0

K∏
l=1

Ql(Xl, ul). (2.15)

Çäåñü ââåäåíû îáîçíà÷åíèÿ:

M̂l =
∑
i∈Il

ai
∂2

∂x2
i

, Ql(Xl, ul) = fl(Xl) exp(λul(Xl))
∏
i∈Il

(
∂ul
∂xi

)βi
. (2.16)

Äëÿ óðàâíåíèÿ (2.15) âîçìîæíû äâà ñëó÷àÿ.
1. Ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) óäîâëåòâîðÿþò óðàâíåíèÿì:

Ql(Xl, ul) = ql. (2.17)
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Òîãäà, ïîäñòàâëÿÿ (2.17) â (2.15), íàõîäèì:

K∑
l=1

M̂lul(Xl) = g0

K∏
l=1

ql. (2.18)

Ïðàâàÿ ÷àñòü óðàâíåíèÿ (2.18) ÿâëÿåòñÿ êîíñòàíòîé, à ëåâàÿ ÷àñòü ïðåäñòàâëåíà â âèäå ñóììû
ôóíêöèé îò ðàçíûõ ïåðåìåííûõ, ïîýòîìó ôóíêöèè ul(Xl) äîëæíû óäîâëåòâîðÿòü òàêæå óðàâíåíè-
ÿì:

M̂lul(Xl) = pl. (2.19)

Èç (2.17) è (2.19) ñ ó÷¼òîì (2.16) ñëåäóåò, ÷òî ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) äîëæíû óäîâëåòâîðÿòü
ñèñòåìå (2.12). Ïîäñòàâèâ (2.19) â (2.18), ïîëó÷àåì óñëîâèå (2.13) äëÿ ïîñòîÿííûõ pl, ql.
2. Ïðè íåêîòîðîì k ∈ Ξ Qk(Xk, uk) 6= const. Òîãäà ñóùåñòâóåò òàêîå j ∈ Ik, ÷òî ∂Qk

∂xj
6= 0. Ïðîäèô-

ôåðåíöèðóåì óðàâíåíèå (2.15) ïî xj è ïî÷ëåííî ðàçäåëèâ íà
∂Qk
∂xj

, â ðåçóëüòàòå ïîëó÷àåì:

∂

∂xj

{
M̂kuk(Xk)

}{ ∂

∂xj
Qk(Xk, uk)

}−1

= g0

K∏
l=1,l 6=k

Ql(Xl, ul). (2.20)

Òàê êàê ëåâàÿ ÷àñòü óðàâíåíèÿ (2.20) ñîäåðæèò òîëüêî ïåðåìåííûå Xk, à ïðàâàÿ ÷àñòü � òîëüêî
ïåðåìåííûå Xl (l 6= k), òî ïðè ∀l ∈ Ξ, l 6= k ôóíêöèè ul(Xl) äîëæíû óäîâëåòâîðÿòü óðàâíåíèþ
(2.17). Ðàññóæäàÿ àíàëîãè÷íî ñëó÷àþ 1, ïîëó÷àåì, ÷òî ýòè ôóíêöèè äîëæíû òàêæå óäîâëåòâîðÿòü
óðàâíåíèþ (2.19). Òîãäà, ñ ó÷¼òîì (2.17) è (2.19), óðàâíåíèå (2.15) ìîæíî ïåðåïèñàòü â âèäå:

M̂kuk(Xk) +
K∑

l=1,l 6=k

pl = g0Qk(Xk, uk)
K∏

l=1,l 6=k

ql. (2.21)

Ïðèíèìàÿ âî âíèìàíèå (2.14à) è (2.16), ïîëó÷àåì, ÷òî ôóíêöèÿ uk(Xk) äîëæíà óäîâëåòâîðÿòü óðàâ-
íåíèþ (2.14). Òåîðåìà äîêàçàíà.

Òåîðåìà 2.3. Ïóñòü ôóíêöèè g(u), F (X) óäîâëåòâîðÿþò ñîîòíîøåíèÿì:

g(u) = g0u
γ , F (X) =

K∏
l=1

fl(Xl), (2.22)

ãäå fl(Xl) � íåêîòîðûå çàäàííûå ôóíêöèè. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u(X) =
K∏
l=1

ul(Xl), (2.23)

â ñëåäóþùèõ ñëó÷àÿõ:
1. Åñëè ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé:

∑
i∈Il

ai
∂2ul
∂x2

i

= plul(Xl), fl(Xl)[ul(Xl)]
βΣ+γ−1−βΣl

∏
i∈Il

(
∂ul
∂xi

)βi
= ql, (2.24)

ãäå pl, ql � ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèþ:

K∑
l=1

pl = g0

K∏
l=1

ql. (2.25)

2.Åñëè ïðè ∀l ∈ Ξ, l 6= k ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé
(2.24), à ôóíêöèÿ uk(Xk) óäîâëåòâîðÿåò óðàâíåíèþ:

∑
i∈Ik

ai
∂2uk
∂x2

i

= g0q̃kfk(Xk)[uk(Xk)]βΣ+γ−βΣk

∏
i∈Ik

(
∂uk
∂xi

)βi
− p̃kuk(Xk), (2.26)

ãäå p̃k, q̃k îïðåäåëÿþòñÿ âûðàæåíèÿìè (2.14à).
Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (2.23) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (2.22), ïîëó÷àåì:

K∑
l=1

1

ul(Xl)
M̂lul(Xl) = g0

K∏
l=1

Ql(Xl, ul). (2.27)
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Â ýòîì óðàâíåíèè Ql(Xl, ul) îïðåäåëÿåòñÿ âûðàæåíèåì:

Ql(Xl, ul) = fl(Xl)[ul(Xl)]
βΣ+γ−1−βΣl

∏
i∈Il

(
∂ul
∂xi

)βi
, (2.28)

à M̂l îïðåäåëÿåòñÿ âûðàæåíèåì (2.16). Ïðîâîäÿ äëÿ óðàâíåíèÿ (2.27) ñ ó÷¼òîì (2.28) ðàññóæäåíèÿ,
ïîëíîñòüþ àíàëîãè÷íûå äîêàçàòåëüñòâó òåîðåìû 2.2, ïîëó÷àåì ñèñòåìó (2.24) ñ äîïîëíèòåëüíûì
óñëîâèåì (2.25) è óðàâíåíèå (2.26). Òåîðåìà äîêàçàíà.

Ñëåäóþùàÿ òåîðåìà îïðåäåëÿåò âîçìîæíîñòü ðåäóêöèè óðàâíåíèÿ (1.1) ê óðàâíåíèþ ìåíüøåé
ðàçìåðíîñòè K < N ñ èñïîëüçîâàíèåì ïåðåìåííûõ áåãóùåé âîëíû; àíàëîãè÷íûå ïðîöåäóðû ðåäóê-
öèè ïðèìåíÿëèñü â ðàáîòàõ [Êóäðÿøîâ, 2010], [Ïîëÿíèí, Çàéöåâ, Æóðîâ, 2005], [Ðàõìåëåâè÷, 2016
á, 2017 á].

Òåîðåìà 2.4. Ïóñòü ôóíêöèÿ F (X) óäîâëåòâîðÿåò ñîîòíîøåíèþ:

F (X) =
K∏
l=1

fl(yl), yl =
∑
n∈Il

cnxn. (2.29)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u(X) = U(y1, ..., yK), (2.30)

ïðè÷¼ì ôóíêöèÿ U(y1, ..., yK) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ:

K∑
k=1

Ak
∂2U

∂y2
k

= Cg(U)
K∏
k=1

{
fk(yk)

(
∂U

∂yk

)βΣk
}
, (2.31)

ãäå C,Ak îïðåäåëÿþòñÿ âûðàæåíèÿìè:

C =
N∏
i=1

cβii , Ak =
∑
i∈Ik

aic
2
i . (2.31à)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî òåîðåìàì 2.2, 2.3 ïóòåì ïîäñòàíîâêè
ôóíêöèè (2.30) â óðàâíåíèå (1.1) è ïîñëåäóþùåãî ïðåîáðàçîâàíèÿ ýòîãî óðàâíåíèÿ ê ïåðåìåííûì
yk, â ðåçóëüòàòå ÷åãî ïîëó÷àåì óðàâíåíèå (2.31). Òåîðåìà äîêàçàíà.

Ïðèìåð. Ïðåäïîëîæèì, ÷òî fl(yl) = yαll ïðè ∀l ∈ Ξ; Al = 0 ïðè ∀l ∈ Ξ, l 6= k. Ïðè óêàçàííûõ
ïðåäïîëîæåíèÿõ áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (2.31) â âèäå:

U(y1, ..., yK) = V (z), z =
K∏
l=1

yσll . (2.32)

Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì σk = 1; îñòàëüíûå ïîêàçàòåëè σl áóäóò îïðåäåëåíû íèæå.
Ïîäñòàâëÿÿ (2.32) â (2.31), ïðèõîäèì ê óðàâíåíèþ:

AkV
′′(z)

K∏
l=1,l 6=k

y2σl
l = Cg(V )

K∏
l=1

{
fl(yl)

(
zV ′(z)

σl
yl

)βΣl
}
. (2.33)

Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé óðàâíåíèå (2.33) ïðèâîäèì ê âèäó:

V ′′(z) = Bkg(V ) [zV ′(z)]
βΣ yαk−βΣk

k

K∏
l=1,l 6=k

yαl−βΣl−2σl
l , (2.34)

ãäå Bk =
C

Ak

K∏
l=1

σβΣl

l . Äëÿ òîãî, ÷òîáû óðàâíåíèå (2.34) ìîãëî áûòü ñâåäåíî ê ÎÄÓ îòíîñèòåëüíî

V (z), äîëæíî âûïîëíÿòüñÿ óñëîâèå:

yαk−βΣk

k

K∏
l=1,l 6=k

yαl−βΣl−2σl
l = zν . (2.35)

Òàê êàê â ñèëó ñäåëàííîãî âûøå ïðåäïîëîæåíèÿ σk = 1, òî èç (2.35) ñëåäóåò:

ν = αk − βΣk, νσl = αl − βΣl − 2σl (l 6= k). (2.36)
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Òîãäà èç (2.36) íàõîäèì ïîêàçàòåëè σl:

σl =
αl − βΣl

αk − βΣk + 2
(l 6= k). (2.37)

Èç (2.34) ïîëó÷àåì, ÷òî ôóíêöèÿ V (z) äîëæíà óäîâëåòâîðÿòü ñëåäóþùåìó ÎÄÓ:

V ′′(z) = Bkg(V )zβΣ+ν [V ′(z)]
βΣ . (2.38)

(2.32) ïðåäñòàâëÿåò ñîáîé ðåøåíèå òèïà àãðåãèðîâàííûõ áåãóùèõ âîëí [Ðàõìåëåâè÷, 2016á], ïðè÷¼ì
ôóíêöèÿ V (z) ÿâëÿåòñÿ ðåøåíèåì ÎÄÓ (2.38).

Òàêèì îáðàçîì, â äàííîé ðàáîòå èññëåäîâàíî íåàâòîíîìíîå N-ìåðíîå óðàâíåíèå c ÷àñòíûìè
ïðîèçâîäíûìè âòîðîãî ïîðÿäêà, ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ïðîèçâîëüíóþ íåëèíåéíîñòü ïî
íåèçâåñòíîé ôóíêöèè è íåëèíåéíîñòè ñòåïåííîãî òèïà ïî å¼ ïåðâûì ïðîèçâîäíûì. Íàéäåíî ðåøå-
íèå ýòîãî óðàâíåíèÿ òèïà áåãóùåé âîëíû â íåÿâíîì âèäå. Äëÿ ñëó÷àÿ ñòåïåííîé íåëèíåéíîñòè ïî
íåèçâåñòíîé ôóíêöèè ïîëó÷åíû ÿâíûå ðåøåíèÿ òèïà áåãóùåé âîëíû, â ÷àñòíîñòè, â âèäå ñòåïåí-
íîé, ýêñïîíåíöèàëüíîé è ëîãàðèôìè÷åñêîé ôóíêöèé. Ïðîàíàëèçèðîâàíî, êàê âëèÿþò ïàðàìåòðû
óðàâíåíèÿ íà ñâîéñòâà íàéäåííûõ ðåøåíèé.
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æèòåëüíûõ îïåðàòîðîâ A â áåñêîíå÷íîìåðíîì ïðîñòðàíñòâå è ïðèìåíèëè å¼ ê èññëåäîâàíèþ ðàçðåøèìîñòè
óðàâíåíèé âèäà Ax = λx. Áëàãîäàðÿ óñèëèÿì äðóãîãî ó÷åíèêà Ì. Ã. Êðåéíà � Ì. À. Êðàñíîñåëüñêîãî � ñ
ñåðåäèíû 1950-õ ãã. òåîðèÿ ïîëîæèòåëüíûõ îïåðàòîðîâ ïðèîáðåëà ñâî¼ çíà÷åíèå, êàê îáùèé ìåòîä äëÿ ðå-
øåíèÿ øèðîêîãî êëàññà çàäà÷ êà÷åñòâåííîãî õàðàêòåðà, îòíîñÿùèõñÿ ê àíàëèçó íåëèíåéíûõ îïåðàòîðíûõ
óðàâíåíèé (â òîì ÷èñëå, äîêàçàòåëüñòâî íîâûõ òåîðåì î íåïîäâèæíîé òî÷êå è ñòðóêòóðå ñïåêòðà ïîëîæè-
òåëüíîãî îïåðàòîðà A, èññëåäîâàíèå áèôóðêàöèîííûõ çíà÷åíèé ïàðàìåòðà µ â óðàâíåíèè âèäà x = A(x, µ),
îáîñíîâàíèå ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ óðàâíåíèÿ Ax = λx ñ íåëèíåéíûì îïåðàòîðîì A â
êîíóñå áàíàõîâà ïðîñòðàíñòâà è ò.ï.). Êðîìå òîãî, â ðàìêàõ ðàçâèòîé Ì. À. Êðàñíîñåëüñêèì òåîðèè óäàëîñü
ðåøèòü ðÿä çàäà÷ ïðèêëàäíîãî õàðàêòåðà.

Îáñóæäåíèå. Àíàëèç äîñòèæåíèé â îáëàñòè ïîëîæèòåëüíûõ îïåðàòîðîâ ïîêàçàë, ÷òî â îòäåëüíî âçÿòîé
ñòðàíå (ÑÑÑÐ) ìîãóò áûòü ñôîðìèðîâàíû óñëîâèÿ äëÿ óñïåøíîãî ñîçäàíèÿ è ðàçâèòèÿ öåëîãî íàó÷íîãî
íàïðàâëåíèÿ. Îãðîìíîå çíà÷åíèå çäåñü èìååò ìàñøòàá ó÷¼íûõ, ñòîÿùèõ ó èñòîêîâ ýòîãî íàïðàâëåíèÿ � Ì.
Ã. Êðåéíà è Ì. À. Êðàñíîñåëüñêîãî.
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1Ðàáîòà ïðåäñòàâëÿåò ñîáîé ðàñøèðåííûé è äîïîëíåííûé âàðèàíò äîêëàäà íà Âîðîíåæñêîé çèìíåé ìàòåìàòè÷å-
ñêîé øêîëå Ñ. Ã. Êðåéíà � 2020 [Áîãàòîâ, 2020], à òàêæå âûñòóïëåíèé íà XXV ãîäè÷íîé íàó÷íîé êîíôåðåíöèè ÈÈÅÒ
ÐÀÍ èì. Ñ. È. Âàâèëîâà, ñåêöèÿ Èñòîðèÿ ìàòåìàòèêè, [Áîãàòîâ, 2019 a] è íà XVI ìåæäóíàðîäíîé êîíôåðåíöèè
¾Àëãåáðà, òåîðèÿ ÷èñåë è äèñêðåòíàÿ ãåîìåòðèÿ: ñîâðåìåííûå ïðîáëåìû, ïðèëîæåíèÿ è ïðîáëåìû èñòîðèè [Áîãàòîâ,
2019 b]¿
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Abstract. Goal. The aim of the work is studying of the contribution of foreign and domestic mathematicians,
in particular M. A. Krasnoselskii, to the development of the theory of linear and nonlinear positive operators for
the period from the mid-1900s until the end of the 1960s.

Method. The study is based on an analysis of original works of O. Perron, G. Frobenius, R. Jentzsch, P. S.
Urysohn, M. G. Krein, M. A. Rutman, M. A. Krasnoselskii and others in the context of the global process of
development of functional analysis.

Result. The contribution of domestic scientists in the �eld of positive operators was larger than that of the
rest of the world mathematical community in the period under review. Soviet mathematicians M. G. Krein and
his student M. A. Rutman in the 1940s created the theory of cones and linear positive operators A in space of
in�nite dimension. They applied this theory to the study of the solvability of equations of the form Ax = λx.
Thanks to the e�orts of another Krein student � M. A. Krasnoselskii - the theory of positive operators has become
a general method for solving a wide class of problems of a qualitative nature, related to the analysis of nonlinear
operator equations, since the mid 1950s (proof of new �xed point theorems and theorems about the spectrum
structure of the operator A), investigation of the bifurcation value of the parameter µ in the equation x = A(x, µ),
substantiation of the successive approximations method for the equation Ax = λx in a cone of Banach space for
nonlinear operator A and so on). Besdides, in the framework of the theory created by Krasnoselskii, a number of
important applied problems were solved.

Discussion. Analysis of developments in the �eld of positive operators showed that in one country (USSR)
may be formed conditions for the successful creation and development of a separate scienti�c �eld. Of great
importance here is the scale of the scientists who stood at the origins of this direction � M. G. Krein and M. A.
Krasnoselskii.

Key words: history of nonlinear functional analysis, Perron-Frobenius theorem, Jentzsch theorem, Krasnosel'skii
cone theorem, positive operators, theory of cones, Hammerstein equation, Urysohn equation.
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1. Ââåäåíèå. Ñ íà÷àëà ïîÿâëåíèÿ ïåðâûõ ðàáîò ïî ïîëîæèòåëüíûì îïåðàòîðàì ïðîøëî óæå
áîëåå 100 ëåò, à ñåðåäèíû XX â. èíòåðåñ ê ýòîé òåìå ñòàë ðàñòè â ãåîìåòðè÷åñêîé ïðîãðåññèè
(ñì., íàïðèìåð, ñïèñîê ëèòåðàòóðû â [Amann, 1976]), ïîýòîìó å¼ îñìûñëåíèå óæå äàâíî íàçðåëî.
Íåñìîòðÿ íà ýòî, èñòîðèêî-ìàòåìàòè÷åñêèå èññëåäîâàíèÿ â äàííîì íàïðàâëåíèè, ïî-âèäèìîìó, íå
ïðîâîäèëèñü. Êðîìå òîãî, íåêîòîðûå çàïàäíûå ìàòåìàòèêè, ïóáëèêóþùèå ìîíîãðàôèè ïî ïîëîæè-
òåëüíûì îïåðàòîðàì â ñåðü¼çíûõ èçäàòåëüñòâàõ (ñì., íàïðèìåð, [Aliprantis, Burkinshaw, 2006]), â
èñòîðè÷åñêîì ïðåäèñëîâèè íå óïîìèíàþò îñíîâîïîëàãàþùèå ðàáîòû î ìàòðè÷íûõ ïîëîæèòåëüíûõ
îïåðàòîðàõ Î. Ïåððîíà [Perron, 1907á], Ô. Ã. Ôðîáåíèóñà [Frobenius, 1908; Frobenius, 1909] è èõ ïî-
ñëåäîâàòåëÿ Ð. Åíò÷à ñ åãî ðåçóëüòàòàìè î ïîëîæèòåëüíîé ðàçðåøèìîñòè ëèíåéíûõ èíòåãðàëüíûõ
óðàâíåíèé [Jentzsch, 1912].

Òðóäíî òàêæå îáúÿñíèòü îòñóòñòâèå ñðåäè ¾îòöîâ-îñíîâàòåëåé¿ îáñóæäàåìîé òåîðèè òàêèõ èç-
âåñòíûõ ó÷¼íûõ, êàê Ì. À. Êðàñíîñåëüñêèé, îïóáëèêîâàâøèé ìîíîãðàôèþ ïî ïîëîæèòåëüíûì ðå-
øåíèÿì îïåðàòîðíûõ óðàâíåíèé2 [Êðàñíîñåëüñêèé, 1962], Â. È. Îïîéöåâ [Îïîéöåâ, 1977] è ìíîãèõ
äðóãèõ îòå÷åñòâåííûõ ìàòåìàòèêîâ.

Àâòîð ïîñòàðàåòñÿ â êàêîì-òî ñìûñëå âîññòàíîâèòü èñòîðè÷åñêóþ ñïðàâåäëèâîñòü è áåñïðè-
ñòðàñòíî ïðîñëåäèòü çàðîæäåíèå è ðàçâèòèå òåîðèè ïîëîæèòåëüíûõ îïåðàòîðîâ, íà÷èíàÿ ñ ðàáîò
Ø. Ô. Øòóðìà 1830-õ ãã. è çàêàí÷èâàÿ èññëåäîâàíèÿìè Êðàñíîñåëüñêîãî è åãî ó÷åíèêîâ äî êîíöà
1960-õ ãã.

Áóäóò íàéäåíû îòâåòû íà ñëåäóþùèå âîïðîñû:
2Îíà áûëà ïåðåâåäåíà íà àíãëèéñêèé ÿçûê â 1964 ã. èçäàòåëüñòâîì Noordho�.
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1. Êîãäà âîçíèêëà âûøåóïîìÿíóòàÿ òåîðèÿ è ÷åì áûëî îáñóëîâëåíî å¼ ïîÿâëåíèå?

2. Íà êàêîì ýòàïå ðàçâèòèÿ òåîðèè ê èññëåäîâàíèÿì ïîäêëþ÷èëèñü îòå÷åñòâåííûå ìàòåìàòèêè?

3. Êàêîâû êëþ÷åâûå ìîìåíòû ðàçâèòèÿ òåîðèè ïîëîæèòåëüíûõ îïåðàòîðîâ?

4. ×åì áûë ìîòèâèðîâàí ïðèõîä Ì. À. Êðàñíîñåëüñêîãî â äàííóþ îáëàñòü? Êàêèõ ðåçóëüòàòîâ
îí äîñòèã, êàêèå èíñòðóìåíòû èñïîëüçîâàë?

5. Êàê ñîîòíîñèëèñü äîñòèæåíèÿ ïðåäñòàâèòåëåé âîðîíåæñêîé ìàòåìàòè÷åñêîé øêîëû ñ ðåçóëü-
òàòàìè äðóãèõ ó÷¼íûõ, â òîì ÷èñëå è èíîñòðàííûõ?

6. Êàêîå ïðîäîëæåíèå ïîëó÷èëà ýòà òåìà â 1960 � 1970-å ãã.?

7. Êàêîå âîçäåéñòâèå îêàçàëà òåîðèÿ ïîëîæèòåëüíûõ îïåðàòîðîâ íà ðàçâèòèå ôóíêöèîíàëüíîãî
àíàëèçà?

Íàñòîÿùåå èññëåäîâàíèå ïðîäîëæàåò öèêë ðàáîò àâòîðà ïî èñòîðèè íåëèíåéíîãî ôóíêöèîíàëüíîãî
àíàëèçà (ñì. [Áîãàòîâ,2017], [Áîãàòîâ,2018], [Áîãàòîâ,2019à], [Bogatov,2020]).

2. Ïðåäûñòîðèÿ: ïîëîæèòåëüíûå ìàòðèöû è ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ.
Â 1907 ã. ïîÿâèëàñü ðàáîòà íåìåöêîãî ìàòåìàòèêà Îñêàðà Ïåððîíà î ïîëîæèòåëüíûõ ñîáñòâåí-

íûõ çíà÷åíèÿõ ìàòðèö ñ ïîëîæèòåëüíûìè ýëåìåíòàìè. Îñíîâíîé èíòåðåñ äëÿ íàñ ïðåäñòàâëÿåò
òåîðåìà î ñóùåñòâîâàíèè íàèáîëüøåãî ïî ìîäóëþ, ïîëîæèòåëüíîãî ñîáñòâåííîãî çíà÷åíèÿ ìàò-
ðèöû
A = {aij > 0}, ãäå

Ax = λx, (1)

êîòîðîìó ñîîòâåñòâóåò âåêòîð ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè [Perron, 1907 b; c. 261 ].
Èíòåðåñ Ïåððîíà ê ïîëîæèòåëüíûì ìàòðèöàì áûë îáóñëîâëåí3 çàäà÷àìè èç àëãåáðû ìàëûõ

êîëåáàíèé, âîñõîäÿùèõ ê èññëåäîâàíèÿì ôðàíöóçñêîãî ìàòåìàòèêà Øàðëÿ Ôðàíñóà Øòóðìà. Ïðè-
âåä¼ì õàðàêòåðíûé ïðèìåð [Sturm, 1833; Ãàíòìàõåð, Êðåéí, 1950]. Ïóñòü èìååòñÿ óïðóãàÿ ñòðóíà,
íàãðóæåííàÿ ìàññàìè â íåêîòîðûõ âíóòðåííèõ òî÷êàõ si (ñì. ðèñ. 1).

Ðèñ. 1. Óïðóãàÿ ñòðóíà, íàãðóæåííàÿ ìàññàìè

Fig. 1. Elastic string loaded by masses

Å¼ ïîïåðå÷íûå ïåðåìåùåíèÿ óäîâëåòâîðÿþò ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

y(x, t) = −
n∑
k=1

K(x, sk)mkÿk,

ãäå K(x, s) � ôóíêöèÿ âëèÿíèÿ ñòðóíû.
Åñëè ïðåäïîëàãàòü íàëè÷èå ãàðìîíè÷åñêèõ êîëåáàíèé, òî äëÿ îòûñêàíèÿ àìïëèòóä ïðîãèáà â

òî÷êàõ si ìû ïðèä¼ì ê ñèñòåìå ëèíåéíûõ óðàâíåíèé

ui = p2
n∑
k=1

aikmkuk, (2)

ãäå aik = K(si, sk) ≥ 0 åñòü êîýôôèöèåíòû âëèÿíèÿ. Ìàòðèöà A = {aik} ñèñòåìû (2) íåîòðèöà-
òåëüíà. Ðåçóëüòàòû Ïåððîíà áûëè ðàñïðîñòðàíåíû íà ìàòðèöû ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè
åãî ñîîòå÷åñòâåííèêîì Ôåðäèíàíäîì Ãåîðãîì Ôðîáåíèóñîì [Frobenius, 1908; Frobenius, 1909].

Íà÷àëî XX â. îçíàìåíîâàëîñü èíòåðåñîì ê ëèíåéíûì èíòåãðàëüíûì óðàâíåíèÿì ñ òî÷êè çðå-
íèÿ àíàëîãèè ñ ìàòðè÷íûìè óðàâíåíèÿìè [Stewart, 2014]. Èññëåäîâàíèÿ Ôðåäãîëüìà, Ãèëüáåðòà
è Øìèäòà [Fredholm, 1903; Hilbert, 1904; Schmidt, 1907 a; Schmidt, 1907 b] îòêðûâàëè äîðîãó äëÿ
îáîáùåíèÿ ò. Ïåððîíà � Ôðîáåíèóñà íà óðàâíåíèÿ Ôðåäãîëüìà:

y(s) = λ

∫ b

a

K(s, t)y(t)dt. (3)

3Ñì. åãî ñòàòüþ [Perron, 1907 a], íàïå÷àòàííóþ â òîì æå íîìåðå æóðíàëà Mathematische Annalen, ÷òî è [Perron,
1907 b].
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Àêòóàëüíîñòü äàííîãî îáîáùåíèÿ ïîäòâåðæäàëàñü òàêæå òåì, ÷òî óðàâíåíèå âèäà (3) (ïðè íåïðå-
ðûâíîì K(s, t) > 0 ñ çàìåíîé dt íà dσ(t)) ïîçâîëÿåò íàéòè àìïëèòóäó êîëåáàíèé óïðóãîãî êîíòè-
íóóìà ïðè íåïðåðûâíîì ðàñïðåäåëåíèè ìàññ [Fredholm,1906; Bateman, 1910, p.420-421]. Óêàçàííîå
èññëåäîâàíèå áûëî âûïîëíåíî ó÷åíèêîì Ôðîáåíèóñà, íåìåöêèì ìàòåìàòèêîì Ðîáåðòîì Éåíò÷åì â
1912 ã. Ñîîòâåòñòâóþùàÿ òåîðåìà (â íåñêîëüêî óïðîù¼ííîé ôîðìå) âûãëÿäåëà òàê [Jentzsch, 1912;
ñ. 225].

Ïóñòü ôóíêöèÿ K(s, t) ïîëîæèòåëüíà è íåïðåðûâíà äëÿ ëþáûõ s, t ∈ (a, b), òîãäà ñóùåñòâóåò
íàèìåíüøåå ïî ìîäóëþ, ïðîñòîå âåùåñòâåííîå ñîáñòâåííîå çíà÷åíèå λ0 = min |λ| óðàâíåíèÿ (3),
êîòîðîìó ñîîòâåòñòâóåò ïîëîæèòåëüíàÿ íà èíòåðâàëå (a, b) ôóíêöèÿ y0(s).

3. Íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ ñ ïîëîæèòåëüíûì ÿäðîì. Äàëüíåéøåå ðàç-
âèòèå ëèíåéíîé òåîðèè óðàâíåíèé ñ ïîëîæèòåëüíûìè ðåøåíèÿìè òîðìîçèëîñü îòñóòñòâèåì îáùåé
òåîðèè îïåðàòîðîâ, êàê òàêîâîé (îíà ñëîæèëàñü ê êîíöó 1920-õ ãã. � ñì., íàïðèìåð, [Bernkopf, 1966;
Áîãàòîâ, Ìóõèí, 2016]). Â èòîãå â òå÷åíèå ïðèìåðíî 15 ëåò íîâûõ ðåçóëüòàòîâ î ïîëîæèòåëüíîé
ðàçðåøèìîñòè óðàâíåíèÿ (1) â ëèíåéíîì ñëó÷àå ïîëó÷åíî íå áûëî.

Ïàðàëëåëüíî ñ ëèíåéíîé øëî ðàçâèòèå òåîðèè íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé [Schmidt,
1908]. Çäåñü ñåáÿ ïðîÿâèë ïðåäñòàâèòåëü ìîñêîâñêîé ìàòåìàòè÷åñêîé øêîëû Ïàâåë Ñàìóèëîâè÷
Óðûñîí. Îí îáðàòèëñÿ ê òåìå ïîëîæèòåëüíûõ ðåøåíèé çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ äëÿ íåëè-
íåéíûõ èíòåãðàëüíûõ óðàâíåíèé â 1918 ã.4. Íå áóäó÷è çíàêîì ñ ðåçóëüòàòàìè Åíò÷à, îí ðàññìîòðåë
óñëîâèÿ ïîëîæèòåëüíîé ðàçðåøèìîñòè óðàâíåíèÿ

y = µA0y, (4)

ñ íåëèíåéíûì îïåðàòîðîì

A0y(x) =

∫ b

a

K(x, s, y(s))ds. (5)

Ïðîâîäÿ ñâîè èññëåäîâàíèÿ [Óðûñîí, 1923], Óðûñîí, ïî-âèäèìîìó, ðóêîâîäñòâîâàëñÿ ëîãèêîé ðàç-
âèòèÿ ñàìîé ìàòåìàòèêè. Îäíàêî çäåñü íåîáõîäèìî îòìåòèòü, ÷òî îí áûë õîðîøî çíàêîì ñ çàäà÷àìè
ãèäðîäèíàìè÷åñêîãî õàðàêòåðà5, ïðèâîäÿùèìè ê óðàâíåíèÿì âèäà (5), ÷òî ìîãëî îêàçàòü ñâî¼ âëè-
ÿíèå íà âûáîð îáúåêòà èññëåäîâàíèÿ.

Èñïîëüçóÿ â êà÷åñòâå îñíîâíîãî èíñòðóìåíòà ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, Óðûñîí
äîêàçàë òåîðåìó î ñóùåñòâîâàíèè ïîëîæèòåëüíûõ ðåøåíèé óðàâíåíèÿ (5) â ïðåäïîëîæåíèè î òîì,
÷òî K(x, y, 0) ≡ 0 è ÷òî ïðîèçâîäíàÿ K ′u(x, y, u) íåïðåðûâíà, ïîëîæèòåëüíà è ìîíîòîííî óáûâàåò
ñ âîçðàñòàíèåì u (u ≥ 0). Îí ïîêàçàë, ÷òî ïîëîæèòåëüíûå ñîáñòâåííûå ôóíêöèè îïåðàòîðà A0

ñóùåñòâóþò ïðè óñëîâèè, ÷òî çíà÷åíèÿ µ ïðèíàäëåæàò íåêîòîðîìó èíòåðâàëó (µP , µQ), ãäå
÷èñëà µP è µQ � ýòî íàèáîëüøèå ñîáñòâåííûå çíà÷åíèÿ îïðåäåë¼ííûõ6 ëèíåéíûõ èíòåãðàëüíûõ
îïåðàòîðîâ P è Q. Êàæäîìó µ ∈ (µP , µQ) ñîîòâåòñòâóåò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå
y(x, µ) [Óðûñîí, 1951; ñ. 50-51].

Îòìåòèì, ÷òî öèòèðîâàííàÿ ðàáîòà Óðûñîíà îïåðåäèëà ñâî¼ âðåìÿ è íå áûëà îöåíåíà åãî ñîâðå-
ìåííèêàìè ïî äîñòîèíñòâó.

4. Îáîñîáëåíèå àëãåáðû ìàëûõ êîëåáàíèé è âûõîä íà òåîðèþ ìîìåíòîâ. Êàê óæå áû-
ëî îòìå÷åíî âûøå, èñòî÷íèêîì èññëåäîâàíèé Ïåððîíà â îáëàñòè ìàòðè÷íûõ óðàâíåíèé ñëóæèëà
òåîðèÿ ìàëûõ êîëåáàíèé. Íîâûé êðóã èäåé áûë î÷åð÷åí îäåññêèì ìàòåìàòèêîì Ìàðêîì Ãðèãîðüå-
âè÷åì Êðåéíîì ïðè áîëåå ïðèñòàëüíîì (ïðî ñðàâíåíèþ ñî Øòóðìîì) èçó÷åíèè ñâîéñòâ ìàòðèöû
êîýôôèöèåíòîâ âëèÿíèÿ A1 ñòðóíû ñ òî÷å÷íûìè ìàññàìè, çàêðåïë¼ííîé íà îáîèõ êîíöàõ (ñì. ðèñ.
1) [Êðåéí, 1934 b]. Îêàçàëîñü, ÷òî ñóùåñòâîâàíèå îñöèëëÿöèîííûõ ñâîéñòâ ñâÿçàíî ñî ñëåäóþùåé
îñîáåííîñòüþ ìàòðèöû A1: âñå ìèíîðû ëþáûõ ïîðÿäêîâ ýòîé ìàòðèöû íåîòðèöàòåëüíû7. Â ðå-
çóëüòàòå èññëåäîâàíèé, ïðîâåä¼ííûõ Êðåéíîì ñîâìåñòíî ñ åãî êîëëåãîé, Ôåëèêñîì Ðóâèìîâè÷åì
Ãàíòìàõåðîì â ñåðåäèíå 1930-õ ãã. [Ãàíòìàõåð, Êðåéí, 1935], [Gantmakher, Krein, 1935], [Gantmakher,
Krein, 1937], áûë âûäåëåí âàæíûé êëàññ òàê íàçûâàåìûõ îñöèëëÿöèîííûõ ìàòðèö � âïîëíå íåîò-
ðèöàòåëüíûõ êâàäðàòíûõ ìàòðèö A, íåêîòîðàÿ ñòåïåíü êîòîðûõ Ak ÿâëÿåòñÿ âïîëíå ïîëîæèòåëü-
íîé ìàòðèöåé. Ïðè ýòîì áûë îáíàðóæåí ñëåäóþùèé ôàêò: îñíîâíûå ñïåêòðàëüíûå ñâîéñòâà ýòèõ
ìàòðèö (âåùåñòâåííîñòü, ïîëîæèòåëüíîñòü è ïðîñòîòà õàðàêòåðèñòè÷åñêèõ ÷èñåë, îïðåäåë¼ííûå
çàêîíû ÷åðåäîâàíèÿ çíàêîâ ó êîîðäèíàò ñîáñòâåííûõ âåêòîðîâ è äð.) ÿâëÿþòñÿ îáùèìè êàê äëÿ
ñèììåòðè÷íûõ, òàê è äëÿ íåñèììåòðè÷íûõ îñöèëëÿöèîííûõ ìàòðèö8.

4Ðåçóëüòàò áûë îïóáëèêîâàí íà 5 ëåò ïîçæå è èçâåñòíîñòè â òî âðåìÿ íå ïîëó÷èë.
5Ñì. åãî äíåâíèê â êíèãå [Íåéìàí, 1972; ñ. 71-77].
6Ïîäðîáíîñòè áóäóò íèæå.
7Òàêèå ìàòðèöû áûëè íàçâàíû Ì. Ã. Êðåéíîì âïîëíå íåîòðèöàòåëüíûìè.
8Òåìà îêàçàëàñü íàñòîëüêî àêòóàëüíîé, ÷òî ìîíîãðàôèÿ, ïîäûòîæèâøàÿ öèêë èññëåäîâàíèé ïî ýòîé òåìå [Ãàíò-

ìàõåð, Êðåéí, 1950], áûëà ïåðåâåäåíà íå íåìåöêèé è àíãëèéñêèé ÿçûêè.
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Ïàðàëëåëüíî ñ òåîðèåé îñöèëëÿöèîííûõ ìàòðèö Êðåéí àêòèâíî çàíèìàëñÿ èññëåäîâàíèÿìè ïî
òåîðèè ìîìåíòîâ [Êðåéí, 1933; Êðåéí, 1934 à; Êðåéí, 1937; Êðåéí, 1938 a], è ýòîò åãî èíòåðåñ áûë
íå ñëó÷àåí9. Ïðèìåíèòåëüíî ê ìàëûì êîëåáàíèÿì íèòè ñ áóñèíàìè, ïðîáëåìà ìîìåíòîâ ñîñòîèò â
îïðåäåëåíèè ìàññ áóñèí è èõ ðàñïîëîæåíèè òàêèì îáðàçîì, ÷òîáû ÷àñòîòû êîëåáàíèé íèòè èìåëè
íàïåð¼ä çàäàííûå çíà÷åíèÿ (ïîäðîáíîñòè ñì., íàïðèìåð, â Äîïîëíåíèèè II êíèãè [Ãàíòìàõåð, Êðåéí;
1950]).

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è (L-ïðîáëåìà ìîìåíòîâ), èññëåäîâàíèåì êîòîðîé çàíèìàëñÿ
Êðåéí, ñîñòîÿëà â ñëåäóþùåì [Êðåéí, 1938 à; ñ. 199]:

Êàêîâû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, íàëàãàåìûå íà ÷èñëà c1, ..., cn, ÷òîáû ñóùåñòâî-
âàëà íåïðåðûâíàÿ ôóíööèÿ îãðàíè÷åííîé âàðèàöèè ϕ(t), óäîâëåòâîðÿþùàÿ óñëîâèÿì

b∫
a

xi(t)dϕ(t) = ci, i = 1, ..., n (6)

∆ϕ1 ≤ ∆ϕ ≤ ∆ϕ2 ∀∆t,

ãäå ôóíêöèè îãðàíè÷åííîé âàðèàöèè ϕ1(t) è ϕ2(t) óäîâëåòâîðÿþò óñëîâèþ ∆ϕ1 < ∆ϕ2 ∀∆t?
Ïðîáëåìà ìîìåíòîâ âîëíîâàëà óìû ìàòåìàòèêîâ, â òîì ÷èñëå îòå÷åñòâåííûõ � Ï. Ë. ×åáûøåâà

è À. À. Ìàðêîâà � ñ êîíöà XIX â. (ñì. [Kjeldsen, 1993]; èñòîðè÷åñêèå êîììåíòàðèè â [Êðåéí, Íóäåëü-
ìàí, 1973]). Ïîèñêè ïóòåé å¼ ðåøåíèÿ ïðèâåëè âåíãåðñêîãî ìàòåìàòèêà Ìàðñåëÿ Ðèññà ê âîçìîæ-
íîñòè èñïîëüçîâàíèÿ èäåé ôóíêöèîíàëüíî-àíàëèòè÷åñêîãî õàðàêòåðà [Riesz, 1923]. Îí, â ÷àñòíîñòè,
ïîêàçàë, ÷òî ïðîáëåìà ìîìåíòîâ, ñîîòâåòñòóâþùàÿ ïîñëåäîâàòåëüíîñòè {ci} (ñì. (6)), èìååò íåóáû-
âàþùåå ðåøåíèå ϕ(t) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ëèíåéíûé ôóíêöèîíàë T : f(t) → R,
îïðåäåë¼ííûé ïî ïðàâèëó

T (tn) = cn > 0,

ïîëîæèòåëåí.
Ýòî îçíà÷àëî, ÷òî ëþáàÿ ïîëîæèòåëüíàÿ íà îòðåçêå [a, b] ëèíåéíàÿ êîìáèíàöèÿ âèäà

x(t) =

n∑
k=1

αkt
k > 0, αk ∈ R

ïðåîáðàçóåòñÿ ôóíêöèîíàëîì T â ïîëîæèòåëüíîå ÷èñëî: T (x(t)) > 0.
×åðåç 5 ëåò ïîíÿòèå ïîëîæèòåëüíîãî ôóíêöèîíàëà áûëî îáîáùåíî íà áåñêîíå÷íîìåðíûé ñëó÷àé

áðàòîì Ì. Ðèññà, Ôðèäüåøåì Ðèññîì (ðåçóëüòàò áûë èçëîæåí íà VIII Ìåæäóíàðîäíîì Ìàòåìàòè-
÷åñêîì êîíãðåññå [Riesz, 1928]). Îí íàçâàë ôóíêöèîíàë A, îïðåäåë¼ííûé íà ìíîæåñòâå íåïðåðûâíûõ
ôóíêöèé {f}, ïîëîæèòåëüíûì, åñëè f > 0 âëå÷¼ò Af > 0.

5. Âîçíèêíîâåíèå òåîðèè êîíóñîâ â áàíàõîâûõ ïðîñòðàíñòâàõ. Â êîíöå 1920-õ � íà-
÷àëå 1930-õ ãã. ôóíêöèîíàëüíûé àíàëèç óæå âûäåëèëñÿ â îòäåëüíóþ äèñöèïëèíó [Bourbaki, 1974;
Dieudonne, 1981; Birkho�, Kreyszig, 1984]. Äåéñòâóÿ â ðàìêàõ ôóíêöèîíàëüíî-àíàëèòè÷åñêîé èäåî-
ëîãèè è îïèðàÿñü íà ïîäõîä Ì. Ðèññà ê ðåøåíèþ çàäà÷ èç òåîðèè ìîìåíòîâ, Êðåéí ââ¼ë â ðàñ-
ñìîòðåíèå ïîëîæèòåëüíûå ëèíåéíûå ôóíêöèîíàëû, îïðåäåë¼ííûå íà ïîñëåäîâàòåëüíîñòÿõ ôóíê-
öèé wk(t) ⊂ E, t ∈ I òàê, ÷òî10

w(t) =
n∑
k=1

αkwk(t) > 0⇒ Bw > 0. (7)

Êðåéí ïîêàçàë [Êðåéí, 1938à, ñ. 127], ÷òî ìíîæåñòâî âîçìîæíûõ çíà÷åíèé ôóíêöèîíàëà B ÿâëÿåòñÿ
êîíè÷åñêèì âûïóêëûì ìíîæåñòâîì, ÷òî ïîìîãëî ñâåñòè èçó÷åíèå ìîìåíòíûõ ïîñëåäîâàòåëüíîñòåé
{cn} ê èññëåäîâàíèþ ãåîìåòðèè âûïóêëûõ òåë â êîíå÷íîìåðíîì ïðîñòðàíñòâå. Áîëåå òîãî, ñîäåðæà-
òåëüíàÿ èíòåïðåòàöèÿ îáëàñòè îïðåäåëåíèÿ ôóíêöèîíàëà B ïîçâîëèëà Êðåéíó îñóùåñòâèòü ïåðå-
õîä ê áåñêîíå÷íîìåðíîìó ñëó÷àþ: ïîçèòèâíîñòü ôóíêöèîíàëà â ïðîñòðàíñòâå E ïîñòóëèðîâàëàñü,
êàê åãî ñïîñîáíîñòü ïðåîáðàçîâûâàòü ýëåìåíòû íåêîòîðîãî êîíóñà K ⊂ E â íåîòðèöàòåëüíûå (â
îáû÷íîì ñìûñëå) ýëåìåíòû [Êðåéí, 1937; c. 227].

Ïðè ýòîì êîíóñ â ïðîñòðàíñòâå E ïðåäñòàâëÿë ñîáîé ìíîæåñòâî ýëåìåíòîâ, óäîâëåòâîðÿþùåå
ñëåäóþùèì óñëîâèÿì:

9Ýòè æå âîïðîñû áûëè ïðåäìåòîì íàó÷íûõ èçûñêàíèé Ïåððîíà ïàðàëëåëüíî ñ èçó÷åíèåì ñâîéñòâ ïîëîæèòåëüíûõ
ìàòðèö [Perron, 1913].

10Îòìåòèì, ÷òî ïðè αk ≥ 0 ëèíåéíàÿ êîìáèíàöèÿ â (7) ñòàíåò êîíè÷åñêîé êîìáèíàöèåé.
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1. x ∈ K ⇒ λx ∈ K ïðè λ ≥ 0;

2. x, y ∈ K ⇒ (x+ y) ∈ K;

3. x ∈ K;x 6= θ ⇒ −x ∈ E \K.

Òàêîå îïðåäåëåíèå äàâàëî âîçìîæíîñòü íàèëó÷øèì îáðàçîì èñïîëüçîâàòü ãåîìåòðèþ áàíàõîâà
ïðîñòðàíñòâà E, ê òîìó âðåìåíè óæå õîðîøî ðàçðàáîòàííóþ ñèëàìè ëüâîâîñêîé ìàòåìàòè÷åñêîé
øêîëû [Banach, 1932, Ãë. VIII; Mazur, 1933]. Çäåñü, â ÷àñòíîñòè, ñûãðàëà ñâîþ ðîëü òåîðåìà Àñêîëè-
Ìàçóðà î ñóùåñòâîâàíèè îïîðíîé ê êîíóñó ãèïåðïëîñêîñòè: îíà îáåñïå÷èëà íàëè÷èå õîòÿ áû îäíîãî
ïîçèòèâíîãî ôóíêöèîíàëà â E∗ [Êðåéí, 1939].

Ïîäòâåðæäåíèåì ïðàâîìåðíîñòè âûäåëåíèÿ êîíóñîâ áàíàõîâà ïðîñòðàíñòâà íà ðîëü ¾ýêâèâà-
ëåíòà¿ ìíîæåñòâà ïîëîæèòåëüíûõ ôóíêöèé ÿâèëàñü òàêæå èçîìîðôíîñòü êîíóñà Ê ñåïàðàáåëü-
íîãî ïðîñòðàíñòâà E ìíîæåñòâó ôóíêöèé {y(x) ∈ C[a, b], y(x) ≥ 0}, äîêàçàííàÿ Êðåéíîì â 1939
ã. [Ãðîñáåðã, Êðåéí, 1939]. Êðåéí òàêæå ïîêàçàë, ÷òî ñîâîêóïíîñòü ïîëîæèòåëüíûõ ôóíêöèîíàëîâ
îáðàçóåò êîíóñ â ñîïðÿæ¼ííîì ïðîñòðàíñòâå, ÷òî, â ÷àñòíîñòè, äà¼ò âîçìîæíîñòü âûéòè íà äîêàçà-
òåëüñòâî òåîðåìû Ìàðêîâà î íåïîäâèæíîé òî÷êå [Êðåéí, 1939].

Èäåÿ äàëüíåéøåãî èñïîëüçîâàíèÿ êîíóñîâ áàíàõîâà ïðîñòðàíñòâà áûëà ¾íàâåÿíà¿ òîïîëîãè÷å-
ñêèì äîêàçàòåëüñòâîì òåîðåìû Ïåððîíà � Ôðîáåíèóñà, ïðåäëîæåííûì ñîâåòñêèì ìàòåìàòèêîì Ïàâ-
ëîì Ñåðãååâè÷åì Àëåêñàíäðîâûì è åãî íåìåöêèì êîëëåãîé Õåéíöåì Õîïôîì [Alexandro�, Hopf,
1935, ñ. 480-481]. Îíè ðàññìîòðåëè êîíå÷íîìåðíûé îïåðàòîð A, îñòàâëÿþùèé îêòàíò K(xi > 0)
èíâàðèàíòíûì

’
è äîêàçàëè ñóùåñòâîâàíèå íåïîäâèæíîé òî÷êè íåëèíåéíîãî îïåðàòîðà F :

F (x) =
Ax

f(Ax)
(8)

íà îñíîâå òåîðåìû Áðàóýðà11 [Brouwer, 1911].
Îäíàêî ïðè ïåðåõîäå â áåñêîíå÷íîìåðíîå ïðîñòðàíñòâî íóæíà áûëà äðóãàÿ òåîðåìà î íåïî-

äâèæíîé òî÷êå12. Òåîðåìà î òîì, ÷òî âïîëíå íåïðåðûâíûé îïåðàòîð A, ïðåîáðàçóþùèé âûïóêëîå
ìíîæåñòâî áàíàõîâà ïðîñòðàíñòâà E â ñåáÿ, èìååò íåïîäâèæíóþ òî÷êó, áûëà äîêàçàíà â 1930-ì ã.
ïîëüñêèì ìàòåìàòèêîì Þëèóøåì Øàóäåðîì [Schauder, 1930]. Äëÿ ïðèìåíåíèÿ òåîðåìû Øàóäåðà
â êîíòåêñòå äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèé îïåðàòîðíûõ óðàâíåíèé âèäà

Ax = λx, x ∈ K ⊂ E, (9)

óäîáíåå âñåãî áûëî èìåòü äåëî ñ èíâàðèàíòíûìè îòíîñèòåëüíî êîíóñà îïåðàòîðàìè: AK ⊂ K. Ïåð-
âûìè ýòî çàìåòèëè Ì.Ã. Êðåéí [Êðåéí, 1939] è åãî ó÷åíèê Ìîèñåé Àðîíîâè÷ Ðóòìàí [Ðóòìàí,
1938]. Ïðàêòè÷åñêè ñðàçó ñâîéñòâî AK ⊂ K áûëî âêëþ÷åíî â îïðåäåëåíèå ïîëîæèòåëüíîãî îïå-
ðàòîðà [Rutman, 1940, ñ. 94]. Ñòðîãî ãîâîðÿ, ëèíåéíûé îïåðàòîð A áûë íàçâàí ïîëîæèòåëüíûì,
åñëè

1. AK ⊂ K, K ⊂ E;

2. ∃x0 ∈ K, c > 0; c ∈ R: Ax0 − cx0 ∈ K .

Èñïîëüçîâàíèå èäåè Àëåêñàíäðîâà-Õîïôà è àíàëîãîâ ôîðìóëû (8) ïîìîãëè Ðóòìàíó äîêàçàòü îïå-
ðàòîðíûé àíàëîã òåîðåì Ïåððîíà-Ôðîáåíèóñà è Åíò÷à äëÿ âïîëíå íåïðåðûâíûõ ëèíåéíûõ îïåðà-
òîðîâ, îñòàâëÿþùèõ èíâàðèàíòíûì âîñïðîèçâîäÿùèé13 êîíóñ K ⊂ E.

Íàõîäÿñü ïîä âëèÿíèåì òåîðèè îñöèëëÿöèîííûõ ìàòðèö, Ðóòìàí äàë îïðåäåëåíèå âïîëíå ïîçè-
òèâíîãî îïåðàòîðà, íåêîòîðàÿ íàòóðàëüíàÿ ñòåïåíü êîòîðîãî ïðåîáðàçóåò ëþáîé ãðàíè÷íûé ýëå-
ìåíò êîíóñà â åãî âíóòðåííèé ýëåìåíò14 [Rutman, 1940, c. 65]

∀(u ∈ ∂K)∃ (n ∈ N) [Anu ∈ K].

Òàêîå íîâîââåäåíèå ïîçâîëèëî óñèëèòü òåîðåìó Åíò÷à ñëåäóþùèì îáðàçîì:

11Î ñóùåñòâîâàíèè íåïîäâèæíîé òî÷êè íåïðåðûâíîãî îòîáðàæåíèÿ, ïðåîáðàçóþùåãî âûïóêëîå ìíîæåñòâî S ⊂ Rn
â ñåáÿ. Â äàííîì ñëó÷àå ðîëü S èãðàë ñèìïëåêñ, ïîëó÷àþùèéñÿ ïðè ïåðåñå÷åíèè ãèïåðïëîñêîñòè f(x) = 1 ñ îêòàí-
òîì K.

12Èñòîðèþ ìåòîäà íåïîäâèæíîé òî÷êè ñì., íàïðèìåð, â [Áîãàòîâ, 2018; Áîãàòîâ, 2019 à].
13Êîíóñ K íàçûâàåòñÿ âîñïðîèçâîäÿùèì, åñëè ëþáîé ýëåìåíò z ∈ E ïðåäñòàâëÿåòñÿ â âèäå ðàçíîñòè z = x − y,

ãäå x, y ∈ K. Ýòî ïîíÿòèå (êàê è ìíîãèå äðóãèå ãåîìåòðè÷åñêèå ïîíÿòèÿ òåîðèè êîíóñîâ) ïðèíàäëåæàò Êðåéíó.
Îíî âïåðâûå ïîÿâèëîñü â åãî íåîïóáëèêîâàííîé äîâîåííîé ìîíîãðàôèè ¾Òåîðèÿ êîíóñîâ â ïðîñòðàíñòâå Áàíàõà è å¼
ïðèëîæåíèÿ¿ � ñì. ññûëêó â ðàáîòå [Êðåéí, Ðóòìàí, 1948, ñ. 7].

14Çäåñü ïðåäïîëàãàåòñÿ, ÷òî êîíóñ K èìååò âíóòðåííèå ýëåìåíòû, òî åñòü òåëåñåí.
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Âïîëíå íåïðåðûâíûé ëèíåéíûé îïåðàòîð A, âïîëíå ïîçèòèâíûé îòíîñèòåëüíî êîíóñà K, èìå-
åò â ýòîì êîíóñå îäèí è òîëüêî îäèí ñîáñòâåííûé âåêòîð. Ñîîòâåòñòâóþùåå åìó ñîáñòâåííîå
çíà÷åíèå ÿâëÿåòñÿ íàèáîëüøèì ïî ìîäóëþ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A.

Ïîñêîëüêó òåîðåìà Øàóäåðà íå ïðåäïîëàãàëà ëèíåéíîñòè îïåðàòîðà A â óðàâíåíèè (9), ëîãè÷íî
áûëî áû ñäåëàòü øàãè â îïðåäåëåíèè íåëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðîâ è äîêàçàòåëüñòâå
ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ óðàâíåíèé. Îäíàêî åñòåñòâåííîìó õîäó ñîáûòèé ïîìåøàëà âîéíà
è äî ñåðåäèíû 1950-õ ãã.15 íîâûå ðåçóëüòàòû â äàííîé îáëàñòè â ÑÑÑÐ íå ïóáëèêîâàëèñü.

Ñ äðóãîé ñòîðîíû, òîïîëîãè÷åñêèå èäåè Àëåêñàíäðîâà è Õîïôà ïîëó÷èëè ðàñïðîñòðàíåíèå è
íà Çàïàäå, â ðåçóëüòàòå ÷åãî â 1944 ã. âûøëà ðàáîòà àìåðèêàíñêîãî ìàòåìàòèêà íåìåöêîãî ïðîèñ-
õîæäåíèÿ Ýðèõà Ðîòå [Rothe, 1944]. Îí ðàññìîòðåë ñïåêòðàëüíóþ çàäà÷ó Ax = λx â ãèëüáåðòîâîì
ïðîñòðàíñòâå H è äîêàçàë àíàëîã òåîðåìû Åíò÷à äëÿ íåëèíåéíûõ âïîëíå íåïðåðûâíûõ îïåðàòîðîâ,
çàäàííûõ íà ñôåðå ïîëîæèòåëüíûõ ôóíêöèé ïðîñòðàíñòâà H, îïèðàÿñü íà ñîîòíîøåíèå âèäà (8),
òåîðåìó Øàóäåðà è ãåîìåòðèþ ïðîñòðàíñòâà H.

Ðîòå, ïî-âèäèìîìó, íå áûë çíàêîì ñ öèòèðîâàííûìè âûøå ðàáîòàìè Êðåéíà è Ðóòìàíà.

6. Ñòàíîâëåíèå òåîðèè êîíóñîâ. Íåëèíåéíûå ïîëîæèòåëüíûå îïåðàòîðû. Ïîäõîä,
ïðåäëîæåííûé Ðîòå, íå äîïóñêàë îáîáùåíèå íà ïðîèçâîëüíûå áàíàõîâû ïðîñòðàíñòâà äàæå â ëè-
íåéíîì ñëó÷àå. Â òî âðåìÿ, êàê âñåñòîðîííåå èññëåäîâàíèå ãåîìåòðèè áàíàõîâûõ ïðîñòðàíñòâ ñ
êîíóñîì, ðåçóëüòàòû êîòîðîãî áûëè èçëîæåíû â áîëüøîé ñòàòüå16 [Êðåéí, Ðóòìàí, 1948], çàëîæèëè
îñíîâû äëÿ ðàñïðîñòðàíåíèÿ èäåé òåîðèè ïîëîæèòåëüíûõ îïåðàòîðîâ â ôóíêöèîíàëüíîì àíàëèçå
è åãî ïðèëîæåíèÿõ.

Ïðåæäå, ÷åì ïåðåéòè ê íåëèíåéíûì çàäà÷àì, îòìåòèì, ÷òî Êðåéí è Ðóòìàí ñìîãëè îñëàáèòü
òðåáîâàíèÿ ê ëèíåéíîìó îïåðàòîðó A â (8) è (9), çàìåíèâ ïîëíóþ íåïðåðûâíîñòü � íåïðåðûâíîñòüþ
â ñëàáîé òîïîëîãèè äëÿ ñëó÷àÿ, êîãäà ïðîñòðàíñòâî E � ðåôëåêñèâíî [Êðåéí, Ðóòìàí, 1948; Òåî-
ðåìà 4.1]. Ýòî ñòàëî âîçìîæíûì áëàãîäàðÿ ââåäåíèþ â ñîïðÿæ¼ííîå ïðîñòðàíñòâî E∗ òîïîëîãèè,
ïîðîæä¼ííîé ñèñòåìîé îêðåñòíîñòåé Uε(f0) âèäà

Uε(f0) = {f ∈ E∗ : |f(xi)− f0(xi)| < ε; i = 1, 2, ..., n} ,

ãäå f0 ∈ E∗, è ïðèìåíåíèþ òåîðåìû Òèõîíîâà17 î íåïîäâèæíîé òî÷êå [Tychono�, 1935] ñ ó÷¼òîì òîãî,
÷òî âñÿêàÿ çàìêíóòàÿ ñôåðà â E∗ ïðåäñòàâëÿåò ñîáîé áèêîìïàêò â óêàçàííîé (ñëàáîé) òîïîëîãèè.

Íåëèíåéíûé îïåðàòîðíûé àíàëîã òåîðåìû Åíò÷à áûë äîêàçàí Ðóòìàíîì äëÿ ïîëîæèòåëüíûõ
îïåðàòîðîâ, óäîâëåòâîðÿþùèõ óñëîâèþ ìîíîòîííîñòè18

x � y ⇒ Ax � Ay forallx, y ∈ K (10)

è îãðàíè÷åíèå íà ðîñò çíà÷åíèé îïåðàòîðà A âäîëü íåêîòîðîãî ëó÷à âíóòðè êîíóñà:

∃ (u ∈ K; c > 0, ε > 0) [A(tu) � ctu] ∀ (t ∈ [0, ε]). (11)

Â îäíîìåðíîì ñëó÷àå óñëîâèå Ðóòìàíà (11) äîïóñêàåò ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ (ñì. ðèñ. 2,
v = tu).

Òðåáîâàíèÿ (10)-(11) ê íåëèíåéíîìó îïåðàòîðó A ïîçâîëèëè Ðóòìàíó ñäåëàòü çàêëþ÷åíèå î òîì,
÷òî ïðè èõ âûïîëíåíèè çàäà÷à (9) âñåãäà èìååò ïîëîæèòåëüíîå ðåøåíèå (λ > 0, x ∈ K), ïðè÷¼ì
íîðìà ýëåìåíòà x ìîæåò âûáðàíà ïðîèçâîëüíî [Êðåéí, Ðóòìàí, 1948; ñ. 92].

Ñ êîíóñíîé òåìàòèêîé áûë õîðîøî çíàêîì è äðóãîé ó÷åíèê Ì. Ã. Êðåéíà, Ìàðê Àëåêñàíäðîâè÷
Êðàñíîñåëüñêèé, ðàáîòàâøèé âìåñòå ñ Êðåéíîì â Èíñòèòóòå Ìàòåìàòèêè ÀÍ ÓÑÑÐ ñ 1947 ïî 1952
ã. [Áîãîëþáîâ, Èøëèíñêèé, Êàíòîðîâè÷, 1981]. Â òî âðåìÿ Êðàñíîñåëüñêèé ðàçðàáàòûâàë òîïîëîãè-
÷åñêèå ìåòîäû òåîðèè íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé, è òåîðèÿ ïîëîæèòåëüíûõ îïåðàòîðîâ
âõîäèëà â êðóã åãî íàó÷íûõ èíòåðåñîâ [Êðàñíîñåëüñêèé, 1951].

Ïîìèìî ñåìèíàðîâ Êðåéíà ïî ôóíêöèîíàëüíîìó àíàëèçó, îí ïîñåùàë òàêæå ñåìåíàðû Í. Í.
Áîãîëþáîâà è Í. Ì. Êðûëîâà ïî íåëèíåéíîé ìåõàíèêå. Îòïðàâíûìè ïóíêòàìè èññëåäîâàíèé Êðàñ-
íîñåëüñêîãî ÿâëÿëèñü óïîìÿíóòûé âûøå ðåçóëüòàò Óðûñîíà19, à òàêæå çàäà÷à îá îïðåäåëåíèè ôîðì
ïîòåðè óñòîé÷èâîñòè øàðíèðíî-îï¼ðòîãî ñòåðæíÿ ïåðåìåííîé æ¼ñòêîñòè, ñâîäÿùàÿñÿ ê óðàâíåíèþ
Óðûñîíà (4)-(5).

15Â 1947 ã. ïî ýòîé òåìå âûøëà ñîâìåñòíàÿ ðàáîòà àêàäåìèêà Í. Í. Áîãîëþáîâà è ìëàäøåãî áðàòà Ì. Ã. Êðåéíà �
Ñåëèàì Êðåéíà [Áîãîëþáîâ, Êðåéí, 1947].

16Ýòà ñòàòüÿ âîøëà â ¾çîëîòîé ôîíä¿ äîñòèæåíèé îòå÷åñòâåííîé ìàòåìàòèêè.
17Åñëè X � âûïóêëûé áèêîìïàêò, â ëîêàëüíî-âûïóêëîì ëèíåéíîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå, òî ïðè íåïðå-

ðûâíîì îòîáðàæåíèè X â ñåáÿ ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà.
18Â íåðàâåíñòâå (10) x � y ðàâíîñèëüíî òîìó, ÷òî x−y ∈ K. Òåì ñàìûì â ïðîñòðàíñòâî E ââîäèòñÿ óïîðÿäî÷èâàíèå.
19Ê òîìó âðåìåíè áûë îïóáëèêîâàí ñáîðíèê òðóäîâ Óðûñîíà [Óðûñîí, 1951], è Êðàñíîñåëüñêèé áûë îäíèì èç

ïåðâûõ, êòî îáðàòèë äîëæíîå âíèìàíèå íà åãî ñòàòüþ ïî íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèÿì.
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Ðèñ. 2. Ãåîìåòðè÷åñêèé ñìûñë óñëîâèÿ Ðóòìàíà � ñóùåñòâîâàíèå ïåðåñå÷åíèÿ âîãíóòîé ôóíêöèè
ñ íàêëîííîé ïðÿìîé

Fig.2. The geometric meaning of the Rutman condition is the intersection of a concave function with

an oblique line

7. Âêëàä Ì. À. Êðàñíîñåëüñêîãî â òåîðèþ ïîëîæèòåëüíûõ îïåðàòîðîâ: 1950-å �
1960-å ãã.

... Ñîçäàíèå è ðàçâèòèå òåîðèè êîíóñîâ âî ìíîãîì ñâÿçàíî

ñ íàó÷íîé äåÿòåëüíîñòüþ Ì. À. Êðàñíîñåëüñêîãî, êîòîðîìó

ïðèíàäëåæèò ñåðèÿ ÿðêèõ ðåçóëüòàòîâ, ñîñòàâëÿþùèõ

êàðêàñ òåîðèè, ñëóæàùèõ èñòî÷íèêîì å¼ ðîñòà âøèðü è âãëóáü20.

Êðàñíîñåëüñêèé íå îãðàíè÷èëñÿ ïðèìåíåíèåì òåîðèè êîíóñîâ ê äîêàçàòåëüñòâó òåîðåì ñóùå-
ñòâîâàíèÿ ðåøåíèé óðàâíåíèé âèäà (9). Îí ñòàë ðàññìàòðèâàòü ýòó òåîðèþ, êàê äîïîëíèòåëüíóþ
âîçìîæíîñòü (íàðÿäó ñ âàðèàöèîííûìè ìåòîäàìè, òåîðèåé âåòâëåíèÿ è òåîðèåé ñòåïåíè îòîáðàæå-
íèÿ) äëÿ èçó÷åíèÿ êà÷åñòâåííûõ ñâîéñòâ ðåøåíèé óðàâíåíèÿ (9) äëÿ íåëèíåéíûõ îïåðàòîðîâ A.

Äëÿ äàëüíåéøåãî öåëåñîîáðàçíî âûäåëèòü îñíîâíûå ëèíèè ðàçâèòèÿ òåîðèè êîíóñîâ â ðàáîòàõ
Êðàñíîñåëüñêîãî äî êîíöà 1960-õ ãã.:

1. Ââåäåíèå â ðàñìîòðåíèå ìîíîòîííûõ ìèíîðàíò.

2. Ïîëó÷åíèå àíàëîãîâ óòâåðæäåíèé òåîðèè Óðûñîíà.

3. Ïðîâåðêà òåîðèè êîíóñîâ íà ìîäåëüíûõ çàäà÷àõ íåëèíåéíîé ìåõàíèêè.

4. Ñîâìåùåíèå ìåòîäîâ òåîðèè êîíóñîâ ñ äðóãèìè ìåòîäàìè íåëèíåéíîãî àíàëèçà.

5. Ðàñøèðåíèå è óãëóáëåíèå òåîðèè êîíóñîâ.

6. Âûõîä íà ïðèëîæåíèÿ.

Ïåðåéä¼ì ê ëèíèè 1. Òåîðåìà Ðóòìàíà èìåëà îãðàíè÷åííóþ îáëàñòü ïðèìåíåíèÿ: ïîëîæèòåëü-
íûå îïåðàòîðû, óäîâëåòâîðÿþùèå å¼ óñëîâèÿì, îáÿçàòåëüíî äîëæíû áûòü ìîíîòîííûìè. Ïîíÿòíî,
÷òî â îáùåì ñëó÷àå íåëèíåéíîñòü íå îáÿçàíà áûòü ìîíîòîííîé (íàïðèìåð, åñëè ÿäðî èìååò âèä
K(s, u) ≡ s · sin(u)) è çäåñü íóæåí êàêîé-òî äðóãîé èíñòðóìåíò äëÿ èññëåäîâàíèé.

Ïîäñêàçêà äëÿ âûõîäà èç ïîëîæåíèÿ íàøëàñü â ñòàòüå Óðûñîíà [Óðûcîí, 1951, ñ. 239], êîòî-
ðûé ââ¼ë â ðàññìîòðåíèå ôóíêöèè P (x, s) è Q(x, s) (ÿäðà ëèíåéíûõ îïåðàòîðîâ), óäîâëåòâîðÿþùèå
ñëåäóþùèì óñëîâèÿì

P (x, s) > Ky(x, s, y) > Q(x, s). (12)

Ñ ïîìîùüþ ýòèõ ÿäåð (à, ñëåäîâàòåëüíî, è ñîîòâåòñòâóþùèõ îïåðàòîðîâ), è ïðîâîäèëàñü îöåíêà
ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà (5). Îöåíêè (12) ñêîðåå âñåãî è ïîìîãëè Êðàñíîñåëüñêîìó ñôîð-
ìóëèðîâàòü ïîíÿòèå ìîíîòîííîé ìèíîðàíòû21 B íåëèíåéíîãî îïåðàòîðà A [Êðàñíîñåëüñêèé, 1951],
êàê îïåðàòîðà, óäîâëåòâîðÿþùåãî óñëîâèÿì òåîðåìû Ðóòìàíà è íåðàâåíñòâó

Ax � Bx.

Ïðè ýòîì â êà÷åñòâå ìèíîðàíòû B îêàçàëîñü óäîáíûì èñïîëüçîâàòü ëèíåéíûé ïîëîæèòåëüíûé22

îïåðàòîð. Ïîçæå ïðèøëî ïîíèìàíèå òîãî, ÷òî â ðÿäå ñëó÷àåâ äëÿ B ïîäõîäèò ñèëüíàÿ ïðîèçâîäíàÿ
ïî êîíóñó â íóëå îïåðàòîðà A [Êðàñíîñåëüñêèé, 1962; ñ. 119].

20Öèò. ïî ïðåäèñëîâèþ ê êíèãå [Îïîéöåâ, Õóðîäçå, 1984].
21Ïîíÿòèå îïåðàòîðíîé ìèíîðàíòû áûëî âïåðâûå, ïî-âèäèìîìó, äàíî Ô. Ðèññîì [Riesz, 1928; p.144].
22Êðàñíîñåëüñêèé óïðîñòèë ïîíÿòèå ïîëîæèòåëüíîãî îïåðàòîðà, îñòàâèâ äëÿ íåãî òîëüêî îäíî óñëîâèå: AK ⊂ K.
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Äëÿ äàëüíåéøåãî ðàññìîòðåíèÿ Êðàñíîñåëüñêîìó îêàçàëîñü óäîáíûì óòî÷íèòü ïîíÿòèå âïîëíå
ïîçèòèâíîãî îïåðàòîðà, äàííîãî Ðóòìàíîì (ñì. âûøå).

Ëèíåéíûé ïîëîæèòåëüíûé îïåðàòîð A áûë íàçâàí Êðàñíîñåëüñêèì u0-îãðàíè÷åííûì
23, åñëè

ñóùåñòâóåò òàêîé (íåíóëåâîé) ýëåìåíò êîíóñà u0 ∈ K, ÷òî íåêîòîðàÿ ñòåïåíü îïåðàòîðà A
ïåðåâîäèò ïðîèçâîëüíûé ýëåìåíò êîíóñà u âíóòðü ¾êîíóñíîãî îòðåçêà¿ [αu0, βu0]:

∃ (u0 ∈ K,u0 6= θ)∀ (u ∈ K,u 6= θ)∃ (n ∈ N;α, β > 0) [βu0 � Anu � αu0]. (13)

Ñâîéñòâà u0-îãðàíè÷åííîãî îïåðàòîðà ïîìîãëè äîêàçàòü àíàëîã Óðûñîíîâñêîé òåîðåìû î ñïåêòðå24,
ïðè óñëîâèè, ÷òî ñèñòåìà (12) çàìåíÿåòñÿ íà ñèñòåìó

Pϕ � Aϕ � Qϕ, ϕ ∈ K, (14)

ãäå P,Q: u0 � îãðàíè÷åíû è âïîëíå íåïðåðûâíû [Êðàñíîñåëüñêèé, Ëàäûæåíñêèé, 1954, ñ. 329].
Â ÷àñòíîñòè, äëÿ îïåðàòîðà Óðûñîíà â êà÷åñòâå P ïîäîø¼ë îïåðàòîð

Pϕ(x) =

b∫
a

Ky(x, y, 0)ϕ(y)dy, (15)

à â êà÷åñòâå Q � îïåðàòîð

Qϕ(x) =

b∫
a

lim
u→∞

(
K(x, y, u)

u

)
ϕ(y)dy. (16)

[Êðàñíîñåëüñêèé, Ëàäûæåíñêèé, 1959, ñ. 121].
Ïåðåêëþ÷èìñÿ íà ëèíèþ 2. Ïðè èññëåäîâàíèè íåîòðèöàòåëüíîé ðàçðåøèìîñòè íåîäíîðîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ

y(x) =

∫ b

a

K(x, s, y(s))ds+ f(x)

Óðûñîí íàëîæèë íåêîòîðûå îãðàíè÷åíèÿ íà ÿäðî K(x, s, y), îñíîâíûìè èç êîòîðûõ ÿâëÿþòñÿ ïðåä-
ïîëîæåíèÿ î ïîëîæèòåëüíîñòè ïðîèçâîäíîé Ky(x, s, y) è å¼ óáûâàíèè ïðè âîçðàñòàíèè y [Óðûñîí,
1923, ñ. 238]. Ïî ñóòè, òðåáîâàíèÿ Óðûñîíà çàêëþ÷àëèñü â ïðåäïîëîæåíèè âîãíóòîñòè ôóíêöèè
h(y) = K(x, s, y).

Ðàçâèâàÿ ýòó èäåþ â ðàìêàõ òåîðèè êîíóñîâ, Êðàñíîñåëüñêèé è Ëàäûæåíñêèé ïîëó÷èëè àíà-
ëîãè÷íûå ðåçóëüòàòû äëÿ àáñòðàêòíûõ îïåðàòîðíûõ óðàâíåíèé [Êðàñíîñåëüñêèé, Ëàäûæåíñêèé,
1959]. Ïðè ýòîì âìåñòî îáû÷íîé âîãíóòîñòè èìè áûëà îïðåäåëåíà è èñïîëüçîâàíà òàê íàçûâàåìàÿ
u0-âîãíóòîñòü.

Ïîëîæèòåëüíûé îïåðàòîð A áûë íàçâàí u0-âîãíóòûì, åñëè îí ìîíîòîíåí, ïåðåâîäèò ïðîèçâîëü-
íûé ýëåìåíò êîíóñà u âíóòðü êîíóñíîãî îòðåçêà [αu0, βu0] è ðîñò åãî çíà÷åíèé âäîëü âñåõ ëó÷åé,
ëåæàùèõ â êîíóñå, õàðàêòåðèçóåòñÿ ñïåöèàëüíûì îáðàçîì:

∀x ∈ K(x � γu0, γ > 0)∀ [α, β] ⊂ (0, 1)∃ η > 0 :

A(tx) � (1 + η)tAx, t ∈ [a, b].

Ïðè òàêîì îïðåäåëåíèè îïåðàòîð Óðûñîíà A0 îêàçàëñÿ u0-âîãíóòûì äëÿ u0 ≡ 1 â êîíóñàõ íåîòðè-
öàòåëüíûõ ôóíêöèé ïðîñòðàíñòâ C[a, b] è Lp[a, b].

Ïîñêîëüêó îñíîâíûì ìåòîäîì, èñïîëüçóåìûì Óðûñîíîì â óïîìÿíóòîé âûøå ðàáîòå [Óðûñîí,
1923], ÿâëÿëñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, åñòåñòâåííî áûëî îñóùåñòâèòü åãî ðàçâèòèå
â ðàìêàõ òåîðèè êîíóñîâ. Êðîìå òîãî, ýòîò âîïðîñ èìååò âàæíîå ïðàêòè÷åñêîå çíà÷åíèå. Ñîîòâåò-
ñòâóþùèé ðåçóëüòàò áûë ïîëó÷åí Êðàñíîñåëüñêèì âìåñòå ñ Áàõòèíûì â 1958 ã. [Áàõòèí, Êðàñíî-
ñåëüñêèé, 1958]:

Ïóñòü óðàâíåíèå Ax = x ñ u0-âîãíóòûì îïåðàòîðîì A èìååò â êîíóñå K íåíóëåâîå ðåøåíèå x∗.
Òîãäà ïîñëåäîâàòåëüíîñòü xn = Axn−1 ñõîäèòñÿ ïî u0-íîðìå

25 ê x∗ ïðè ëþáîì âûáîðå íà÷àëüíîãî
ïðèáëèæåíèÿ x0 ∈ K.

Òàêèì îáðàçîì, îáñóæäàåìûé ìåòîä îêàçàëñÿ ñõîäÿùèìñÿ íå òîëüêî ïðè ëþáîì âûáîðå íà÷àëü-
íîãî ïðèáëèæåíèÿ, íî è áåç ïðåäïîëîæåíèÿ î íåïðåðûâíîñòè îïåðàòîðà A.

23Âïîëíå ïîçèòèâíûå îïåðàòîðû ìîãóò ñëóæèòü ïðèìåðîì u0-îãðàíè÷åííûõ îïåðàòîðîâ, ãäå u0 � ëþáîé âíóòðåííèé
ýëåìåíò êîíóñà [Êðàñíîñåëüñêèé, Ëàäûæåíñêèé, 1954, ñ. 326].

24Ïîçèòèâíûé ñïåêòð A ïðèíàäëåæèò îòðåçêó [λQ, λP ], ãäå λP , λQ � ïîëîæèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ
îïåðàòîðîâ P è Q, êîòîðûì ñîîòâåòñòâóþò ïîëîæèòåëüíûå ñîáñòâåííûå âåêòîðû.

25Ïî îïðåäåëåíèþ, ‖x‖u0 = min
−αu0�x�αu0

α . Èç ñõîäèìîñòè ïî u0-íîðìå âûòåêàåò îáû÷íàÿ ñõîäèìîñòü; îáðàòíîå

íåâåðíî [Áàõòèí, Êðàñíîñåëüñêèé, 1958, ñ. 18-19].
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Ïðèìåíåíèå äàííîé òåîðåìû ê óðàâíåíèþ Óðûñîíà ïðèâîäèò ê ñëåäóþùåìó (íåîæèäàííîìó)
ðåçóëüòàòó: â óñëîâèÿõ ñóùåñòâîâàíèÿ ïîëîæèòåëüíîãî ðåøåíèÿ ó óðàâíåíèÿ (4) ê ýòîìó ðåøåíèþ
ðàâíîìåðíî ñõîäÿòñÿ ïðèáëèæåíèÿ

yn(t) = µ

∫ b

a

K(t, s, yn−1(s))ds n = 1, 2, ...

äëÿ ëþáîé íåîòðèöàòåëüíîé ôóíêöèè yn(t), íå ðàâíîé íóëþ òîæäåñòâåííî [Áàõòèí, Êðàñíîñåëü-
ñêèé, 1961, c. 319].

Ðèñ. 3. Ïðîäîëüíûé èçãèá ñòåðæíÿ ñîñðåäîòî÷åííîé ñèëîé

Fig. 3. Longitudinal bending of the rod by concentrated force

Î÷åðåäíàÿ âåòâü ðàçâèòèÿ òåîðèè êîíóñîâ îòíîñèòñÿ ê èññëåäîâàíèþ ôîðì ïîòåðè óñòîé÷èâîñòè
øàðíèðíî-îï¼ðòîãî ñòåðæíÿ ïåðåìåííîé æ¼ñòêîñòè [Áàõòèí, Êðàñíîñåëüñêèé, 1955]. Îêàçàëîñü, ÷òî
íåëèíåéíûé èíòåãðàëüíûé îïåðàòîð, âîçíèêàþùèé ïðè îïèñàíèè ôîðìû ïðîãèáà ñòåðæíÿ (ñì. ðèñ.
3):

ϕ(s) = λρ(s)

∫ 1

0

K(s, t)ϕ(t)dt

√
1−

[ ∫ 1

0

K ′s(s, t)ϕ(t)dt

]2

, (17)

íå îáëàäàåò ñâîéñòâîì u0-âîãíóòîñòè. Ýòî ïîñëóæèëî ñòèìóëîì äëÿ îòûñêàíèÿ áîëåå øèðîêîãî
êëàññà îïåðàòîðîâ, êîòîðûå ñîäåðæàëè áû êëàññ u0-âîãíóòûõ îïåðàòîðîâ è äëÿ êîòîðûõ áûëà áû
ñïðàâåäëèâîé ðàçâèòàÿ ðàíåå òåîðèÿ. Òàêèå îïåðàòîðû áûëè íàéäåíû26 Êðàñíîñåëüñêèì [Êðàñíî-
ñåëüñêèé, 1956, ñ. 288]; îíè áûëè íàçâàíû u0-ìîíîòîííûìè.

Îïåðàòîð A u0-ìîíîòîíåí, åñëè îí âîãíóò è ϕ1 � ϕ2 ⇒ ∃ (α > 0)[Aϕ1 −Aϕ2 � αu0].
Ïîëó÷åííûå ðåçóëüòàòû Êðàñíîñåëüñêîìó è Áàõòèíó ïîçâîëèëè ñäåëàòü ðÿä âûâîäîâ î òîì, êàê

ìåíÿåòñÿ ôîðìà ïîòåðè óñòîé÷èâîñòè ñòåðæíÿ ïðè èçìåíåíèè íàãðóçêè íà íåãî [Áàõòèí, Êðàñíî-
ñåëüñêèé, 1955, ñ. 623]:

Òåîðåìà. Îïåðàòîð A1 èç (17) u0-ìîíîòîíåí, u0 = ρ(s)(1 − s). Êðèòè÷åñêèå ñèëû â çàäà÷å î
ïðîäîëüíîì èçãèáå ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè ëèíåéíîãî îïåðàòîðà

ϕ(s) = λρ(s)

∫ 1

0

K(s, t)ϕ(t)dt.

Áîëüøåé îáùíîñòè óäàëîñü äîñòèãíóòü ïðè ââåäåíèè äâóõ êîíóñîâ â ïðîñòðàíñòâà Áàíàõà: K
è K1 (K ⊂ K1), îäèí èç êîòîðûõ � ¾øèðîêèé¿ � ââîäèëñÿ äëÿ îïðåäåëåíèÿ ïîëîæèòåëüíîñòè,
à âòîðîé � ¾óçêèé¿ � äëÿ îïðåäåëåíèÿ ìîíîòîííîñòè. Ýòî, ïîìèìî ïðî÷åãî, ïîçâîëèëî Áàõòèíó
ââåñòè íîâûé êëàññ âîãíóòûõ îïåðàòîðîâ ({K1, u0} � âîãíóòûå îïåðàòîðû), êîòîðûå ñîäåðæàëè u0-
âîãíóòûå è u0-ìîíîòîííûå îïåðàòîðû, êàê ÷àñòíûé ñëó÷àé [Áàõòèí, 1957; ñ. 13], íî äëÿ êîòîðûõ
îñòàâàëèñü ñïðàâåäëèâûìè âñå óòâåðæäåíèÿ òåîðèè Óðûñîíà.

Ïåðåéä¼ì òåïåðü ê ëèíèè 4. Íà îäíîé èç ñòàäèé äîêàçàòåëüñòâà ñõîäèìîñòè ìåòîäà ïîñëåäîâà-
òåëüíûõ ïðèáëèæåíèé Óðûñîí èñïîëüçîâàë íåðàâåíñòâî [Óðûñîí, 1923; ñ. 238�239]∫ b

a

K(x, s, ϕ(s))ds ≤ CK ′y(x, ξ, 0), ξ ∈ (a, b); C = Const. (18)

Îíî áûëî âçÿòî íà çàìåòêó ïðè ðàçâèòèè Ì.À. Êðàñíîñåëüñêèì òåîðèè êîíóñîâ. Òàê êàê â (18)
ïðèñóòñòâóåò ïðîèçâîäíàÿ ÿäðà íåëèíåéíîãî îïåðàòîðàA0, òî îæèäàåìî èñïîëüçîâàíèå îïåðàòîðíîé

26Ýòî ïðîèçîøëî, ïî-âèäèìîìó, â ïðîöåññå äîêàçàòåëüñòâà îáû÷íîé ìîíîòîííîñòè îïåðàòîðà A1, ñòîÿùåãî â ïðàâîé
÷àñòè ðàâåíñòâà (17).
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ïðîèçâîäíîé äëÿ îáîáùåíèÿ (18) è óòî÷íåíèÿ îöåíêè îïåðàòîðà A â íåðàâåíñòâå (14). Ýòî óòî÷íåíèå
áûëî âûïîëíåíî ñ ïîìîùüþ ñèëüíîé ïðîèçâîäíîé Ôðåøå ïî êîíóñó [Êðàñíîñåëüñêèé, Ëàäûæåíñêèé,
1954, ñ. 330]:

Pϕ = A′(θ)ϕ; Qϕ = A′(∞)ϕ,

ãäå îïåðàòîð P óäîâëåòâîðÿåò óñëîâèþ

lim
‖ϕ‖→0

‖ Aϕ− Pϕ ‖
‖ ϕ ‖

= 0,

à îïåðàòîð Q � óñëîâèþ

lim
‖ϕ‖→∞

‖ Aϕ−Qϕ ‖
‖ ϕ ‖

= 0. (19)

Óñëîâèå (19) áûëî íàçâàíî óñëîâèåì àñèìïòîòè÷åñêîé ëèíåéíîñòè îïåðàòîðà A.
Íàïðèìåð, äëÿ îïåðàòîðà Óðûñîíà ïðîèçâîäíàÿ Ôðåøå â íóëå � ýòî îïåðàòîð, çàäàííûé ðà-

âåíñòâîì (15); àñèìïòîòè÷åñêàÿ ïðîèçâîäíàÿ íà áåñêîíå÷íîñòè � îïåðàòîð, çàäàííûé ðàâåíñòâîì
(16).

Òåïåðü ìîæíî ñêàçàòü îá èñïîëüçîâàíèè îïåðàòîðíûõ ïðîèçâîäíûõ ïðè èññëåäîâàíèè ñïåêòðàëü-
íûõ ñâîéñòâ íåëèíåéíûõ îïåðàòîðîâ. Îêàçàëîñü, ÷òî äëÿ u0-âîãíóòûõ îïåðàòîðîâ ñïðàâåäëèâà òåî-
ðåìà î òîïîëîãè÷åñêîé ñòðóêòóðå ñïåêòðà [Êðàñíîñåëüñêèé, Ëàäûæåíñêèé, 1954, ñ. 331; 338]:

Ïóñòü A � u0-âîãíóòûé, âïîëíå íåïðåðûâíûé îïåðàòîð, àñèìèïòîòè÷åñêè áëèçêèé ê ëèíåéíî-
ìó u0-îãðàíè÷åííîìó îïåðàòîðó Q è èìåþùèé â òî÷êå θ ñèëüíóþ ïðîèçâîäíóþ Ôðåøå P , ÿâëÿþ-
ùóþñÿ u0-îãðàíè÷åííûì îïåðàòîðîì.

Òîãäà ïîçèòèâíûé ñïåêòð îïåðàòîðà A ïîëíîñòüþ çàïîëíÿåò èíòåðâàë (λP , λQ). Êðîìå òî-
ãî, ïîëîæèòåëüíûå ñîáñòâåííûå âåêòîðû îïåðàòîðà A îáðàçóþò íåïðåðûâíóþ âåòâü, âûõîäÿùóþ
èç θ è óõîäÿùóþ â áåñêîíå÷íîñòü 27, ïðè÷¼ì êàæäîìó ñîáñòâåííîìó çíà÷åíèþ îïåðàòîðà A èç
ïîçèòèâíîãî ñïåêòðà ñîîòâåòñòâóåò åäèíñòâåííûé ïîëîæèòåëüíûé ñîáñòâåííûé âåêòîð v 6= θ.

Ïðè ðàññìîòðåíèè âîïðîñà î ïîëîæèòåëüíûõ ðåøåíèÿõ óðàâíåíèé ñ îïåðàòîðàìè, çàâèñÿùèìè
îò ïàðàìåòðà, íàèáîëåå åñòåñòâåííûì ÿâëÿåòñÿ ïðèìåíåíèå òîïîëîãè÷åñêèõ ìåòîäîâ, â òîì ÷èñëå
ïðèíöèïà òîïîëîãè÷åñêîãî ïðîäîëæåíèÿ. Çäåñü Êðàñíîñåëüñêèé èñïîëüçîâàë ðàíåå ðàçðàáîòàííóþ
èì òåîðèþ âðàùåíèÿ âåêòîðíûõ ïîëåé â áàíàõîâûõ ïðîñòðàíñòâàõ [Êðàñíîñåëüñêèé, 1956; Ãë. II].
Ýòî ïîçâîëèëî, â ÷àñòíîñòè, ñðàâíèòåëüíî ïðîñòî äîêàçàòü ðàçðåøèìîñòü óðàâíåíèÿ

x = A(x, µ) (20)

è òåîðåìó î òîì, ÷òî ðåøåíèÿ óðàâíåíèÿ (20) îáðàçóþò íåïðåðûâíóþ âåòâü ïðè óñëîâèÿõ ñóùå-
ñòâîâàíèÿ ñèëüíûõ ïðîèçâîäíûõ A′(θ, µ) è A′(∞, µ) [Êðàñíîñåëüñêèé, 1956, Ãë. V, �2], à òàêæå
èññëåäîâàòü áèôóðêàöèîííîå çíà÷åíèå ïàðàìåòðà µ â (20).

Êðîìå òîãî, ìåòîä Áàõòèíà-Êðàñíîñåëüñêîãî ïîçâîëèë ïîëó÷èòü ìàëûå íåíóëåâûå ðåøåíèÿ x(λ)
óðàâíåíèÿ

λAx = x

ïðè λ ≈ λ0 (λ > λ0), êàê ïðåäåë ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

xn(λ) = µAxn−1(λ) n = 1, 2, ...

[Áàõòèí, Êðàñíîñåëüñêèé, 1961, c. 329], ãäå µ íàõîäèòñÿ â îêðåñòíîñòè λ.
Ïåðåéä¼ì ê ëèíèè 5. Ïðèìåíÿåìûå Êðàñíîñåëüñêèì òîïîëîãè÷åñêèå ìåòîäû (ñì. âûøå) âîñõî-

äÿò ê ïîëüñêîìó ìàòåìàòèêó Þëèóøó Øàóäåðó [Schauder, 1930] è ãîëëàíäñêîìó ó÷¼íîìó Ë¼éò-
çåíó Áðàóýðó [Brouwer, 1911]. Èõ èäåè áûëè ðàçâèòû Êðàñíîñåëüñêèì â åãî ïåðâîé ìîíîãðàôèè
[Êðàñíîñåëüñêèé, 1956] è íàøëè ñâî¼ ïðîäîëæåíèå â òåîðèè êîíóñîâ â âèäå ñëåäóþùåé òåîðåìû28

[Êðàñíîñåëüñêèé, 1960; ñ. 527].
Ïóñòü âïîëíå íåïðåðûâíûé îïåðàòîð A ñæèìàåò èëè ðàñòÿãèâàåò êîíóñ K. Òîãäà A èìååò â

êîíóñå K ïî êðàéíåé ìåðå îäíó íåíóëåâóþ íåïîäâèæíóþ òî÷êó.
Òåðìèíîëîãèÿ, èñïîëüçîâàííàÿ â òåîðåìå, òðåáóåò ïîÿñíåíèÿ.
Îïåðàòîð A (Aθ = θ) ñæèìàåò êîíóñ K (ñì. ðèñ. 4), åñëè ∃ (R > 0, r > 0):

x−Ax /∈ K, x ∈ K, ‖ x ‖> R; (21)

27Ìíîæåñòâî ïîëîæèòåëüíûõ ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà A îáðàçóåò ïî îïðåäåëåíèþ íåïðåðûâíóþ âåòâü,
âûõîäÿùóþ èç θ è óõîäÿùóþ â áåñêîíå÷íîñòü, åñëè íå ïóñòî ïåðåñå÷åíèå ýòîãî ìíîæåñòâà ñ ãðàíèöåé ëþáîãî îãðà-
íè÷åííîãî îòêðûòîãî ìíîæåñòâà, ñîäåðæàùåãî θ [Êðàñíîñåëüñêèé, 1951, c. 482].

28Ñïåöèàëèñò ïî íåëèíåéíîìó àíàëèçó, ïðîôåññîð Ì.Ê. Êâîíã (ÊÍÐ), óêàçûâàåò íà òî, ÷òî äàííàÿ òåîðåìà ìîæåò
áûòü èíòåðïðåòèðîâàíà çà ðàìêàìè ìåòðè÷åñêîãî âîñïðèÿòèÿ è òåì ñàìûì ïîñòàâëåíà â îäèí ðÿä ñ òåîðåìàìè î
íåïîäâèæíîé òî÷êå Áðàóýðà è Øàóäåðà [Kwong, 2008; p.6].
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Ðèñ. 4. Ñæàòèå êîíóñà Ê

Fig. 4. Cone K compression

Ax− x /∈ K, x ∈ K, ‖ x ‖6 r. (22)

Îïåðàòîð A (Aθ = θ) ðàñòÿãèâàåò êîíóñ K (ñì. ðèñ. 5), åñëè

Ax− x /∈ K, x ∈ K, ‖ x ‖> R; (23)

x−Ax /∈ K, x ∈ K, ‖ x ‖6 r. (24)

Îòìåòèì, ÷òî íåïîñðåäñòâåííàÿ ïðîâåðêà óñëîâèé (22) è (23) ïðåäñòàâëÿåò ñîáîé ñóùåñòâåííûå
òðóäíîñòè, â òî âðåìÿ êàê ñâîéñòâà (21) è (24) ìîãóò áûòü âûâåäåíû, ê ïðèìåðó, èç ìîíîòîííî-
ñòè íîðìû [Êðàñíîñåëüñêèé,1960; ñ. 527]. Äëÿ ïðåîäîëåíèÿ ýòèõ òðóäíîñòåé Êðàñíîñåëüñêèé îïÿòü
çàäåéñòâîâàë ìåòîä ìèíîðàíò (A−) è ìàæîðàíò (A+). Èäåÿ çàêëþ÷àëàñü â òîì, ÷òî

åñëè Ax � A−x, òî [(A−x− x) /∈ K ⇒ (Ax− x) /∈ K].

Àíàëîãè÷íàÿ èìïëèêàöèÿ ñïðàâåäëèâà è äëÿ ìàæîðàíòû A+. Ýòî ïîçâîëèëî ïåðåêëþ÷èòüñÿ íà
ïðîâåðêó áîëåå ïðîñòûõ, ïî ñðàâíåíèþ ñ (22) è (23), óñëîâèé äëÿ ëèíåéíîãî, u0-îãðàíè÷åííîãî
îïåðàòîðà B [Êðàñíîñåëüñêèé,1960; ñ. 528].

Ðèñ. 5. Ðàñòÿæåíèå êîíóñà Ê

Fig. 5. Cone K extension

Íîâûé ïðèíöèï íåïîäâèæíîé òî÷êè îêàçàëîñü îñîáåííî óäîáíûì ïðèìåíÿòü äëÿ òåõ íåëèíåéíûõ
óðàâíåíèé âèäà

Ax = x, (25)

â êîòîðûõ îïåðàòîð A äèôôåðåíöèðóåì â íóëå è íà áåñêîíå÷íîñòè (ñì. ëèíèþ 4).
Ïðèâåä¼ì îäíó èç äâóõ òåîðåì (âòîðàÿ ôîðìóëèðóåòñÿ àíàëîãè÷íî).
Òåîðåìà. Ïóñòü u0-îãðàíè÷åííûé ñíèçó 29 ëèíåéíûé îïåðàòîð B óäîâëåòâîðÿåò óñëîâèþ

Bu0 � (1 + ε)u0, ãäå ε > 0. Òîãäà Bx− x /∈ K ∀x ∈ K, x 6= θ.

29Îïåðàòîð B áûë íàçâàí Êðàñíîñåëüñêèì u0-îãðàíè÷åííûì ñíèçó, êîãäà êàæäîìó x ∈ K,x 6= θ ñîîòâåòñòâóþò
òàêèå ÷èñëà p ∈ N, α ∈ R, ÷òî Bpx � αu0 [Êðàñíîñåëüñêèé, 1960; ñ. 528].
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Ïîä÷åðêí¼ì, ÷òî êîíóñíàÿ òåîðåìà î íåïîäâèæíîé òî÷êå Êðàñíîñåëüñêîãî äîïóñêàåò îáîáùåíèÿ
íà òîò ñëó÷àé, êîãäà óðàâíåíèå (14) èìååò íåñêîëüêî íåïîäâèæíûõ òî÷åê [Êðàñíîñåëüñêèé,1962; ñ.
164]. Â ÷àñòíîñòè, íàëè÷èå íåñêîëüêèõ ðåøåíèé óðàâíåíèÿ Ãàììåðøòåéíà

y(t) =

∫
Ω

K(t, s)f(s, y(s))ds

â êîíóñå íåîòðèöàòåëüíûõ ôóíêöèé ïðîñòðàíñòâà C(Ω) áóäåò âûòåêàòü (â óñëîâèÿõ ¾îáîáù¼ííîé¿
òåîðåìû î íåïîäâèæíîé òî÷êå) èç òîãî, ÷òî ôóíêöèÿ f(s, y) ñîäåðæèò ó÷àñòêè áûñòðîãî è ìåäëåí-
íîãî ðîñòà ïî y [Êðàñíîñåëüñêèé, Ñòåöåíêî, 1963; ñ. 123].

Ëèíèÿ 6 áóäåò ïðåäñòàâëåíà â êðàòêîé ôîðìå.
Ïåðå÷èñëèì íàèáîëåå èíòåðåñíûå, ñ íàøåé òî÷êè çðåíèÿ, ïðèëîæåíèÿ30 òåîðèè ïîëîæèòåëüíûõ

îïåðàòîðîâ, êîòîðûå íå áûëè óïîìÿíóòû âûøå è êîòîðûå âîøëè â ìîíîãðàôèþ Êðàñíîñåëüñêîãî
[Êðàñíîñåëüñêèé, 1962; Ãë. 7]:

1. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïîëîæèòåëüíûõ ðåøåíèé çàäà÷è Äèðèõëå
äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà â êîíóñå íåîòðèöàòåëüíûõ ôóíêöèé è èññëå-
äîâàíû íåêîòîðûå ñâîéñòâà ýòèõ ðåøåíèé äëÿ óðàâíåíèé, çàâèñÿùèõ îò ïàðàìåòðà.

2. Âûÿâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæèòåëüíûõ ðåøåíèé ó ñèñòåìû îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ïóòü ðåøåíèÿ çàäà÷è çàêëþ÷àëñÿ â íàõîæäåíèè
êîíóñîâ â ôàçîâîì ïðîñòðàíñòâå, êîòîðûå áûëè áû èíâàðèàíòíû ïî îòíîøåíèþ ê ñäâèãàì ïî
òðàåêòîðèÿì ñèñòåìû31. Âûâîä î íàëè÷èè ïåðèîäè÷åñêèõ ðåøåíèé äåëàëñÿ íà îñíîâå ñóùå-
ñòâîâàíèÿ íåïîäâèæíîé òî÷êè ïðè ñäâèãå, ñîîòâåòñòâóþùåì èçìåíåíèþ âðåìåíè íà âåëè÷èíó
ïåðèîäà ïðàâûõ ÷àñòåé ñèñòåìû.

3. Íàéäåíû óñëîâèÿ ïîëîæèòåëüíîé ðàçðåøèìîñòè äâóõòî÷å÷íîé êðàâåâîé çàäà÷è âèäà

ẍ+ f(t, x, ẋ) = 0,

x(0) = x(1) = 0

â êîíóñå íåîòðèöàòåëüíûõ ôóíêöèé, â çàâèñèìîñòè îò ñâîéñòâ ôóíêöèè f(t, u, v).

4. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ïåðèîäè÷åñêèõ ðåøåíèé àâòîíîìíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ òðåíèåì è áåç íåãî.

5. Èçó÷åí âîïðîñ î ïîëîæèòåëüíîé ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ìîíæà � Àì-
ïåðà:

rt− s2

(1 + p2 + q2)α
= f(x, y, z, p, q); (x, y, z) ∈ Ω ⊂ R3, (26)

ãäå p = zx, q = zy, r = zxx, s = zxy, t = zyy; 0 ≤ α ≤ 1.

Îñíîâíàÿ èäåÿ � ýòî îáðàùåíèå îïåðàòîðà, ñòîÿùåãî â ëåâîé ÷àñòè (26) è âûÿâëåíèå åãî ¾ïî-
ëåçíûõ¿ ñâîéñòâ â êîíóñå îãðàíè÷åííûõ íåîòðèöàòåëüíûõ ôóíêöèé.

8. Çàêëþ÷åíèå. Â ïîñëåäóþùèå ãîäû (ñåðåäèíà 1960 � êîíåö 1970-õ) èññëåäîâàíèÿ íåëèíåéíûõ
óðàâíåíèé ìåòîäàìè òåîðèè êîíóñîâ çíà÷èòåëüíî ðàñøèðèëèñü. Îòìåòèì çäåñü îòäåëüíî íàèáîëåå
âåñîìûå ðàáîòû îòå÷åñòâåííûõ ìàòåìàòèêîâ:

• îïðåäåëåíèå è èñïîëüçîâàíèå ïîíÿòèÿ âðàùåíèÿ ïîëîæèòåëüíîãî âåêòîðíîãî ïîëÿ � Ì. À. Êðàñ-
íîñåëüñêèé, Ï. Ï. Çàáðåéêî è äð. [Êðàñíîñåëüñêèé, Çàáðåéêî, 1975, Ãë. 4, �3] (1965-1975 ãã.);

• ðàçâèòèå ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ óðàâíåíèé ñ ìîíîòîííûìè è íåðàñòÿãè-
âàþùèìè îïåðàòîðàìè � Ì. À. Êðàñíîñåëüñêèé, Â. ß. Ñòåöåíêî [Êðàñíîñåëüñêèé, Ñòåöåíêî,
1969] (1965-1970 ãã.);

• ïîñòðîåíèå òåîðèè ïñåâîäîâîãíóòûõ è ãåòåðîòîííûõ îïåðàòîðîâ � Â. È. Îïîéöåâ [Îïîéöåâ,
1975; Îïîéöåâ, 1978] (âòîðàÿ ïîëîâèíà 1970-õ ãã.);

• ïîÿâëåíèå íîâûõ ðàçíîâèäíîñòåé êîíóñîâ è îïåðàòîðîâ â íèõ � È. À. Áàõòèí [Áàõòèí, 1975;
Áàõòèí, Áàõòèíà, 1976](ñåðåäèíà 1970-õ ãã.);

• ïðèëîæåíèå òåîðèè êîíóñîâ ê íåëèíåéíûì çàäà÷àì óñòîé÷èâîñòè � Â. È. Îïîéöåâ [Îïîéöåâ,
1977] (âòîðàÿ ïîëîâèíà 1970-õ ãã.)

30Èõ ñïèñîê äàëåêî íå ïîëîí (ñì., íàïðèìåð [Êðàñíîñåëüñêèé, Ðóòèöêèé, 1958, Ãë. 4, �20]).
31Ýòà òåìà ïîëó÷èëà ñâî¼ äàëüíåéøåå ðàçâèòèå â ìîíîãðàôèè [Êðàñíîñåëüñêèé, 1966].
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è íàèáîëåå èçâåñòíûå äîñòèæåíèÿ çàðóáåæíûõ ó÷¼íûõ:

• ïåðåíîñ òåîðèè êîíóñîâ â ëîêàëüíî-âûïóêëûå ïðîñòðàíñòâà � Õ.Øåôåð [Schaefer, 1958]-[Schaefer,
1960];

• äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ òð¼õ ðåøåíèé óðàâíåíèÿ Ax = x â êîíóñå Ã. Àìàí [Amann,
1972];

• îáîáùåíèå ¾êîíóñíîé òåîðåìû î íåïîäâèæíîé òî÷êå¿ Êðàñíîñåëüñêîãî � T. Áåíäæàìèí [Benja-
min, 1971] è Ð. Íóññáàóì [Nussbaum, 1973] (îñëàáëåíèå óñëîâèé íà ïðåîáðàçîâàíèå ãðàíèöû), à
òàêæå Ð. Ëåããåò è Ë. Óèëüÿìñ [Leggett, Williams, 1979] (èñïîëüçîâàíèå îáëàñòåé áîëåå îáùåãî
âèäà).

Ïîä÷åðêí¼ì, ÷òî èññëåäîâàíèÿ ïåðå÷èñëåííûõ âûøå çàïàäíûõ ìàòåìàòèêîâ (êðîìå íåìåöêîãî
ó÷¼íîãî Õåëüìóòà Øåôåðà) áûëè âûïîëíåíû ãîðàçäî ïîçæå ïåðåâîäà ìîíîãðàôèè Ì. À. Êðàñ-
íîñåëüñêîãî íà àíãëèéñêèé ÿçûê [Krasnosel'skii, 1964] è èõ àâòîðû íàõîäèëèñü, áåçóñëîâíî, ïîä å¼
âëèÿíèåì.

Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî äî êîíöà 1970-õ ãã. ñîâåòñêèå ìàòåìàòèêè îñòàâàëèñü
íà ëèäèðóþùèõ ïîçèöèÿõ â òåîðèè êîíóñîâ è ïîëîæèòåëüíûõ îïåðàòîðîâ.

Ïîäâåä¼ì èòîã, ïåðåéäÿ ê îòâåòàì íà îñòàâøèåñÿ âîïðîñû, ñôîðìóëèðîâàííûå âî ââåäåíèè:

1. Êëþ÷åâîé ìîìåíò äëÿ íà÷àëà ðàçâèòèÿ òåîðèè ïîëîæèòåëüíûõ îïåðàòîðîâ � èññëåäîâàíèÿ
Øòóðìà ìàëûõ êîëåáàíèé ìåõàíè÷åñêèõ ñèñòåì (íà÷àëî 1830-õ ãã.) è ïîÿâëåíèå òåîðåìû Ïåð-
ðîíà � Ôðîáåíèóñà î ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèÿõ ìàòðèö ñ ïîëîæèòåëüíûìè ýëå-
ìåíòàìè (êîíåö 1900-õ ãã.).

2. Îñíîâíàÿ ïðè÷èíà äëÿ âîçíèêíîâåíèÿ òåîðèè êîíóñîâ â áàíàõîâûõ ïðîñòðàíñòâàõ � èññëåäî-
âàíèÿ Ì. Ã. Êðåéíà ïî òåîðèè ìîìåíòîâ (ñåðåäèíà 1930-õ ãã.).

3. Îòïðàâíàÿ òî÷êà äëÿ íà÷àëà èññëåäîâàíèé íåëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðîâ � äîêà-
çàòåëüñòâî òåîðåìû Ïåððîíà � Ôðîáåíèóñà òîïîëîãè÷åñêèìè ìåòîäàìè, âîñõîäÿùèìè ê Ë. Áðàó-
ýðó (Ï. Ñ. Àëåêñàíäðîâ, Õ. Õîïô � 1935 ã.).

4. Îáîñîáëåíèå òåîðèè ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðîâ ïðîèçîøëî ïîñëå îïóáëèêîâàíèÿ
Ì. Ã. Êðåéíîì è Ì. À. Ðóòìàíîì ñèñòåìîîáðàçóþùåé ñòàòüè â æóðíàëå ÓÌÍ (1948 ã.).

5. Ïåðåëîìíûé ïóíêò â ðàçâèòèè òåîðèè ïîëîæèòåëüíûõ îïåðàòîðîâ � å¼ ïðåâðàùåíèå â èí-
ñòðóìåíò êà÷åñòâåííîãî èññëåäîâàíèÿ îïåðàòîðíûõ óðàâíåíèé (Ì. À. Êðàñíîñåëüñêèé, 1950-å
ãã.).

6. Îêàçàëîñü, ÷òî òåîðèÿ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðîâ ÿâëÿåòñÿ ôóíäàìåíòîì äëÿ
ðàçâèòèÿ íåëèíåéíîé òåîðèè, ïîñêîëüêó
à) â íåëèíåéíîì àíàëèçå èñïîëüçóþòñÿ îïåðàòîðû, ïðåäñòàâëÿþùèå ñîáîé êîìïîçèöèþ ëèíåé-
íûõ è íåëèíåéíûõ îïåðàòîðîâ;
á) ëèíåéíûå îïåðàòîðû óäîáíî èñïîëüçîâàòü â êà÷åñòâå ìèíîðàíò è ìàæîðàíò;
â) ëèíåéíûå îïåðàòîðû íåèçáåæíî âîçíèêàþò ïðè îïðåäåëåíèè îïåðàòîðíûõ ïðîèçâîäíûõ.

7. Çà 25 ëåò ñâîåãî ðàçâèòèÿ (1945-1970 ãã.) òåîðèÿ êîíóñîâ îáîãàòèëà ôóíêöèîíàëüíûé àíàëèç
çà ñ÷¼ò ïîÿâëåíèÿ íîâûõ

• ôóíêöèîíàëüíûõ ïðîñòðàíñòâ;
• òèïîâ îïåðàòîðîâ è ôóíêöèîíàëîâ;
• òåîðåì î íåïîäâèæíîé òî÷êå;

• ìåòîäîâ èññëåäîâàíèÿ ñïåêòðàëüíûõ ñâîéñòâ îïåðàòîðîâ;
• ïðèìåíåíèé ïðîèçâîäíûõ îïåðàòîðîâ;
• ìîäèôèêàöèé è ïðèìåíåíèé ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Â çàêëþ÷åíèå õîòåëîñü áû îòìåòèòü, ÷òî èíòåðåñ ê èññëåäîâàíèÿì â îáñóæàåìîé îáëàñòè äî ñèõ
ïîð íå îñëàáåë êàê â Ðîññèè (ñì., íàïðèìåð, [Êóáåêîâà, 2001], [Äîðîõîâ, 2009]), òàê è çà ðóáåæîì
([Wang, 2003], [Webb, 2010]). Ïî-âèäèìîìó, ýòà òåíäåíöèÿ áóäåò ñîõðàíÿòüñÿ è äàëüøå.

Áëàãîäàðíîñòü. Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü ïðîôåññîðó Ð. Ð. Ìóõèíó (ÑÒÈ ÍÈÒÓ
ÌÈÑÈÑ, ã. Ñòàðûé Îñêîë) çà ïîëåçíûå ñîâåòû; ó÷àñòíèêàì XXV Ãîäè÷íîé íàó÷íîé êîíôåðåíöèè
ÈÈÅÒ ÐÀÍ èì. Ñ. È. Âàâèëîâà, XVI ìåæäóíàðîäíîé êîíôåðåíöèè ¾Àëãåáðà, òåîðèÿ ÷èñåë è
äèñêðåòíàÿ ãåîìåòðèÿ: ñîâðåìåííûå ïðîáëåìû, ïðèëîæåíèÿ è ïðîáëåìû èñòîðèè¿ è Âîðîíåæñêîé
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çèìíåé ìàòåìàòè÷åñêîé øêîëå Ñ. Ã. Êðåéíà � 2020 çà âíèìàíèå ê ðàáîòå è å¼ îáñóæäåíèå, à
òàêæå Â. Ï. Áîãàòîâîé çà ïåðåâîä ïåðâîèñòî÷íèêîâ ñ íåìåöêîãî ÿçûêà è ïîìîùü â äîñòóïå ê
îðèãèíàëüíûì ðàáîòàì.
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Àííîòàöèÿ. Ðàññìîòðåíû íà÷àëüíî-êðàåâûå çàäà÷è ñ óñëîâèÿìè ïåðâîãî è òðåòüåãî ðîäà äëÿ îáîáùåííî-
ãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ âëàãîïåðåíîñà ñ äðîáíîé ïî âðåìåíè ïðîèçâîäíîé. Íà ðàâíîìåðíîé ñåòêå
ïîñòðîåíû ðàçíîñòíûå ñõåìû, àïïðîêñèìèðóþùèå ýòè çàäà÷è. Äëÿ ðåøåíèÿ ýòèõ çàäà÷ â ïðåäïîëîæåíèå ñó-
ùåñòâîâàíèÿ ðåãóëÿðíîãî ðåøåíèÿ ïîëó÷åíû àïðèîðíûå îöåíêè â äèôôåðåíöèàëüíîé è ðàçíîñòíîé ôîðìàõ.
Èç ýòèõ îöåíîê ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è,
à òàêæå ñõîäèìîñòü ñî ñêîðîñòüþ O(h2 + τ2).

Êëþ÷åâûå ñëîâà:Êðàåâûå çàäà÷è, àïðèîðíàÿ îöåíêà, ìîäèôèöèðîâàííîãî óðàâíåíèå âëàãîïåðåíîñà, äèô-
ôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà, äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî.
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Abstract. Initial boundary value problems with conditions of the �rst and third kind for a generalized modi�ed
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these problems are constructed on a uniform grid. To solve these problems, assuming the existence of a regular
solution, a priori estimates in di�erential and di�erence forms are obtained. From these estimates follow the
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1. Ââåäåíèå. Ïñåâäîïàðàáîëè÷åñêèìè óðàâíåíèÿìè â ìàòåìàòè÷åñêîé ëèòåðàòóðå ïîñëåäíåãî
âðåìåíè íàçûâàþò óðàâíåíèÿ âèäà

ut −Aut −Bu = f(x, t),

ãäå À è Â � îïåðàòîðû âòîðîãî èëè áîëåå âûñîêîãî ïîðÿäêà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì
[Ñâåøíèêîâ, Àëüøèí, Êîðïóñîâ, Ïëåòíåð, 2007]. Âîïðîñû, ñâÿçàííûå ñ âëàãîïåðåíîñîì â ïî÷âî-
ãðóíòàõ, ïðèâîäÿò ê ïñåâäîïàðàáîëè÷åñêèì óðàâíåíèÿì [×óäíîâñêèé, 1976, c.137].
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Ëîêàëüíûå è íåëîêàëüíûå íà÷àëüíî-êðàåâûå çàäà÷è äëÿ òàêîãî âèäà óðàâíåíèé, êàê ëèíåéíûõ,
òàê è íåëèíåéíûõ, â öèëèíäðè÷åñêîé îáëàñòè Q = G× (0, T ), G ⊂ Rn, èçó÷åíû äîñòàòî÷íî õîðîøî
(ñì., íàïðèìåð, [Òóðáèí, 2013; Øåðãèí, Ïÿòêîâ, 2014; Þëäàøåâ, 2016; Þëäàøåâ, 2017; Lyubanova,
2017]).

Ìíîãèå ó÷åíûå ñòàëè â ïîñëåäíåå âðåìÿ èçó÷àòü óðàâíåíèÿ, ñîäåðæàùèå äðîáíûå ïðîèçâîäíûå
ïî âðåìåííîé è ïðîñòðàíñòâåííûì ïåðåìåííûì, â ñâÿçè ñ òåì, ÷òî â ðàìêàõ êëàññè÷åñêîé òåîðèè
äèôôåðåíöèàëüíûõ óðàâíåíèé öåëî÷èñëåííûõ ïîðÿäêîâ ìíîãèå ïðîöåññû è ÿâëåíèÿ îêðóæàþùåé
ñðåäû íå ïîääàþòñÿ îïèñàíèþ, òàê êàê èìåþò ñâîéñòâî íåëîêàëüíîñòè è íåëèíåéíîñòè êàê ïî ïðî-
ñòðàíñòâó, òàê è ïî âðåìåíè. Òàêèå ÿâëåíèÿ è ïðîöåññû îáû÷íî îïèñûâàþò ñ ïîìîùüþ òåîðèè
äðîáíîãî èñ÷èñëåíèÿ è âñòðå÷àþòñÿ îíè â ìåõàíèêå, ôèçèêå ïðè îïèñàíèè ñëîæíûõ ñèñòåì ðàç-
ëè÷íîé ïðèðîäû [Gao, Sun, Sun, 2015; Cui, 2013; Gao, Sun, Zhang, 2014; Pang, Sun, 2012; Calcagni,
2012].

Ðàáîòû [Pimenov, Hendy, 2016à; Pimenov, Hendy, 2016á; Pimenov, 2018] ïîñâÿùåíû èññëåäîâàíèþ
ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïî-
ðÿäêà ñ ýôôåêòîì çàïàçäûâàíèÿ ïî âðåìåíè. Â ôèçè÷åñêîì àñïåêòå ïîíÿòèÿ ïàìÿòü, ïîñëåäåéñòâèå,
çàïàçäûâàíèå, íàñëåäñòâåííîñòü ñ÷èòàþòñÿ î÷åíü áëèçêèìè.

Â íàñòîÿùåé æå ðàáîòå â ñëó÷àå îïåðàòîðîâ À è Â âòîðîãî ïîðÿäêà äëÿ ìîäèôèöèðîâàííîãî
óðàâíåíèÿ âëàãîïåðåíîñà ñ ïåðåìåííûìè êîýôôèöèåíòàìè è äðîáíîé ïî âðåìåíè ïðîèçâîäíîé â
ñìûñëå Êàïóòî, áóäóò èññëåäîâàòüñÿ ïåðâàÿ è òðåòüÿ êðàåâûå çàäà÷è.

Ïðèáëèæåííûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ðàçëè÷íûõ óðàâíåíèé äðîáíîãî ïîðÿäêà
ïîñâÿùåíû ðàáîòû àâòîðà [Áåøòîêîâ, 2018à; Áåøòîêîâ, 2018á; Áåøòîêîâ, 2019; Áåøòîêîâ, Âîäàõîâà,
2019].

2. Ïîñòàíîâêà ïåðâîé êðàåâîé çàäà÷è. Â ïðÿìîóãîëüíèêåQT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}
ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ îáîáùåííîãî óðàâíåíèÿ âëàãîïåðåíîñà

∂α0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
+ ∂α0t

∂

∂x

(
η(x)

∂u

∂x

)
+ r(x, t)

∂u

∂x
− q(x, t)u+ f(x, t),

0 < x < l, 0 < t ≤ T, (1)

u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (3)

ãäå
0 < c0 ≤ k(x, t), η(x), q(x, t), rx(x, t) ≤ c1, |r(x, t)|, |kx(x, t)| ≤ c2,

k(x, t) ∈ C1,0(QT ), η(x) ∈ C1[0, l], r(x, t), q(x, t), f(x, t) ∈ C(QT ),

u(x, t) ∈ C2,0
(
QT
)
∩ C1,0

(
QT
)
, ∂α0tu(x, t) ∈ C(QT ), (4)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà α, 0 < α < 1, ci, i = 0, 1, 2 =

const > 0.
Äàëåå ïðåäïîëàãàåòñÿ, ÷òî äèôôåðåíöèàëüíàÿ çàäà÷à (1)�(3) èìååò åäèíñòâåííîå ðåøåíèå, îá-

ëàäàþùåå íóæíûìè ïî õîäó èçëîæåíèÿ ïðîèçâîäíûìè.
Â ðàáîòå áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ Mi = const > 0, i = 1, 2, ..., êîòîðûå çàâèñÿò òîëüêî

îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé çàäà÷è.

3. Àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå.
Òåîðåìà 1. Ïóñòü óñëîâèÿ (4) âûïîëíåíû, òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)�(3) ñïðàâåäëèâà îöåí-

êà
‖u‖2W 1

2 (0,l) +D−α0t ‖u‖2W 1
2 (0,l) ≤M

(
D−α0t ‖f‖20 + ‖u0(x)‖2W 1

2 (0,l)

)
,

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)�(3), D−α0t u = 1
Γ(α)

t∫
0

udτ
(t−τ)1−α−

äðîáíûé èíòåãðàë Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1, ‖u‖2
W 1

2 (0,l)
= ‖u‖20 + ‖ux‖20.

Äîêàçàòåëüñòâî. Ïîëó÷èì àïðèîðíóþ îöåíêó ðåøåíèÿ çàäà÷è (1)�(3) â äèôôåðåíöèàëüíîé
ôîðìå. Äëÿ ýòîãî óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(

∂α0tu, u
)

=
((
kux

)
x
, u
)

+
(
∂α0t
(
ηux

)
x
, u
)

+
(
rux, u

)
−
(
qu, u

)
+
(
f, u
)
, (5)

ãäå
(
a, b
)

=
∫ l

0
abdx,

(
a, a
)

= ‖a‖20,− ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà, ãäå a, b � çàäàííûå íà [0, l]

ôóíêöèè.
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Ïîëüçóÿñü ëåììîé [Àëèõàíîâ, 2010], ïîëó÷èì(
∂α0tu, u

)
≥ 1

2

(
1, ∂α0tu

2
)

=
1

2
∂α0t‖u‖20, (6)

((
kux

)
x
, u
)

=

∫ l

0

u
(
kux

)
x
dx = ukux|l0 −

∫ l

0

ku2
xdx, (7)

(
∂α0t
(
ηux

)
x
, u
)

=

∫ l

0

u∂α0t

(
ηux

)
x
dx = u∂α0t(ηux)|l0 −

∫ l

0

η(x)ux∂
α
0tuxdx ≤

≤ u∂α0t(ηux)|l0 −
1

2

∫ l

0

η∂α0t(ux)2dx, (8)

(
rux, u

)
=

∫ l

0

ruxudx =
1

2
ru2|l0 −

1

2

∫ l

0

rxu
2dx ≤ 1

2
ru2|l0 −

c0
2
‖u‖20, (9)

(
qu, u

)
=

∫ l

0

qu2dx ≥ c0‖u‖20, (10)

(
f, u
)

=

∫ l

0

fudx ≤ ε‖u‖20 +M1(ε)‖f‖20. (11)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (6)�(11), èç (5) íàõîäèì

∂α0t‖u‖20 +
1

2

∫ l

0

η∂α0t(ux)2dx+ 2c0‖ux‖20 + 3c0‖u‖20 ≤

≤ 2u
(
kux + ∂α0t(ηux)

)∣∣∣l
0

+ ru2|l0 + 2ε‖u‖20 +M1(ε)‖f‖20. (12)

Âûáèðàÿ ε = c0, èç (12) c ó÷åòîì (2) ïîëó÷àåì

∂α0t‖u‖20 +

∫ l

0

η∂α0t(ux)2dx+ ‖u‖20 + ‖ux‖20 ≤M2‖f‖20. (13)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì (13) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t , èç (13) íàõîäèì

‖u‖2W 1
2 (0,l) +D−α0t ‖u‖2W 1

2 (0,l) ≤M
(
D−α0t ‖f‖20 + ‖u0(x)‖2W 1

2 (0,l)

)
, (14)

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)�(3).
Èç (14) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(1)�(3).

4. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû. Ðåøèì çàäà÷ó (1)�(3) ñ ïîìîùüþ ìåòî-
äà êîíå÷íûõ ðàçíîñòåé. Äëÿ ýòîãî äèôôåðåíöèàëüíîé çàäà÷å (1)�(3) ïîñòàâèì â ñîîòâåòñòâèå íà
ðàâíîìåðíîé ñåòêå ωhτ ðàçíîñòíóþ ñõåìó ñî âòîðûì ïîðÿäêîì òî÷íîñòè ïî h è τ :

∆α
0tj+σy = κji

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji ajiyx̄,i + b+ji aji+1y
(σ)
x,i − d

j
iy

(σ)
i + ϕji , (x, t) ∈ ωh,τ , (15)

y
(σ)
0 = y

(σ)
N = 0, (16)

y(x, 0) = u0(x), (17)

ãäå ∆α
0tj+σy = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t � äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî ïîðÿäêà α, 0 <

α < 1 [Alikhanov, 2015].

a
(α,σ)
0 = σ1−α, a

(α,σ)
l =

(
l + σ

)1−α
−
(
l − 1 + σ

)1−α
, l ≥ 1,

b
(α,σ)
l =

1

2− α

[
(l + σ)2−α − (l − 1 + σ)2−α

]
− 1

2

[
(l + σ)1−α + (l − 1 + σ)1−α

]
, l ≥ 1,

ïðè j = 0, c
(α,σ)
0 = a

(α,σ)
0 ;
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ïðè j > 0, c(α,σ)
s =


a

(α,σ)
0 + b

(α,σ)
1 , s = 0,

a
(α,σ)
s + b

(α,σ)
s+1 − b

(α,σ)
s , 1 ≤ s ≤ j − 1,

a
(α,σ)
j − b(α,σ)

j , s = j,

aji = k
(
xi−0.5, t

j+σ
)
, γi = η(xi−0.5), bji =

r(x, tj+σ)

k(xi, tj+σ)
, ϕji = f(xi, t

j+σ), σ = 1− α

2
,

c(α,σ)
s >

1− α
2

(s+ σ)−α > 0, y(σ) = σyj+1 + (1− σ)yj , dji = d(xi, t
j+σ).

Òåîðåìà 2. Ïóñòü óñëîâèÿ (4) âûïîëíåíû, òîãäà ñóùåñòâóåò òàêîå τ0, ÷òî åñëè τ ≤ τ0, òî
äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (15)�(17) ñïðàâåäëèâà îöåíêà

‖yj+1‖2W 1
2 (0,l) ≤M

(
‖y0‖2W 1

2 (0,l) + max
0≤j′≤j

‖ϕj
′
‖20

)
.

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Äîêàçàòåëüñòâî. Íàéäåì ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ àïðèîðíóþ îöåíêó â ðàçíîñòíîé

ôîðìå, äëÿ ýòîãî ââåäåì ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìó â ñëåäóþùåì âèäå:

(
u, v
)

=
N−1∑
i=1

uivih,
(
u, v
]

=
N∑
i=1

uivih,
(
u, u

)
=
(
1, u2

)
= ‖u‖20.

Óìíîæèì òåïåðü (15) ñêàëÿðíî íà y(σ) :(
∆α

0tj+σy, y
(σ)
)

=
(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+
(

∆α
0tj+σ

(
γiyx̄

)
x
, y(σ)

)
+
(
b−ay

(σ)
x̄ , y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)
−
(
dy(σ), y(σ)

)
+
(
ϕ, y(σ)

)
. (18)

Ïðåîáðàçóåì ñóììû, âõîäÿùèå â òîæäåñòâî (18), ñ ó÷åòîì (16) è ëåììû [Alikhanov, 2015](
∆α

0tj+σy, y
(σ)
)
≥ 1

2

(
1,∆α

0tj+σ

(
y2
))

; (19)

(
κ(ay

(σ)
x̄ )x, y

(σ)
)

= κay(σ)
x̄ y(σ)

∣∣∣N
0
−
(
ay

(σ)
x̄ , (κy(σ))x̄

]
= −

(
aκx̄, y(σ)

x̄ y(σ)
]
−
(
aκ(−1), (y

(σ)
x̄ )2

]
≤

≤ −
(
aκx̄, y(σ)

x̄ y(σ)
]
− 1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]
; (20)(

∆α
0tj+σ

(
γyx̄
)
x
, y(σ)

)
= y(σ)∆α

0tj+σ

(
γyx̄
)
|N0 −

(
γ, y

(σ)
x̄ ∆α

0tj+σ (yx̄)
]
≤

≤ −
(γi

2
,∆α

0tj+σ (yx̄)2
]
≤ −c0

2
∆α

0tj+σ‖yx̄]|20; (21)(
dy(σ), y(σ)

)
≥ c0‖y(σ)‖20; (22)(

ϕ, y(σ)
)
≤ ε‖y(σ)‖20 +

1

4ε
‖ϕ‖20. (23)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (19)�(23), èç (18) íàõîäèì(1

2
,∆α

0tj+σ (y2)
)

+
1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]

+
c0
2

∆α
0tj+σ‖yx̄]|20 ≤ −

(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−ay

(σ)
x̄ , y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)
− c0‖y(σ)‖20 + ε‖y(σ)‖20 +

1

4ε
‖ϕ‖20. (24)

Âûáèðàÿ ε =
c0
2
, èç (24) íàõîäèì

∆α
0tj+σ‖y‖

2
0 + c0∆α

0tj+σ‖yx̄]|20 +M2‖y(σ)
x̄ ]|20 + c0‖y(σ)‖20 ≤ −

(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−a, y

(σ)
x̄ y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)

+M3‖ϕ‖20. (25)
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Ïðåîáðàçóåì ïåðâîå, âòîðîå è òðåòüå ñëàãàåìûå â ïðàâîé ÷àñòè (25). Òîãäà ïîëó÷èì

−
(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
≤M4

(
‖y(σ)‖20 + ‖y(σ)

x̄ ]|20
)
. (26)

Ó÷èòûâàÿ (26), èç (25) ïîëó÷àåì

∆α
0tj+σ‖y‖

2
W 1

2 (0,l) + ‖yσ‖2W 1
2 (0,l) ≤M5‖yσ‖2W 1

2 (0,l) +M6‖ϕ‖20, (27)

ãäå ‖y‖2
W 1

2 (0,l)
= ‖y‖20 + ‖yx̄]|20.

Ïåðåïèøåì (27) â äðóãîé ôîðìå

∆α
0tj+σ‖y‖

2
W 1

2 (0,l) ≤M
σ
7 ‖yj+1‖2W 1

2 (0,l) +Mσ
8 ‖yj‖2W 1

2 (0,l) +M9‖ϕ‖20. (28)

Íà îñíîâàíèè ëåììû 3 [Áåøòîêîâ, 2018] èç (28) ïîëó÷àåì

‖yj+1‖2W 1
2 (0,l) ≤M

(
‖y0‖2W 1

2 (0,l) + max
0≤j′≤j

‖ϕj
′
‖20

)
, (29)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Èç (29) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(15)�(17), à òàêæå â ñèëó ëèíåéíîñòè çàäà÷è (1)�(3) ñõîäèìîñòü ñî ñêîðîñòüþ O
(
h2 + τ2

)
.

5. Ïîñòàíîâêà òðåòüåé êðàåâîé çàäà÷è è àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé
ôîðìå. Ðàññìîòðèì òðåòüþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1){

Π(0, t) = β1(t)u(0, t)− µ1(t),

−Π(l, t) = β2(t)u(l, t)− µ2(t),
(30)

ãäå
0 < c0 ≤ k, η ≤ c1, |β1, β2, r, q, rx, kx| ≤ c2, Π(x, t) = k(x, t)ux + ∂α0t

(
ηux

)
. (31)

Òåîðåìà 3. Ïóñòü óñëîâèÿ (4), (31) âûïîëíåíû, òîãäà äëÿ ðåøåíèÿ çàäà÷è (1), (30), (3) ñïðà-
âåäëèâà îöåíêà

‖u‖2W 1
2 (0,l) +D−α0t ‖ux‖20 ≤M

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
,

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1),(30),(3).
Äîêàçàòåëüñòâî. Óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(

∂α0tu, u
)

=
((
kux

)
x
, u
)

+
(
∂α0t
(
ηux

)
x
, u
)

+
(
rux, u

)
−
(
qu, u

)
+
(
f, u
)
. (32)

Ïðåîáðàçóåì òðåòüå è ÷åòâåðòîå ñëàãàåìûå â ïðàâîé ÷àñòè (32)(
rux, u

)
=

∫ l

0

ruuxdx ≤
c2
2

∫ l

0

u2dx+
c2
2

∫ l

0

u2
xdx ≤

c2
2

(
‖u‖20 + ‖ux‖20

)
. (33)

−
(
qu, u

)
= −

∫ l

0

qu2dx ≤ c2‖u‖20. (34)

Ñ ó÷åòîì ïðåîáðàçîâàíèé (6)�(8),(11),(33),(34) èç (32) íàõîäèì

1

2
∂α0t‖u‖20 +

1

2

∫ l

0

η∂α0t(ux)2dx+ c0‖ux‖20 ≤ uΠ(x, t)
∣∣l
0

+M1

(
‖u‖20 + ‖ux‖20

)
+M2‖f‖20. (35)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (35)

uΠ(x, t)
∣∣l
0

= Π(l, t)u(l, t)−Π(0, t)u(0, t) = u(l, t)
(
µ2(t)− β2(t)u(l, t)

)
+

+u(0, t)
(
µ1(t)− β1(t)u(0, t)

)
= −β2(t)u2(l, t) + µ2(t)u(l, t)− β1(t)u2(0, t) + µ1(t)u(0, t) ≤

≤M3

(
u2(0, t) + u2(l, t)

)
+

1

2

(
µ2

1(t) + µ2
2(t)

)
≤M4

(
‖u‖20 + ‖ux‖20

)
+

1

2

(
µ2

1(t) + µ2
2(t)

)
. (36)
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Ó÷èòûâàÿ (36), èç (35) ïîëó÷èì

1

2
∂α0t‖u‖20 +

1

2

∫ l

0

η∂α0t(ux)2dx+ ‖ux‖20 ≤M5‖u‖2W 1
2 (0,l) +M6

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
. (37)

Ïðèìåíÿÿ ê (37) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t , ïîëó÷àåì

‖u‖2W 1
2 (0,l) +D−α0t ‖ux‖20 ≤M5D

−α
0t ‖u‖2W 1

2 (0,l)+

+M7

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
. (38)

Íà îñíîâàíèè ëåììû [Àëèõàíîâ, 2010] îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (38).
Ïóñòü y(t) = D−α0t ‖u‖2W 1

2 (0,l)
, ∂α0ty(t) = ‖u(x, t)‖2

W 1
2 (0,l)

, òîãäà ïîëó÷àåì

D−α0t ‖u‖2W 1
2 (0,l) ≤M8

(
D−2α

0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
. (39)

Â ñèëó òîãî, ÷òî äëÿ ëþáîé íåîòðèöàòåëüíîé ôóíêöèè g(t), èíòåãðèðóåìîé íà [0, T ], ñïðàâåäëèâî
íåðàâåíñòâî

D−2α
0t g(t) ≤ tαΓ(α)

Γ(2α)
D−α0t g(t), (40)

òî èç (38) ñ ó÷åòîì (39) è (40) íàõîäèì îöåíêó

‖u‖2W 1
2 (0,l) +D−α0t ‖ux‖20 ≤M

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
, (41)

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1),(30),(3).
Èç (41) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(1), (30), (3).

6. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû. Äèôôåðåíöèàëüíîé çàäà÷å (1), (30), (3)
ïîñòàâèì â ñîîòâåòñòâèå íà ðàâíîìåðíîé ñåòêå ωhτ ðàçíîñòíóþ ñõåìó ñî âòîðûì ïîðÿäêîì òî÷íîñòè
ïî h è τ :

∆α
0tj+σy = κji

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji ajiy
(σ)
x̄,i + b+ji aji+1y

(σ)
x,i − d

j
iy

(σ)
i + ϕji , (x, t) ∈ ωh,τ , (42)

κ0a1y
(σ)
x,0 + ∆α

0tj+σ

(
γ1yx̄,0

)
= β̃1y

(σ)
0 + 0.5h∆α

0tj+σy0 − µ̃1, t ∈ ωτ , x = 0, (43)

−
(
κNaNy(σ)

x̄,N + ∆α
0tj+σ

(
γNyx̄,N

))
= β̃2y

(σ)
N + 0.5h∆α

0tj+σyN − µ̃2, t ∈ ωτ , x = l, (44)

y(x, 0) = u0(x), x ∈ ωh, (45)

ãäå
β̃1(tj+σ) = β1(tj+σ) + 0.5hdj0, β̃2(tj+σ) = β2(tj+σ) + 0.5hdjN ,

µ̃1(tj+σ) = µ1(tj+σ) + 0.5hϕ0, µ̃2(tj+σ) = µ2(tj+σ) + 0.5hϕN ,

∆α
0tj+σy = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t � äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî ïîðÿäêà α, 0 < α <

1.
Ïåðåïèøåì (42)�(45) â îïåðàòîðíîì âèäå{

∆α
0tj+σy = Λ(tj+σ)y(σ) + ∆α

0tj+σδ(t)y + Φ,

y(x, 0) = u0(x), x ∈ ωh,
(46)

ãäå

Λ(tj+σ)y(σ) =



Λ̃y
(σ)
i = κ

(
ay

(σ)
x̄

)
x

+ b−ay
(σ)
x̄ + b+a(+1)y

(σ)
x − dy(σ), i = 1, N − 1,

Λ−y
(σ)
0 =

κ0a1y
(σ)
x,0 − β̃1y

(σ)
0

0.5h
, i = 0,

Λ+y
(σ)
N =

−κNaNy(σ)
x,N − β̃2y

(σ)
N

0.5h
, i = N,

δy =


δyi =

(
γiyx̄

)
x
, i = 1, N − 1,

δ−y0 =
2

h

(
γ1yx,0

)
t
, i = 0,

δ+yN = − 2

h

(
γNyx̄,N

)
i = N,

Φ =


ϕ = ϕi, i = 1, N − 1,

ϕ− =
2

h
µ̃1, i = 0,

ϕ+ =
2

h
µ̃2, i = N,
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κ∗ =



κ =
1

1 + 0.5h|r|
k

,

κ0 =
1

1 + 0.5h|r0|
k0.5

, r0 ≤ 0,

κN =
1

1 + 0.5h|rN |
kN−0.5

, rN ≥ 0,

t∗ = tj+1/2.

Òåîðåìà 4. Ïóñòü óñëîâèÿ (4), (31) âûïîëíåíû, òîãäà ñóùåñòâóåò òàêîå τ , ÷òî åñëè τ ≤ τ0
òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (42), (45) ñïðàâåäëèâà îöåíêà

|[yj+1]|2W 1
2 (0,l) ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕj

′
]|20 + µ2

1 + µ2
2

))
,

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Äîêàçàòåëüñòâî. Óìíîæèì (46) òåïåðü ñêàëÿðíî íà y(σ) :[

∆α
0tj+σy, y

(σ)
]

=
[
Λ(tj+σ)y(σ), y(σ)

]
+
[
∆α

0tj+σδy, y
(σ)
]

+
[
Φ, y(σ)

]
, (47)

ãäå
[
u, v
]

=
N∑
i=0

uivi~, ~ =

{
0.5h, i = 0, N,

h, i 6= 0, N,
[u, u] = [1, u2] = |[u]|20, (u, v] =

N∑
i=1

uivih.

Îöåíèì ñóììû, âõîäÿùèå â (47)[
∆α

0tj+σy, y
(σ)
]
≥ 1

2

[
1,∆α

0tj+σ (y2)
]
, (48)[

Λ(tj+σ)y(σ), y(σ)
]

=
(

Λ̃(tj+σ)y(σ), y(σ)
)

+ 0.5hy
(σ)
0 Λ−y

(σ)
0 + 0.5hy

(σ)
N Λ+y

(σ)
N =

(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+

+
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
−
(
dy(σ), y(σ)

)
+ κ0a1y

(σ)
x,0y

(σ)
0 − β̃1

(
y

(σ)
0

)2 − κNaNy(σ)
x̄,Ny

(σ)
N −

−β̃2

(
y

(σ)
N

)2
= −

(
ay

(σ)
x̄ , (κy(σ))x̄

]
+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)
−
(
dy(σ), y(σ)

)
−

−β̃1(y
(σ)
0 )2 − β̃2(y

(σ)
N )2. (49)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (49)

−
(
ay

(σ)
x̄ ,

(
κy(σ)

)
x̄

]
+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)

= −
(
aκ(−1), (y

(σ)
x̄ )2

]
−
(
aκx̄, y(σ)

x̄ y(σ)
]
+

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)
≤ −

( κa
1 + hM1

, (yσx̄ )2
]

+M1

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
, (50)

−
(
dy(σ), y(σ)

)
− β̃1(y

(σ)
0 )2 − β̃2(y

(σ)
N )2 = −

(
dy(σ), y(σ)

)
− 0.5hd0(y

(σ)
0 )2 − 0.5hdN (y

(σ)
N )2 − β1(y

(σ)
0 )2−

−β2(y
(σ)
N )2 = −

[
d, (y(σ))2

]
− β1(y

(σ)
0 )2 − β2(y

(σ)
N )2 ≤M2

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (51)

Ó÷èòûâàÿ (50),(51), èç (49) íàõîäèì[
Λ(tj+σ)y(σ), y(σ)

]
≤ −M3‖y(σ)

x̄ ]|20 +M4

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (52)[

∆α
0tj+σδy, y

(σ)
]

=
(

∆α
0tj+σδy, y

(σ)
)

+ 0.5hy
(σ)
0 ∆α

0tj+σδ
−y0 + 0.5hy

(σ)
N ∆α

0tj+σδ
+yN =

= −
(
y

(σ)
x̄ ,∆α

0tj+σ (γiyx̄)
]
≤ −

(γ
2
,∆α

0tj+σ (yx̄)2
]
≤ −c0

2
∆α

0tj+σ‖yx̄]|20. (53)[
Φ, y(σ)

]
= (ϕ, y(σ)) + 0.5hy

(σ)
0 ϕ− + 0.5hy

(σ)
N ϕ+ = [ϕ, y(σ)] + µ1y

(σ)
0 + µ2y

(σ)
N ≤

≤M5

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+M6

(
|[ϕ]|20 + µj21 + µj22

)
. (54)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (48)�(54), èç (47) íàõîäèì

∆α
0tj+σ |[y]|2W 1

2 (0,l) +M3‖y(σ)
x̄ ]|20 ≤M7|[y(σ)]|2W 1

2 (0,l) +M6

(
|[ϕ]|20 + µ2

1 + µ2
2

)
, (55)

ãäå |[y]|2
W 1

2 (0,l)
= |[y]|20 + ‖yx̄]|20.
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Èç (55) íà îñíîâàíèè ëåììû 3 [Áåøòîêîâ, 2018] íàõîäèì îöåíêó

|[yj+1]|2W 1
2 (0,l) ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕj

′
]|20 + µ2

1 + µ2
2

))
, (56)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Èç (56) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(42), (45), à òàêæå â ñèëó ëèíåéíîñòè çàäà÷è (1), (30), (3) ñõîäèìîñòü ñî ñêîðîñòüþ O
(
h2 + τ2

)
.

7. Àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ ðàçíîñòíîé çàäà÷è, àïïðîêñèìèðóþùåé òðå-
òüþ êðàåâóþ çàäà÷ó äëÿ îáîáùåííîãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ âëàãîïåðåíîñà.
Ïðèâåäåì ðàçíîñòíóþ ñõåìó (42)�(45) ê ðàñ÷åòíîìó âèäó äëÿ ïðèáëèæåííîãî ðåøåíèÿ. Òîãäà óðàâ-
íåíèå (42) ïðèâîäèòñÿ ê ñëåäóþùåìó âèäó

Aiy
j+1
i−1 − Ciy

j+1
i +Biy

j+1
i+1 = −F ji , i = 1, N − 1, (57)

ãäå

Ai = τσκji a
j
i + γi

τ1−αc
(α,σ)
0

Γ(2− α)
− τhσb−ji ai, Bi = τσκji a

j
i+1 + γi+1

τ1−αc
(α,σ)
0

Γ(2− α)
+ τhσb+ji ai+1,

Ci = Ai +Bi + h2 τ
1−αc

(α,σ)
0

Γ(2− α)
+ τσh2dji ,

F ji = AAiy
j
i−1 − CCiy

j
i +BBiy

j
i+1 + h2τϕji − h

2 τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

i − ysi )+

+
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γi+1yi+1

)s+1 −
(
γi+1yi+1

)s)−
− τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
(γi + γi+1)yi

)s+1 −
(
(γi + γi+1)yi

)s)
+

+
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γiyi−1

)s+1 −
(
γiyi−1

)s)
,

AAi = τ(1− σ)κji a
j
i − γi

τ1−αc
(α,σ)
0

Γ(2− α)
− τh(1− σ)b−ji ai,

BBi = τ(1− σ)κji a
j
i+1 − γi+1

τ1−αc
(α,σ)
0

Γ(2− α)
+ τh(1− σ)b+ji ai+1,

CCi = AAi +BBi − h2 τ
1−αc

(α,σ)
0

Γ(2− α)
+ τ(1− σ)h2dji .

Êðàåâîå óñëîâèå (43) ïðèíèìàåò âèä
y0 = κ1y1 + µ1, (58)

ãäå

κ1 =
τσκ0a1 + γ1

τ1−αc
(α,σ)
0

Γ(2−α)

τσκ0a
j
1 + γ1

τ1−αc
(α,σ)
0

Γ(2−α) + σhτβ̃j1 + 0.5h2 τ
1−αc

(α,σ)
0

Γ(2−α)

,

µ1 =

[
µ̃1hτ − (1− σ)hτβ̃1y

j
0 + τ(1− σ)κ0a1(yj1 − y

j
0)− γ1

τ1−αc
(α,σ)
0

Γ(2− α)
(yj1 − y

j
0) + 0.5h2 τ

1−αc
(α,σ)
0

Γ(2− α)
y0−

−0.5h2 τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

0 − ys0) +
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γ1y1

)s+1 −
(
γ1y1

)s)−
− τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γ1y0

)s+1 −
(
γ1y0

)s)]/[
τσκ0a

j
1 + γ1

τ1−αc
(α,σ)
0

Γ(2− α)
+ σhτβ̃j1 + 0.5h2 τ

1−αc
(α,σ)
0

Γ(2− α)

]
.
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Êðàåâîå óñëîâèå (44) ïðèíèìàåò âèä

yN = κ2yN−1 + µ2, (59)

ãäå

κ2 =
τσκNaN + γN

τ1−αc
(α,σ)
0

Γ(2−α)

τσκNajN + γN
τ1−αc

(α,σ)
0

Γ(2−α) + σhτβ̃j2 + 0.5h2 τ
1−αc

(α,σ)
0

Γ(2−α)

,

µ2 =

[
µ̃2hτ − (1− σ)hτβ̃2y

j
N − τ(1− σ)κNaN (yjN − y

j
N−1) + γN

τ1−αc
(α,σ)
0

Γ(2− α)
(yjN − y

j
N−1)+

+0.5h2 τ
1−αc

(α,σ)
0

Γ(2− α)
yN − 0.5h2 τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

N − ysN )−

− τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γNyN

)s+1 −
(
γNyN

)s)
+

+
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γNyN−1

)s+1 −
(
γNyN−1

)s)]/[
τσκNajN + γN

τ1−αc
(α,σ)
0

Γ(2− α)
+

+σhτβ̃j2 +
h2

2

τ1−αc
(α,σ)
0

Γ(2− α)

]
.

Òàêèì îáðàçîì, ñ ó÷åòîì (57)�(59), ðåøåíèå ðàçíîñòíîé ñõåìû (42)�(45) ìîæíî íàéòè ìåòîäîì
ïðîãîíêè.

8. Çàêëþ÷åíèå. Â ðàáîòå èññëåäîâàíû íà÷àëüíî-êðàåâûå çàäà÷è ñ óñëîâèÿìè ïåðâîãî è òðå-
òüåãî ðîäà äëÿ îáîáùåííîãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ âëàãîïåðåíîñà ñ äðîáíîé ïî âðåìåíè
ïðîèçâîäíîé. Íà ðàâíîìåðíîé ñåòêå ïîñòðîåíû ðàçíîñòíûå ñõåìû, àïïðîêñèìèðóþùèå ýòè çàäà÷è.
Äëÿ ðåøåíèÿ ýòèõ çàäà÷ â ïðåäïîëîæåíèå ñóùåñòâîâàíèÿ ðåãóëÿðíîãî ðåøåíèÿ ïîëó÷åíû àïðèîð-
íûå îöåíêè â äèôôåðåíöèàëüíîé è ðàçíîñòíîé ôîðìàõ. Èç ýòèõ îöåíîê ñëåäóþò åäèíñòâåííîñòü è
íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è, à òàêæå ñõîäèìîñòü ñî ñêîðîñòüþ
O(h2 + τ2).
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Àííîòàöèÿ. Â öèëèíäðè÷åñêîé îáëàñòè åâêëèäîâà ïðîñòðàíñòâà äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ýéëåðà �
Äàðáó -� Ïóàññîíà ðàññìàòðèâàþòñÿ ñïåêòðàëüíûå çàäà÷è Äèðèõëå è Ïóàíêàðå. Ðåøåíèå èùåòñÿ â âèäå
ðàçëîæåíèÿ ïî ìíîãîìåðíûì ñôåðè÷åñêèì ôóíêöèÿì. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè êëàññè÷åñêîãî ðåøåíèÿ. Ïîëó÷åíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ïîñòàâëåííûõ çàäà÷, êîòîðûå
ñóùåñòâåííî çàâèñÿò îò âûñîòû öèëèíäðà.

Êëþ÷åâûå ñëîâà: êðèòåðèé, ñïåêòðàëüíûå çàäà÷è, ìíîãîìåðíîå óðàâíåíèå, öèëèíäðè÷åñêàÿ îáëàñòü,
ôóíêöèÿ Áåññåëÿ.

Äëÿ öèòèðîâàíèÿ: Àëäàøåâ Ñ. À. 2020. Êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè ñïåêòðàëüíûõ çàäà÷ Äè-

ðèõëå è Ïóàíêàðå äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ýéëåðà � Äàðáó � Ïóàññîíà. Ïðèêëàäíàÿ ìàòåìàòèêà &

Ôèçèêà. 52(2): 139�145. DOI 10.18413/2687-0959-2020-52-2-139-145.

1. Introduction Two-dimensional spectral problems for hyperbolic equations are extensively studied
(see for example [Kalmenov, 1993; Moiseev, 1988; Sabito, 2000; He K. Ch. 2000], and their multivariate
analogues are studied in [Aldashev, 2003; Aldashev, 2005; Aldashev, 2006; Aldashev, 2014]. This is because
three or more independent variables have di�culties of a fundamental nature. There is a highly attractive
and convenient method of singular integral equations. Applied for two-dimensional problems, it cannot be
used in virtue of absence of complete theory of multidimensional singular integral equations. The theory of
multidimensional spherical functions, by contrast, is quite fully studied. These functions have important
applications in mathematical physics, in theoretical physics, and in the theory of multidimensional singular
integral equations. The author proposes that in solving the spectral problems of Dirichle and Poincare
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for the multidimensional Euler-Darbu-Poisson equation, the decomposition by spherical functions should
be used.

2. Statement of the problem and result. Let Ωβ− be the cylindrical region of the Euclidean
space Em+1 points (x1, ..., xm, t), bounded by the cylinder Γ = {(x, t) : |x| = 1}, by the planes t = β > 0
and t = 0, of where |x| is a the length of the vector x = (x1, ..., xm). The parts of these surfaces that
form the boundary ∂Ωβ of the domain Ωβ , are denoted by Γβ , Sβ , S0 respectively. In the region Ωβ we
consider the multidimensional Euler-Darboux-Poisson equation with the spectral real parameter γ

∆xu− utt −
α

t
ut = γu, (1)

where ∆x is the Laplacian operator with respect to the variables x1, ..., xm, m ≥ 2, α− and a is a real
number.

By uα(x, t) we denote the solution of equation (1) for given α.
As multidimensional Dirichlet and Poincare problems, we consider the following problems.
Problem 1. Find a solution to equation (1) in the region Ωβ from the class C(Ωβ \ S0) ∩ C2(Ωβ),

satisfying the boundary conditions

uα

∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α < 1; (2)

uα
ln t

∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α = 1; (3)

(tα−1uα)
∣∣∣
S

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α > 1. (4)

Problem 2. Find a solution to equation (1) in a domain Ωβ from the class C(Ωβ \ S0) ∩ C2(Ωβ),
satisfying the boundary conditions

∂uα
∂t

∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α ≥ 0; (5)

lim
t→0

tα(uα − uα,1) = 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α < 0, (6)

where uα,1(x, t) is the solution of the Cauchy problem for equation (1) with data uα,1(x, 0) = τ(x),
∂
∂tuα,1(x, 0) = 0.

Further, it is convenient for us to move from the Cartesian coordinates x1, ..., xm, t to spherical
r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, 3, ...,m− 1.

Let
{
Y kn,m(θ)

}
be a system of linearly independent spherical functions of order n, 1 ≤ k ≤ kn,

(m− 2)!n!kn = (n+m− 3)!(2n+m− 2), θ = (θ1, ..., θm−1).
Then the following result is valid.
Theorem. 1) If γ ≤ −µ2

s,n, then for all α problems 1 and 2 have only zero solutions.
2) If α ≤ 0 or α ≥ 2, then for γ > −µ2

s,n problem 1 has only a trivial solution, if and only if

sinβ
√
γ + µ2

s,n 6= 0, s = 1, 2, ... . (7)

3) For 0 < α < 2 and γ > −µ2
s,n problem 1 has only a zero solution if and only if, the condition

cosβ
√
γ + µ2

s,n 6= 0, s = 1, 2, . . . . (8)

4) The solution of Problem 2 for γ > −µ2
s,n for any α is only trivial if and only if relation (8) holds,

where µs,n are positive zeros of the Bessel functions of the �rst kind J
n+

(m−2)
2

(z).

We note that for α = 0 this theorem was obtained in [Aldashev,2010; Aldashev, 2011].

3. Information of tasks 1 and 2 to two-dimensional problems. In spherical coordinates, the
equation (1) has the form

urr +
m− 1

r
ur −

1

r2
δu− utt −

α

t
ut = γu, (9)

δ ≡ −
m−1∑
j=1

1

gj sinm−j−1 θj

∂

∂θj

(
sinm−j−1 ∂

∂θj

)
, g1 = 1, gj = (sin θ1... sin θj−1)2, j > 1.

It is well known [Mikhlin, 1962], that the spectrum of the operator δ consists of eigenvalues λn =
n(n+m− −2), n = 0, 1, ... , each of which corresponds to kn orthonormal eigenfunctions Y kn,m(θ).
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Since the desired solutions to problems 1 and 2 belong to the class C2(Ωβ), they can be sought in the
form of a series

uα(r, θ, t) =
∞∑
n=0

kn∑
k=1

ūkα,n(r, t)Y kn,m(θ), (10)

where ūkα,n(r, t) are functions to be determined.
Substituting (10) into (9), using the orthogonality of the spherical functions Y kn,m(θ) [Mikhlin, 1962],

we obtain

Lαū
k
α,n = ūkα,nrr +

m− 1

r
ūkα,nr − ūkα,ntt −

α

t
ūkα,nt −

λn
r2
ūkα,n − γūkα,n = 0, k = 1, kn, n = 0, 1, ...,

which, using the substitution ūkα,n(r, t) = r
(1−m)

2 ūkα,n(r, t) reduces to the equation

Lαu
k
α,n = ukα,nrr − ukα,ntt −

α

t
ukα,nt +

λ̄n
r2
ukα,n − γūkα,n = 0, k = 1, kn, n = 0, 1, ..., (11α)

λ̄n =
(m− 1)(3−m)− 4λn

4
.

Further, from the boundary conditions (2)�(6) for the functions ukα,n(r, t) by virtue of (9), we respectively
have

ukα,n(r, 0) = 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α < 1, k = 1, kn, n = 0, 1, ..., (12)

ukα,n
ln t

∣∣∣
t=0

= 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α = 1, k = 1, kn, n = 0, 1, ..., (13)

(tα−1ukα,n)
∣∣∣
t=0

= 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α > 1, k = 1, kn, n = 0, 1, ..., (14)

∂ukα,n
∂t

∣∣∣
t=0

= 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α ≥ 0, k = 1, kn, n = 0, 1, ..., (15)

lim
t→0

tα(ukα,n − uk,1α,n)t = 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α < 0, k = 1, kn, n = 0, 1, . . . . (16)

In this way, problems 1 and 2 are reduced to two-dimensional spectral Dirichlet and Poincare problems
for equation (11α). The solution to these problems will be studied in sections 4 and 5.

Along with equation (11α) we consider the equation

L0u
k
0,n ≡ uk0,nrr − uk0,ntt +

λ̄n
r2
ūk0,n − γūk0,n = 0, (110)

which, using the change of variables ξ = r+t
2 , η = r−t

2 reduces to the equation

Muk0,n ≡ uk0,nξη +
λ̄n

(ξ + η)2
uk0,n = γūk0,n. (17)

Solution of the Cauchy problem for (17) with data'

uk0,n(ξ, ξ) = τkn(ξ),

(
∂uk0,n
∂ξ

−
∂uk0,n
∂η

)∣∣∣∣ξ=η = νkn(ξ), 0 ≤ ξ ≤ 1

2

has the form [Aldashev, 1991].

uk0,n(ξ, η) =
1

2
τkn(η)R(η, η; ξ, η) +

1

2
τkn(ξ)R(ξ, ξ; ξ, η) +

1√
2

ξ∫
η

[νkn(ξ1)R(ξ1, ξ1; ξ, η)−

−τkn(ξ1)
∂

∂N
R(ξ1, η1; ξ, η)|ξ1=η1

]dξ1 + γ
ξ∫
1
2

η∫
0

uk0,n(ξ1, η1)R(ξ1, η1; ξ, η)dξ1dη1,

(18)

where R(ξ1, η1; ξ, η) = Pµ[ (ξ1−η1)(ξ−η)+2(ξη+ξ1η1)
(ξ1+η1)(ξ+η) ] = Pµ(z) is the Riemann function for the equation

Muk0,n = 0 [Copson, 1958], Pµ(z) is the Legendre function, µ = n+ (m−3)
2 ,

∂

∂N

∣∣∣
ξ=η

=
1√
2

(
∂

∂ξ
− ∂

∂η

) ∣∣∣
ξ=η

.
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4. Functional relationship between solutions of the Cauchy problem for equations (11α)
and (110). First, we present some properties of the operator Lα, that are necessary for further studies.

10. If is a uα− solution of the equation Lαu = 0, then the function

u2−α = tα−1uα (19)

is a solution of the equation L2−αu = 0.
20. If uα is a solution of the equation Lαu = 0, then the function

1

t

∂uα
∂t

= uα+2 (20)

is a solution of the equation Lα+2u = 0.
30. The operator Lα has the property

Lαuα = t1−αL2−α(tα−1uα). (21)

These properties are established in the same way as they were proved ([Weinstein, 1954]) for the
equation

∆xu− utt −
α

t
ut = 0. (22)

From equality (19) we have u2−α−2p = tα+2p−1uα+2p to which, applying formula (20) p times, and
then (19), we obtain

u2−α =

(
1

t

∂

∂t

)p
(tα+2p−1uα+2p). (23)

Let p ≥ 0, q ≥ 0 be the smallest integers satisfying the inequalities α+2p ≥ m−1, 2−α+2q ≥ m−1.
Proposition 1. If uk,20,n(r, t) is a solution to the Cauchy problem for equation (110) ) satisfying the

condition

uk,20,n(r, 0) = 0,
∂

∂t
uk,20,n(r, 0) = νkn(r), (24)

then function

uk,2α,n(r, t) = γ−αt
−α

1∫
0

uk,20,n(r, ξt)ξ(1− ξ2)−
α
2−1dξ ≡ γ−αΓ

(
−α

2

)
D

α
2

0t2u
k,2
0,n(r, t), (25)

for α < 0 it will be a solution of the equation (11α), satisfying the condition

uk,2α,n(r, 0) = 0, lim
t→0

tα
∂

∂t
ur,2α,n = νkn(r). (26)

If 0 < α < 1, then the function

uk,2α,n(r, t) = γ2−k+2q

(
1

t

∂

∂t

)q [
t1−k+2q

1∫
0

uk,10,n(r, ξt)(1− ξ2)q−
α
2 dξ

]
≡

≡ γ2−α+2q2
q−1Γ(q1 − α

2 + 1)D
α
2−1

0t2

[
uk,10,n(r, t)

t

] (27)

is a solution of the equation (11α) with the initial data (26), where
√
πΓ(α2 )γα = 2Γ(α+1

2 ), Γ(z) is the
gamma function, Dα

0t is the Riemann-Liouville operator [Nakhushev, 2006], and u
k,1
0,n(r, t) is a solution of

equation (110) with the initial conditions

uk,10,n(r, 0) =
νkn(r)

(1− α)(3− α)...(2q + 1− α)
,
∂

∂t
uk,10,n(r, 0) = 0. (28′)

Proposition 2. If uk,10,n(r, t) is a solution to the Cauchy problem for equation (110) satisfying the
condition

uk,10,n(r, 0) = τkn(r),
∂

∂t
uk,10,n(r, 0) = 0, (28)

then function

uk,1α,n(r, t) = γα

1∫
0

uk,10,n(r, ξt)(1− ξ2)
α
2−1dξ ≡ 2−1γαΓ

(α
2

)
t1−αD

−α2
0t2

[
uk,10,n(r, t)

t

]
, (29)
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for α > 0 is a solution of equation (11α), satisfying condition (28).
Proposition 3. If uk,10,n(r, t) is a solution to the Cauchy problem for equation (110) satisfying condition

(28), then the function

uk,11,n(r, t) =

1∫
0

uk,10,n(r, ξt)(1− ξ2)−
1
2 ln[t(1− ξ2)]dξ (30)

is a solution to the problem for the equation L1u
k
1,n = 0 with initial data

uk,1l,n
ln t

∣∣∣
t=0

= τkn(r). (31)

The evidence for the above statements is established similarly how they were proved for equation (22)
and multidimensional wave equations ∆xu − utt = 0 [Aldashev, 1991; Aldashev,1976; Tersenov, 1973;
Tersenov, 1982].

We give some corollaries from Propositions 2, 3. We �rst consider the case α < 0, α 6= −(2r+ 1), r =

0, 1, . . . . If uk,10,n(r, t) is the solution of the Cauchy problem for (110) with data

uk,10,n(r, 0) =
τkn(r)

(α− 1)...(α+ 2p− 1)
,
∂

∂t
uk,10,n(r, 0) = 0, (32)

then it follows from statement 2 that

uk,1α+2p,n(r, t) = γα+2p

1∫
0

uk,10,n(r, ξt)(1− ξ2)
α
2 +p−1dξ

is a solution of the equation Lα+2pu = 0, satisfying the initial condition(32).
Then from relations (23) and (19) it follows that the function

uk,1α,n(r, t) = t1−α
(

1

t

∂

∂t

)p (
tα+2p−1uk,1α+2p,n

)
≡ γk+2p2

p−1Γ(α2 + p)t1−αD
−α2
0t2

[
uk,10,n(r, t)

t

]
(33)

is a solution to equation (11α) and satis�es condition (28).
Now let α = −(2r+ 1). If uk,10,n(r, t) is a solution to the Cauchy problem for (110) with data (28), then

it is easy to obtain from (19), (23) and from Proposition 3 that

uk,1−(2r+1),n(r, t) = t2(r+1)

(
1

t

∂

∂t

)r+1
 1∫

0

uk,10,n(r, ξt)(1− ξ2)−
1
2 ln(t(1− ξ2))dξ

 (34)

is a solution to the Cauchy problem for (11α), satisfying the condition (28).
Using [Nakhushev, 2000] the relation (34) can be written as

uk,1−(2r+1),n(r, t) =
a

2
t2(r+1)D

r+ 1
2

0t2

[
uk,10,n(r, t)

t

]
, a =

1

2
Γ′(1)−

Γ′( 1
2 )
√
π
− ln t. (35)

5. Proof of the theorem for problem 1. 1) Case α < 1. Given formulas (25) and (27), we reduce
problem (11α), (12) to the Dirichlet problem for (110) with data

uk,2α,n(r, 0) = 0, uk,2α,n(1, t) = 0, uk,2α,n(r, β) = 0, k = 1, kn, n = 0, 1, ..., (36)

for α ≤ 0 and to the Poincare problem for equation (110), with the condition

∂

∂t
uk,2α,n(r, 0) = 0, uk,2α,n(1, t) = 0, uk,2α,n(r, β) = 0, k = 1, kn, n = 0, 1, ..., (37)

for 0 < α < 1.
The following are shown in [9, 10]: 1) If γ ≤ −µ2

s,n then problems (110), (36) and (110), (37) have only
zero solutions; 2)For γ > −µ2

s,n problem (110), (36) has only a trivial solution if and only if the condition
(7) is satis�ed; 3)For γ > −µ2

s,n problem (110), (37) has only a zero solution if and only if relation (8)
holds.

Further, using Statements 1-3, we establish similar results for the problem (11α), (12).
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2) Case α = 1. The solution to problem (11α), (13)will be sought in the form

uk1,n(r, t) = uk,11,n(r, t) + uk,21,n(r, t), (38)

where uk,11,n(r, t) is solution of the equation (111), with data
uk,11,n

ln t

∣∣∣
t=0

= 0, and uk,21,n(r, t) is solution of the

Poincare problem for (111) with the condition

∂

∂t
uk,21,n(r, 0) = 0, uk,21,n(1, t) = −uk,11,n(1, t), uk,21,n(r, β) = −uk,11,n(r, β), k = 1, kn, n = 0, 1, ... . (39)

By virtue of (30), (18) of uk,11,n(r, t) ≡ 0. Further, using formula (29), we reduce problem (111), (39) to
the Poincare problem (110), (37).

Using formulas (21), (19) problem (11α), (14) is reduced to the case α < 1. studied.
Thus, it follows from (10) that Theorem 1 is valid for Problem 1.

6. Proof of Theorem 1 for Problem 2. Now we consider Problem 2, which is reduced to problems
(11α), (15)and (11α), (16).

If α ≥ 0, then it follows from (29) that problem (11α), (15) reduces to the Poincare problem for
equation (110) with data(37).

For α < 0, α 6= −(2r + 1), r = 0, 1, . . . we will look for a solution to problem (11α), (16) in the form
(38), where uk,2α,n(r, t) is a solution to the Cauchy problem for (11α) with the condition

uk,2α,n(r, 0) = 0, lim
t→0

tα
∂

∂t
uk,2α,n(r, t) = 0, (40)

and uk,1α,n(r, t) is solution of the Poincare problem for (11α) with condition (39).
Problem (11α), (40) by virtue of formula (25) reduces to the homogeneous Cauchy problem for (110)

with data uk,20,n(r, 0) = 0, ∂
∂tu

k,2
0,n(r, t) = 0, which has the trivial solution that follows from (18).

Problem (11α), (39) by virtue of (33) is reduced to Poincare problem (110), (37).
Further, let α = −(2r + 1). We look for a solution to problem (11α), (16) in the form (38), where

uk,2α,n(r, t) is the solution to the Cauchy problem (11α), (40), and uk,1α,n(r, t) is solution to the Poincare
problem for (11α) with the condition (39).

Since uk,2α,n(r, t) ≡ 0, as shown earlier, by virtue of (35) problem (11α), (39) reduces to the Poincare
problem (110), (37).

Therefore, the validity of theorem 1 follows from (10) and it is proved for problem 2.
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1. Ââåäåíèå. Â ïåðå÷èñëèòåëüíîì êîìáèíàòîðíîì àíàëèçå èçâåñòíà çàäà÷à î ïåðå÷èñëåíèè ðå-
ø¼òî÷íûõ ïóòåé: äëÿ íàáîðà âåêòîðîâ ∆ = {α1, α2, . . . , αN} ⊂ Zn, òðåáóåòñÿ âû÷èñëèòü êîëè÷åñòâî
ñïîñîáîâ, êîòîðûìè ìîæíî ïðèéòè èç íà÷àëà êîîðäèíàò â òî÷êó x ∈ Zn, èñïîëüçóÿ òîëüêî øàãè
èç íàáîðà ∆. Ê ÷èñëó èçâåñòíûõ ïóòåé íà öåëî÷èñëåííîé ðåøåòêå ìîæíî îòíåñòè ïóòè Äèêà, Ìîö-
êèíà è Øðåäåðà (ñì. [Bousquet-M�elou, Petkov�sek, 2000]). Îòìåòèì, ÷òî ïóòè Äèêà ñâÿçàíû êàê ñî



Ñ. Ñ. Àõòàìîâà, Â. Þ. Ãðèøóíîâ, À. Ï. Ëÿïèí, Ñ. À. Òèõîìèðîâ 147

ñëîâàìè Äèêà, òàê è ñ äèàãðàììàìè Þíãà, äåðåâüÿìè è äðóãèìè îáúåêòàìè ïåðå÷èñëèòåëüíîãî
êîìáèíàòîðíîãî àíàëèçà (ñì. [Ñòåíëè, 2005], [Lyapin, Chandragiri, 2019]).

Åñëè îáîçíà÷èòü èñêîìîå ÷èñëî ïóòåé ÷åðåç f(x), òî èçâåñòíî (ñì. [6]), ÷òî f(x) óäîâëåòâîðÿåò
ðåêóððåíòíîìó ñîîòíîøåíèþ

f(x)− f(x− α1)− . . .− f(x− αN ) = 0, x ∈ Zn. (1)

Ìîùíûì ñðåäñòâîì èññëåäîâàíèÿ ñâîéñòâ ôóíêöèè f(x) ÿâëÿþòñÿ ïðîèçâîäÿùèå ôóíêöèè (ñì.
[Ñòåíëè, 1990]), òî åñòü ôóíêöèè âèäà

F (z) =
∑
x∈K

f(x)zx, (2)

êîòîðûå ïîçâîëÿþò ýôôåêòèâíî èñïîëüçîâàòü ìåòîäû êîìïëåêñíîãî àíàëèçà äëÿ èññëåäîâàíèÿ
ñâîéñòâ ôóíêöèè f(x).

Àáðàõàì Ìóàâð â 1722 ãîäó äîêàçàë, ÷òî â îäíîìåðíîì ñëó÷àå ñòåïåííîé ðÿä F (z) ïðåäñòàâëÿåò
ñîáîé ðàöèîíàëüíóþ ôóíêöèþ òîãäà è òîëüêî òîãäà, êîãäà åãî êîýôôèöèåíòû óäîâëåòâîðÿþò ðå-
êóððåíòíîìó ñîîòíîøåíèþ (ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
(ñì. [Moivre, 1724]). À èìåííî, êîýôôèöèåíòû ðàçëîæåíèÿ â ñòåïåííîé ðÿä ðàöèîíàëüíîé ôóíêöèè

F (z) =
1

ckzk + ck−1zk−1 + . . .+ c0
=
∞∑
x=0

f(x)zx, (3)

ãäå ci ∈ C, i = 0, . . . , k � íåêîòîðûå ïîñòîÿííûå, óäîâëåòâîðÿþò ðåêóððåíòíîìó ñîîòíîøåíèþ (ðàç-
íîñòíîìó óðàâíåíèþ) äëÿ ïîñëåäîâàòåëüíîñòè {f(x)}∞x=0, âñå ýëåìåíòû êîòîðîé, íà÷èíàÿ ñ k-ãî,
âû÷èñëÿþòñÿ ÷åðåç k − 1 ïðåäûäóùèõ:

ckf(x− k) + ck−1f(x− k + 1) + . . .+ c0f(x) = 0, x > k. (4)

Äîêàçàòåëüñòâî ýòîãî ôàêòà ìîæíî íàéòè â [1], â ãëàâå, ïîñâÿùåííîé ðàöèîíàëüíûì ïðîèçâî-
äÿùèì ôóíêöèÿì.

Â îáùåì ñëó÷àå, çíà÷åíèÿ ôóíêöèè

f(x) = ϕ(x), x = 0, . . . , k − 1 (5)

çàäàþòñÿ ïðîèçâîëüíî, à çàäà÷à (4)�(5) íàçûâàåòñÿ çàäà÷åé Êîøè äëÿ ðàçíîñòíîãî óðàâíåíèÿ (4),
a (5) � ôóíêöèåé íà÷àëüíûõ äàííûõ.

Â ìíîãîìåðíîì ñëó÷àå ñèòóàöèÿ ãîðàçäî ñëîæíåå è ñâÿçàíà ñî ñâîéñòâàìè è ñòðóêòóðîé êîíó-
ñà K è, êàê ñëåäñòâèå, ðàçëè÷íûìè âèäàìè ðàçíîñòíûõ óðàâíåíèé, îïèñûâàþùèõ ÷èñëî ïóòåé íà
öåëî÷èñëåííîé ðåøåòêå. Îòìåòèì ðàáîòó [Levy, Lessman, 1992], â êîòîðîé äëÿ äâóìåðíîãî ñëó÷àÿ
ðàññìîòðåíû ñïîñîáû ïîñòðîåíèÿ îáùèõ ðåøåíèé äëÿ íåêîòîðûõ âèäîâ ðàçíîñòíûõ óðàâíåíèé. Â
ìîíîãðàôèè [Äàäæèîí, Ìåðñåðî, 1988] äâóìåðíûå ðàçíîñòíûå óðàâíåíèÿ èñïîëüçîâàëèñü â òåîðèè
öèôðîâîé îáðàáîòêè ìíîãîìåðíûõ ñèãíàëîâ äëÿ êîíñòðóèðîâàíèÿ öèôðîâûõ ðåêóðñèâíûõ ôèëü-
òðîâ. Â ñëó÷àå äâóõ ïåðåìåííûõ çàäà÷à îá óñòîé÷èâîñòè öèôðîâîãî ðåêóðñèâíîãî ôèëüòðà ðåøåíà â
ðàáîòå [Tsikh, 1993]. Â ñòàòüå [Bousquet-M�elou, Petkov�sek, 2000] ìíîãîìåðíûå ðàçíîñòíûå óðàâíåíèÿ
èçó÷àëèñü ñ òî÷êè çðåíèÿ ïðèìåíåíèÿ ê çàäà÷àì ïåðå÷èñëèòåëüíîãî êîìáèíàòîðíîãî àíàëèçà. Â
íåé ñôîðìóëèðîâàíà çàäà÷à Êîøè äëÿ ìíîãîìåðíîãî ëèíåéíîãî ðàçíîñòíîãî óðàâíåíèÿ è äîêàçàíà
òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ýòîé çàäà÷è. Â ðàáîòå [Leinartas, 2007] ïðèâå-
äåíà ôîðìóëà äëÿ ðåøåíèÿ çàäà÷è Êîøè ñ èñïîëüçîâàíèåì ïîíÿòèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ.
Ðè÷àðä Ñòåíëè âûäåëÿåò ñëåäóþùèå êëàññû ïðîèçâîäÿùèõ ôóíêöèé: D-ôèíèòíûå ⊃ àëãåáðàè÷å-
ñêèå ⊃ ðàöèîíàëüíûå, è ðàññìàòðèâàåò ïîñëåäíèå êàê ¾íàèáîëåå ïîëåçíûé¿ êëàññ ïðîèçâîäÿùèõ
ôóíêöèé (ñì. [Ñòåíëè, 1990]). Â ðàáîòå [Íåêðàñîâà, 2014] èññëåäóþòñÿ ïðîèçâîäÿùèå ôóíêöèè ðå-
øåíèé ðàçíîñòíîãî óðàâíåíèÿ â ðàöèîíàëüíûõ êîíóñàõ öåëî÷èñëåííîé ðåøåòêè. Äëÿ ðÿäîâ Ëîðàíà
ñ íîñèòåëÿìè â òàêèõ êîíóñàõ îïðåäåëåíî ïîíÿòèå D-ôèíèòíîñòè è ïðèâåäåíî äîñòàòî÷íîå óñëîâèå,
ïðè êîòîðîì èç ðàöèîíàëüíîñòè (àëãåáðàè÷íîñòè, D-ôèíèòíîñòè) ïðîèçâîäÿùåé ôóíêöèè íà÷àëü-
íûõ äàííûõ çàäà÷è Êîøè ñëåäóåò ðàöèîíàëüíîñòü (àëãåáðàè÷íîñòü, D-ôèíèòíîñòü) ïðîèçâîäÿùåé
ôóíêöèè ðåøåíèÿ. Â äàííîé ðàáîòå äîêàçàí ìíîãîìåðíûé àíàëîã òåîðåìû Ìóàâðà (òåîðåìà 1),
ïîëó÷åíà ðåêóððåíòíàÿ ôîðìóëà äëÿ ñå÷åíèé ïðîèçâîäÿùåãî ðÿäà F (z) è äîêàçàíî, ÷òî ñå÷åíèÿ
ïðîèçâîäÿùåãî ðÿäà äëÿ ðåøåòî÷íûõ ïóòåé ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè (ñëåäñòâèå èç
òåîðåìû 1).

2. Îñíîâíûå ðåçóëüòàòû. Ðàññìîòðèì íàáîð âåêòîðîâ ∆ = {α1, α2, . . . , αN} ⊂ Zn> è ðàññìîò-
ðèì êîíóñ

K = {α1x1 + . . .+ αNxN , x1, . . . , xN ∈ Z>} ⊂ Zn>, (6)
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íàòÿíóòûé íà âåêòîðà èç íàáîðà ∆ è ëåæàùèé â íåîòðèöàòåëüíîì îêòàíòå. Èçâåñòíî (ñì., íàïðèìåð,
[Bousquet-M�elou, Petkov�sek, 2000]), ÷òî ïðîèçâîäÿùèé ðÿä äëÿ ÷èñëà ðåøåòî÷íûõ ïóòåé èç íà÷àëà
êîîðäèíàò â òî÷êó x ∈ Zn> ñõîäèòñÿ è èìååò âèä

F (z) =
1

1− zα
1
1

1 · · · z
α1
n

n − . . .− zα
N
1

1 · · · zα
N
n

n

. (7)

Îïðåäåëèì ñå÷åíèå F̂ k(ẑ), k = 0, 1, 2, . . . ïðîèçâîäÿùåãî ðÿäà F (z) äëÿ ÷èñëà ðåø¼òî÷íûõ ïóòåé
ñ øàãàìè èç ∆ ñëåäóþùèì îáðàçîì

F̂ k(ẑ) =
∑

ẑ∈Zn−1
>

f(k, x̂)ẑx̂, (8)

ãäå ẑ = (z2, z3, . . . , zn), x̂ = (x2, x3, . . . , xn) (ñì. [Íåêðàñîâà Ò.È. 2014.], [Lipshitz, 1989]). Â òàêèõ
îáîçíà÷åíèÿõ áóäåò èìåòü ìåñòî çàïèñü z = (z1, ẑ) è x = (x1, ẑ). Çàìåòèì, ÷òî F̂ 0(ẑ) = F (0, ẑ), à ñàìè
ñå÷åíèÿ ïðåäñòàâëÿþò êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè F (z) â ñòåïåííîé ðÿä ïî ïåðåìåííîé
z1. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Teoðåìà 1. Ñå÷åíèÿ F̂ k(ẑ) ïðîèçâîäÿùåãî ðÿäà F (z1, ẑ) äëÿ ðåø¼òî÷íûõ ïóòåé ñ øàãàìè èç ∆
óäîâëåòâîðÿþò ðåêóððåíòíîìó ñîîòíîøåíèþ

ck(ẑ)F̂n−k(ẑ) + ck−1(ẑ)F̂n−k+1(ẑ) + · · ·+ c0(ẑ)F̂n(ẑ) = 0, (9)

ñ êîýôôèöèåíòàìè cl(ẑ) =
∑

α:αi1=l

z
αi2
2 . . . z

αin
n , l = 0, . . . , k.

Äîêàçàòåëüñòâî. Ñãðóïïèðóåì ñëàãàåìûå â çíàìåíàòåëå ïðîèçâîäÿùåé ôóíêöèè (7) ïî ñòåïå-
íÿì z1 è ðàçëîæèì åå â ñòåïåííîé ðÿä ïî z1:

F (z) =
1

ck(ẑ)zk1 + ck−1(ẑ)zk−1
1 + · · ·+ c0(ẑ)z0

1

=
∞∑
n=0

F̂n(ẑ)zn1 ,

ãäå cl(ẑ) =
∑

α:αi1=l

z
αi2
2 . . . z

αin
n , l = 0, . . . , k.

Äîìíîæèì îáå ÷àñòè ýòîãî ðàâåíñòâà íà çíàìåíàòåëü

(
ck(ẑ)zk1 + ck−1(ẑ)zk−1

1 + · · ·+ c0(ẑ)z0
1

)
·
∞∑
n=0

F̂n(ẑ)zn1 = 1

è ïðåîáðàçóåì ëåâóþ ÷àñòü

(ck(ẑ)zk1 + ck−1(ẑ)zk−1
1 + · · ·+ c0(ẑ)) ·

∞∑
n=0

F̂n(ẑ)zn1 =

=

∞∑
n=k

(
ck(ẑ)F̂n−k(ẑ) + ck−1(ẑ)F̂n−k+1(ẑ) + · · ·+ c0(ẑ)F̂n(ẑ)

)
· zn1 +

+
(
ck−1(ẑ)F̂ 0(ẑ) + ck−2(ẑ)F̂ 1(ẑ) + · · ·+ c0F̂

k−1(ẑ)
)
· zk−1

1 +

+
(
ck−2(ẑ)F̂ 0(ẑ) + · · ·+ c0(ẑ)F̂ k−2(ẑ)

)
· zk−2

1 + · · ·+

+
(
c1(ẑ)F̂ 0(ẑ) + c0(ẑ)F̂ 1(ẑ)

)
· z1 + c0(ẑ)F̂ 0(ẑ),

çàòåì, ïðèðàâíÿâ âûðàæåíèÿ ïðè îäèíàêîâûõ ñòåïåíÿõ z1, ïîëó÷èì, ÷òî

c0(ẑ)F̂ 0(ẑ) = 1

c1(ẑ)F̂ 0(ẑ) + c0(ẑ)F̂ 1(ẑ) = 0

· · ·
ck−2(ẑ)F̂ 0(ẑ) + · · ·+ c0(ẑ)F̂ k−2(ẑ) = 0

ck−1(ẑ)F̂ 0(ẑ) + ck−2(ẑ)F̂ 1(ẑ) + · · ·+ c0F̂
k−1(ẑ) = 0

(10)

è äëÿ âñåõ n > k ñïðàâåäëèâî èñêîìîå ðåêóððåíòíîå ñîîòíîøåíèå:

ck(ẑ)F̂n−k(ẑ) + ck−1(ẑ)F̂n−k+1(ẑ) + · · ·+ c0(ẑ)F̂n(ẑ) = 0.
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Äëÿ äîêàçàòåëüñòâà îáðàòíîãî óòâåðæäåíèÿ óìíîæèì ëåâóþ ÷àñòü äàííîãî ðàâåíñòâà íà zk è ïðî-
ñóììèðóåì ïî âñåì n > k. Â èòîãå ïîëó÷èì ïðîèçâîäÿùóþ ôóíêöèþ äëÿ ðåøåòî÷íûõ ïóòåé. Òåî-
ðåìà äîêàçàíà.

Çàìå÷àíèå 1. Îòìåòèì, ÷òî äàííàÿ òåîðåìà ñïðàâåäëèâà äëÿ ïðîèçâîëüíîé ïåðåìåííîé zj,
ãäå j = 1, . . . , n.

Çàìå÷àíèå 2. Ïî àíàëîãèè ñ çàäà÷åé Êîøè (4)�(5) äëÿ ëèíåéíîãî ðàçíîñòíîãî óðàâíåíèÿ, ìîæ-
íî ñôîðìóëèðîâàòü çàäà÷ó Êîøè äëÿ óðàâíåíèÿ (9), ôóíêöèÿ íà÷àëüíûõ äàííûõ F̂ k(ẑ) = Φ̂k(ẑ),
k = 0, 1, . . . , n− 1 êîòîðîé ìîæåò áûòü íàéäåíà èç ñèñòåìû (10).

Çàìå÷àíèå 3. Ñå÷åíèÿ ïðîèçâîäÿùåãî ðÿäà F (z) èìåþò è êîìáèíàòîðíûé ñìûñë, à èìåííî
ôóíêöèÿ F̂ k(ẑ) ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé äëÿ ÷èñëà ïóòåé ñ øàãàìè èç íàáîðà ∆, âûõîäÿ-
ùèõ èç íà÷àëà êîîðäèíàò è îêàí÷èâàþùèõñÿ íà ãèïåðïëîñêîñòè x1 = k.

Èç òåîðåìû 1 àâòîìàòè÷åñêè ïîëó÷àåòñÿ àíàëîã òåîðåìû Ìóàâðà äëÿ ñå÷åíèé ïðîèçâîäÿùèõ
ðÿäîâ ÷èñëà ïóòåé íà öåëî÷èñëåííîé ðåøåòêå.

Ñëåäñòâèå. Ñå÷åíèÿ F̂ k(ẑ) ïðîèçâîäÿùåãî ðÿäà F (z1, ẑ) äëÿ ðåø¼òî÷íûõ ïóòåé ñ øàãàìè èç
íàáîðà ∆ ïðèíàäëåæàò ê êëàññó ðàöèîíàëüíûõ ôóíêöèé.

3. Ïðèìåðû. Ïðèìåð 1. Ðàññìîòðèì íàáîð âåêòîðîâ

∆ = {(1, 0, 1), (2, 2, 2), (1, 2, 3), (3, 1, 2), (3, 2, 1), (2, 1, 2)}.

Ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñëà ïóòåé íà öåëî÷èñëåííîé ðåøåòêå áóäåò èìåòü âèä

F (z1, z2, z3) =
1

1− z1(z3 + z2
2z

3
3)− z2

1(z2
2z

2
3 + z2z2

3)− z3
1(z2z2

3 + z2
2z3)

,

ïðè÷åì â îáîçíà÷åíèÿõ èç òåîðåìû c0(z2, z3) = 1, c1(z2, z3) = −z3 − z2
2z

3
3 , c2(z2, z3) = −z2

2z
2
3 − z2z

2
3 ,

c3(z2, z3) = −z2z
2
3 − z2

2z3. Ðàçíîñòíîå óðàâíåíèå èìååò âèä

Fn(z2, z3) − (z3 + z2
2z

3
3)Fn−1(z2, z3) − (z2

2z
2
3 + z2z

2
3)Fn−2(z2, z3) − (z2z

2
3 + z2

2z3)Fn−3(z2, z3) = 0.

Ïðèìåð 2. Îòìåòèì ñâÿçü ñå÷åíèé ïðîèçâîäÿùèõ ðÿäîâ ñ ìíîãî÷ëåíàìè Ôèáîíà÷÷è è Ïåëëÿ
(ñì. [Luzon, Moron, 2010]).

Ðàññìîòðèì ïóòè íà öåëî÷èñëåííîé ðåøåòêå, îáðàçîâàííûå íàáîðîì øàãîâ ∆ = {(1, 1), (2, 0)}.
Ôóíêöèÿ f(x1, x2) ÷èñëà òàêèõ ïóòåé èç íà÷àëà êîîðäèíàò â òî÷êó (x1, x2) óäîâëåòâîðÿåò ðàçíîñò-
íîìó óðàâíåíèþ

f(x1, x2)− f(x1 − 1, x2 − 1)− f(x1 − 2, x2) = 0,

à åå ïðîèçâîäÿùèé ðÿä ñõîäèòñÿ è èìååò âèä F (z1, z2) = (1 − z1z2 − z2
1)−1. Îáîçíà÷èì Fn(z2) =∑

x2>0

f(n, x2)zx2
2 � ñå÷åíèÿ ïðîèçâîäÿùåãî ðÿäà. Ïî òåîðåìå 1 òàêèå ñå÷åíèÿ óäîâëåòâîðÿþò ðåêóð-

ðåíòíîìó ñîîòíîøåíèþ
Fn(z2)− z2F

n−1(z2)− Fn−2(z2) = 0

ñ íà÷àëüíûìè äàííûìè F 0(z2) = 1, F 1(z2) = z2. Ïðîäîëæàÿ âû÷èñëåíèÿ, ïîëó÷èì èçâåñòíóþ ïî-
ñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ Ôèáîíà÷÷è:

F 2(z2) =z2
2 + 1,

F 3(z2) =z3
2 + 2z2,

F 4(z2) =z4
2 + 3z2

2 + 1,

F 5(z2) =z5
2 + 4z3

2 + 3z2,

. . .

Ðàññìîòðèì ïóòè íà öåëî÷èñëåííîé ðåøåòêå, îáðàçîâàííûå íàáîðîì øàãîâ∆ = {(1, 1), (1, 1)(2, 0)},
äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî øàã (1, 1) èìååò êðàòíîñòü 2 èëè ÷òî ñóùåñòâóåò äâà òàêèõ øàãà
ðàçíîãî öâåòà. Ôóíêöèÿ f(x1, x2) ÷èñëà òàêèõ ïóòåé èç íà÷àëà êîîðäèíàò â òî÷êó (x1, x2) óäîâëå-
òâîðÿåò ðàçíîñòíîìó óðàâíåíèþ

f(x1, x2)− 2f(x1 − 1, x2 − 1)− f(x1 − 2, x2) = 0,

à åå ïðîèçâîäÿùèé ðÿä ñõîäèòñÿ è èìååò âèä F (z1, z2) = (1−2z1z2−z2
1)−1. Ïî òåîðåìå 1 åãî ñå÷åíèÿ

Fn(z2) óäîâëåòâîðÿþò ðåêóððåíòíîìó ñîîòíîøåíèþ

Fn(z2)− 2z2F
n−1(z2)− Fn−2(z2) = 0

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2



Î ñå÷åíèÿõ ïðîèçâîäÿùèõ ðÿäîâ â çàäà÷àõ î ðåøåòî÷íûõ ïóòÿõ 150

ñ íà÷àëüíûìè äàííûìè F 0(z2) = 1, F 1(z2) = 2z2. Ïðîäîëæàÿ âû÷èñëåíèÿ, ïîëó÷èì èçâåñòíóþ
ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ Ïåëëÿ:

F 2(z2) =4z2
2 + 1,

F 3(z2) =8z3
2 + 4z2,

F 4(z2) =16z4
2 + 12z2

2 + 1,

. . .

4. Çàêëþ÷åíèå. Ïîëó÷åííîå ðåêóððåíòíîå ñîîòíîøåíèå äëÿ ñå÷åíèé ïðîèçâîäÿùèõ ðÿäîâ ÷èñ-
ëà ïóòåé íà öåëî÷èñëåííîé ðåøåòêå ïîçâîëÿåò ðàçðàáîòàòü êîìïüþòåðíûé àëãîðèòì äëÿ âû÷èñëå-
íèÿ òàêèõ ñå÷åíèé.
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Àííîòàöèÿ. Ìîäèôèöèðîâàíà ïðåäëîæåííàÿ ðàíåå ìåòîäèêà ðàñ÷åòà âûõîäà äèôðàãèðîâàííûõ ðåàëüíûõ
ôîòîíîâ â ñîâåðøåííûõ êðèñòàëëàõ ñ èñïîëüçîâàíèåì ïîäõîäà Äàðâèíà è Ïðèíñà î ìíîãîêðàòíûõ ïåðåîò-
ðàæåíèÿõ ôîòîíîâ íà îòðàæàþùèõ ïëîñêîñòÿõ êðèñòàëëà ñ ïîìîùüþ ìåòîäà Ìîíòå-Êàðëî. Îáñóæäàåòñÿ
âëèÿíèå àñèììåòðèè îòðàæàþùåé ïëîñêîñòè îòíîñèòåëüíî âûõîäíîé ïîâåðõíîñòè íà âûõîä äèôðàãèðîâàí-
íîãî èçëó÷åíèÿ. Àíàëèçèðóþòñÿ ðåçóëüòàòû èçìåðåíèé óãëîâûõ ðàñïðåäåëåíèé èçëó÷åíèÿ ïàðàìåòðè÷å-
ñêîãî ðåíòãåíîâñêîãî èçëó÷åíèÿ (ÏÐÈ) ðåëÿòèâèñòñêèõ ýëåêòðîíîâ â êðèñòàëëàõ, â êîòîðûõ îòðàæàþùàÿ
ïëîñêîñòü áûëà íå ïåðïåíäèêóëÿðíà âûõîäíîé ïîâåðõíîñòè. Ïîêàçàíî, ÷òî ôîðìà óãëîâûõ ðàñïðåäåëåíèé
èçëó÷åíèÿ áûñòðûõ ýëåêòðîíîâ â òîíêèõ êðèñòàëëàõ ìîæåò áûòü ñ äîñòàòî÷íîé òî÷íîñòüþ îïèñàíà â ðàìêàõ
êèíåìàòè÷åñêîé òåîðèè ÏÐÈ ñ ó÷åòîì âêëàäà äèôðàêöèè ðåàëüíûõ ôîòîíîâ êàê äëÿ ñèììåòðè÷íîé, òàê
è äëÿ àñèììåòðè÷íîé ãåîìåòðèè ðàññåÿíèÿ. Èíôîðìàöèè äëÿ âûâîäà î ñîîòíîøåíèè àáñîëþòíûõ çíà÷åíèé
èçìåðåííûõ âûõîäîâ èçëó÷åíèÿ ñ ðàñ÷åòíûìè íå äîñòàòî÷íî. Íåîáõîäèìû èçìåðåíèÿ âûõîäîâ èçëó÷åíèÿ
èëè óãëîâûõ ðàñïðåäåëåíèé äëÿ äâóõ èäåíòè÷íûõ îòðàæàþùèõ ïëîñêîñòåé ñ ðàçíûì çíà÷åíèåì àñèììåòðèè
â îäèíàêîâûõ ýêñïåðèìåíòàëüíûõ óñëîâèÿõ.
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Abstract. The previously proposed method for calculating the yield of di�racted real photons is modi�ed using the
Darwin and Prince approach for multiple re-re�ections of photons on the re�ecting planes of the crystal using the
Monte Carlo method. The in�uence of the asymmetry of the re�ecting plane relative to the output surface on the
output of di�racted radiation is discussed. The results of measurements of the angular distributions of parametric
X-ray radiation (PXR) of relativstic electrons in crystals in which the re�ecting plane was not perpendicular to the
output surface are analyzed. It is shown that the shape of the angular distributions of the emission of fast electrons
in thin crystals can be described with su�cient accuracy in the framework of the kinematic theory of PXR taking
into account the contribution of the di�raction of real photons for both symmetric and asymmetric scattering
geometry. Information for the conclusion about the ratio of the measured radiation outputs absolute values with
the calculated ones is not enough. It is necessary to measure the radiation yields or angular distributions for two
identical re�ective planes with di�erent asymmetry values for the same experimental conditions.
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1. Ââåäåíèå. Ýëåêòðîìàãíèòíîå èçëó÷åíèå, âîçíèêàþùåå ïðè âçàèìîäåéñòâèè áûñòðûõ ÷àñòèö
ñ âíåøíèìè ïîëÿìè è àòîìíûìè ñòðóêòóðàìè, àêòèâíî èçó÷àåòñÿ áîëåå ñòà ëåò (ñì., íàïðèìåð,
[Rullhusen et al., 1999] è öèòèðóåìóþ òàì ëèòåðàòóðó). Èíòåðåñ ê ýòèì èññëåäîâàíèÿì îáóñëîâëåí
øèðîêèì ïðèìåíåíèåì ýòîãî èçëó÷åíèÿ â ðàçëè÷íûõ îáëàñòÿõ íàóêè è òåõíèêè. Â çàâèñèìîñòè îò
ìåõàíèçìà ýòîãî âçàèìîäåéñòâèÿ ìåíÿþòñÿ ñïåêòðàëüíî-óãëîâûå õàðàêòåðèñòèêè è èíòåíñèâíîñòü
ïîëó÷àåìîãî èçëó÷åíèÿ. Îäíèì èç òàêèõ ìåõàíèçìîâ ÿâëÿåòñÿ ïàðàìåòðè÷åñêîå ðåíòãåíîâñêîå èç-
ëó÷åíèå (ÏÐÈ), ãåíåðèðóåìîå ïðè ïðîõîæäåíèè áûñòðûõ çàðÿæåííûõ ÷àñòèö ÷åðåç êðèñòàëëû è
îáíàðóæåííîå áîëåå òðèäöàòè ëåò íàçàä. Èíòåðåñ ê ýòîìó òèïó èçëó÷åíèÿ îáóñëîâëåí åãî ìîíîõðî-
ìàòè÷íîñòüþ è óäîáñòâîì èñïîëüçîâàíèÿ, ïîñêîëüêó îíî èñïóñêàåòñÿ ïîä áîëüøèì óãëîì ê íàïðàâ-
ëåíèþ äâèæåíèÿ ÷àñòèö, îïðåäåëÿåìûì ðàçâîðîòîì ïëîñêîñòè êðèñòàëëà, íà êîòîðîé ïðîèñõîäèò
ïðîöåññ äèôðàêöèè ïîëÿ ÷àñòèöû, è ñâÿçàí, â îñíîâíîì, ñ ïîèñêîì íîâûõ èñòî÷íèêîâ èíòåíñèâíîãî
ðåíòãåíîâñêîãî èçëó÷åíèÿ ñ ïåðåñòðàèâàåìîé äëèíîé âîëíû, àëüòåðíàòèâíûõ íàêîïèòåëÿì.

Â ïåðâîì ïðèáëèæåíèè ÏÐÈ ìîæåò ðàññìàòðèâàòüñÿ êàê êîãåðåíòíîå ðàññåÿíèå ñîáñòâåííîãî
ýëåêòðîìàãíèòíîãî ïîëÿ ÷àñòèöû íà ýëåêòðîííûõ îáîëî÷êàõ ïåðèîäè÷åñêè ðàñïîëîæåííûõ àòîìîâ
ìèøåíè [Ãàðèáÿí, ßí Øè 1971; Áàðûøåâñêèé, Ôåðàí÷óê, 1971]. Ïî àíàëîãèè ñ ïðîöåññîì äèôðàê-
öèè ðåíòãåíîâñêèõ ëó÷åé â êðèñòàëëàõ [Äæåéìñ, 1950] ñóùåñòâóåò äâà ïîäõîäà ê îïèñàíèþ ÏÐÈ.
Êèíåìàòè÷åñêèé ïîäõîä ïðåäïîëàãàåò, ÷òî ìíîãîêðàòíîå îòðàæåíèå ôîòîíîâ ÏÐÈ íà ïëîñêîñòÿõ
êðèñòàëëà ïðåíåáðåæèìî ìàëî, è åãî ìîæíî íå ó÷èòûâàòü [Nitta, 1991; Brenzinger et al., 1997]. Â
äèíàìè÷åñêîé òåîðèè ÏÐÈ, ñì, íàïðèìåð, [Ãàðèáÿí, ßí Øè 1971; Áàðûøåâñêèé, Ôåðàí÷óê 1971;
Áàðûøåâñêèé, Äóáîâñêàÿ 1991; Nasonov, Noskov 2003; Áëàæåâè÷, Íîñêîâ 2006; Blazhevich, Noskov
2008] è öèòèðóåìóþ òàì ëèòåðàòóðó, ýòîò ïðîöåññ ó÷èòûâàåòñÿ ÿâíûì îáðàçîì è ñ÷èòàåòñÿ îïðåäå-
ëÿþùèì.

Ñ ïîçèöèé áîëåå îáùåé òåîðèè ïîëÿðèçàöèîííîãî òîðìîçíîãî èçëó÷åíèÿ (ÏÒÈ) áûñòðûõ çàðÿ-
æåííûõ ÷àñòèö íà àòîìàõ ñðåäû [Àìóñüÿ è äð., 1987] ïðîöåññ ïàðàìåòðè÷åñêîãî ðåíòãåíîâñêîãî
èçëó÷åíèÿ ðàññìàòðèâàåòñÿ êàê êîãåðåíòíîå ÏÒÈ áûñòðûõ çàðÿæåííûõ ÷àñòèö â ìîíîêðèñòàëëàõ
[Ëàïêî, Íàñîíîâ 1990]. Â ðàìêàõ ýòîãî ïîäõîäà ïîêàçàíî [Nitta, 1996], ÷òî äëÿ ñîâåðøåííûõ êðè-
ñòàëëîâ âêëàä äèíàìè÷åñêèõ ýôôåêòîâ â ÏÐÈ íå ïðåâûøàåò 10%, ïîýòîìó êèíåìàòè÷åñêîãî ïðè-
áëèæåíèÿ äîëæíî áûòü âïîëíå äîñòàòî÷íî äëÿ îïèñàíèÿ ýêñïåðèìåíòàëüíûõ äàííûõ. Ê òàêîìó æå
ðåçóëüòàòó íåäàâíî ïðèøëè àâòîðû ñòàòüè [Papadakis, Trikalinos 2013], â êîòîðîé ïîêàçàíî, ÷òî ðàç-
ëè÷èå ðåçóëüòàòîâ ðàñ÷åòà â îáîèõ ïîäõîäàõ íå ïðåâûøàåò 6-7%, ïðîÿâëÿåòñÿ â óìåíüøåíèè âûõîäà
èçëó÷åíèÿ â ðàñ÷åòàõ ñ èñïîëüçîâàíèåì äèíàìè÷åñêîé òåîðèè è íàáëþäàåòñÿ, â îñíîâíîì, â äèàïà-
çîíå ýíåðãèé ýëåêòðîíîâ íåñêîëüêî ñîòåí ÌýÂ. Ýòî æå ïîäòâåðæäàåòñÿ ñîïîñòàâëåíèåì ðåçóëüòàòîâ
èçìåðåíèé ñ ðàñ÷åòàìè, ïîêàçàâøèì, ÷òî êèíåìàòè÷åñêàÿ òåîðèÿ ÏÐÈ îïèñûâàåò ýêñïåðèìåíòàëü-
íûå ðåçóëüòàòû äëÿ ñîâåðøåííûõ êðèñòàëëîâ ñ ïîãðåøíîñòüþ íå õóæå 10-15% [Brenzinger et al.,
1997; Goponov et al., 2017].

Åäèíñòâåííûì óâåðåííî íàáëþäàâøèìñÿ ïðîÿâëåíèåì äèíàìè÷åñêèõ ýôôåêòîâ â ÏÐÈ ÿâëÿåòñÿ
òàê íàçûâàåìîå ÏÐÈ âïåðåä [Baryshevsky, 1997], îáíàðóæåííîå â êðèñòàëëàõ âîëüôðàìà è êðåìíèÿ
â ðàáîòàõ [Àëåéíèê è äð., 2004; Backe et al., 2005] â îáëàñòè ýíåðãèé ôîòîíîâ ω < γωp, ãäå γ Ëîðåíö-
ôàêòîð ÷àñòèöû, à ω è ωp ÷àñòîòà èçëó÷åííîãî ôîòîíà è ïëàçìåííàÿ ÷àñòîòà ñðåäû. Îòìåòèì, ÷òî
â ñëó÷àå ÏÐÈ ïîä áîëüøèìè óãëàìè ê íàïðàâëåíèþ äâèæåíèÿ ÷àñòèöû òàêîãî îãðàíè÷åíèÿ íåò.

Èç äèíàìè÷åñêîé òåîðèè äèôðàêöèè ðåíòãåíîâñêîãî èçëó÷åíèÿ â ñîâåðøåííûõ êðèñòàëëàõ, ñì.,
íàïðèìåð, [Ïèíñêåð, 1982] èçâåñòíî, ÷òî â ñëó÷àå òàê íàçûâàåìîé àñèììåòðè÷íîé äèôðàêöèè, êî-
ãäà îòðàæàþùàÿ ïëîñêîñòü íå ïåðïåíäèêóëÿðíà âûõîäíîé ïîâåðõíîñòè èëè íå ñîâïàäàåò ñ íåé,
ñîîòíîøåíèå âûõîäîâ äèôðàãèðîâàííîãî èçëó÷åíèÿ è èçëó÷åíèÿ, ðàñïðîñòðàíÿþùåãîñÿ âäîëü íà-
ïðàâëåíèÿ ïàäåíèÿ ôîòîíà íà êðèñòàëë, îòëè÷àþòñÿ îò ñèììåòðè÷íîãî ñëó÷àÿ.

Â óæå öèòèðîâàííûõ ñòàòüÿõ [Áëàæåâè÷, Íîñêîâ 2006; Blazhevich, Noskov 2008] è äðóãèõ ðà-
áîòàõ ýòèõ àâòîðîâ, ïîñâÿùåííûõ òåîðåòè÷åñêîìó îïèñàíèþ ÏÐÈ â ðàìêàõ äèíàìè÷åñêîé òåî-
ðèè, óòâåðæäàåòñÿ, ÷òî òàêîå æå ðàçëè÷èå äîëæíî íàáëþäàòüñÿ è â ïàðàìåòðè÷åñêîì ðåíòãå-
íîâñêîì èçëó÷åíèè. Ñòåïåíü ýòîãî ðàçëè÷èÿ çàâèñèò îò âåëè÷èíû àñèììåòðèè îòðàæåíèÿ ε =
sin(δ′ + ΘB)/ sin(δ′ − ΘB), ñì., íàïðèìåð, [Áëàæåâè÷, Íîñêîâ 2006]. Çäåñü δ′ � óãîë ìåæäó ïî-
âåðõíîñòüþ ìèøåíè è îòðàæàþùèìè ïëîñêîñòÿìè, à ΘB � óãîë ìåæäó íàïðàâëåíèåì äâèæåíèÿ
ýëåêòðîíà è îòðàæàþùåé ïëîñêîñòüþ. Â òîíêîì íåïîãëîùàþùåì êðèñòàëëå ïðè íàëè÷èè àñèììåò-
ðèè îòðàæåíèÿ ïîëÿ ÷àñòèöû ñîîòíîøåíèå èíòåíñèâíîñòåé ÏÐÈ, ðàññ÷èòàííûõ ñ èñïîëüçîâàíèåì
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äèíàìè÷åñêîé è êèíåìàòè÷åñêîé òåîðèè, äîëæíî áûòü áëèçêî ê âåëè÷èíå ε [Áëàæåâè÷, Íîñêîâ 2006].
Â îäíîé èç ïîñëåäíèõ ðàáîò ýòîé ãðóïïû [Blazhevich, Noskov 2019] îïóáëèêîâàíà èíòåðïðåòàöèÿ

ðåçóëüòàòîâ ýêñïåðèìåíòà [Takabayashi et al., 2017], â êîòîðîì ïðîâåäåíû èçìåðåíèÿ ÏÐÈ ýëåê-
òðîíîâ ñ ýíåðãèåé 255 ÌýÂ â êðèñòàëëå àëìàçà ñ áîëüøîé ãðàíüþ ïåðïåíäèêóëÿðíîé îñè <001>
è òîëùèíîé 50 ìèêðîí äëÿ óãëà íàáëþäåíèÿ ΘD=32.2◦ è îòðàæàþùèõ ïëîñêîñòåé (110) è (111).
Ïëîñêîñòü (110) ïåðïåíäèêóëÿðíà ïîâåðõíîñòè ìèøåíè, òî åñòü ε=1, à äâå ïëîñêîñòè òèïà (111) ïî-
âåðíóòû îòíîñèòåëüíî íå¼ íà óãîë ±35.26◦, ÷òî ñîîòâåòñòâóåò çíà÷åíèÿì óãëà δ′=54.74◦ è 125.26◦.
Ýòî ïîçâîëÿåò â îäíèõ è òåõ æå ýêñïåðèìåíòàëüíûõ óñëîâèÿõ ïðîâîäèòü èçìåðåíèÿ äëÿ ε=0.658
è ε=1.520. Ýêñïåðèìåíò [Takabayashi et al., 2017] âûïîëíåí äëÿ îðèåíòàöèè ñ ε=0.658, ïîýòîìó ðå-
ãèñòðèðóåìûé âûõîä èçëó÷åíèÿ äîëæåí áûòü ïî÷òè â äâà ðàçà ìåíüøå, ÷åì ðåçóëüòàòû ðàñ÷åòà ñ
èñïîëüçîâàíèåì êèíåìàòè÷åñêîé òåîðèè ÏÐÈ, ñì. [Blazhevich, Noskov 2019], ðèñóíîê 3.

Íå âñå ñïåöèàëèñòû ñîãëàñíû ñ óòâåðæäåíèåì î ñòîëü çíà÷èìîé ðîëè óãëà ìåæäó íàïðàâëåíèåì
îòðàæàþùåé ïëîñêîñòè è ïîâåðõíîñòüþ ìèøåíè â ïðîöåññå ãåíåðàöèè ÏÐÈ. Â ÷àñòíîñòè, â ñòàòüå
[Artru, 2019], äèñêóòèðóþùåé ñ ðàáîòîé [Blazhevich, Noskov 2019], ïîä÷åðêèâàåòñÿ, ÷òî àñèììåòðèÿ
îòðàæåíèÿ ïîëÿ ÷àñòèöû ìîæåò ïðèâåñòè ê èçìåíåíèþ ñîîòíîøåíèÿ ìåæäó ïîòîêàìè èçëó÷åíèÿ,
âûëåòàþùåãî èç êðèñòàëëà â íàïðàâëåíèè äâèæåíèÿ ïåðâè÷íîé ÷àñòèöû (ÏÐÈ âïåðåä) è Áðýããîâ-
ñêîãî îòðàæåíèÿ (îáû÷íîå ÏÐÈ), îäíàêî ïîëíàÿ èíòåíñèâíîñòü ðîæäåííîãî â êðèñòàëëå èçëó÷åíèÿ
íå äîëæíà çàâèñåòü îò óãëà ìåæäó îòðàæàþùèìè ïëîñêîñòÿìè è ïîâåðõíîñòüþ ìèøåíè.

Ýêñïåðèìåíò [Takabayashi et al., 2017] âûïîëíåí ñ ïîìîùüþ ðåíòãåíîãðàôè÷åñêîé ïëàñòèíû
(imagine plate � IP). Ýòîò ïðèáîð èçìåðÿåò ïîãëîùåííóþ äîçó, îñòàâëåííóþ ïðîøåäøèì ÷åðåç íåãî
èçëó÷åíèåì, òî åñòü â ñëó÷àå ÏÐÈ îáóñëîâëåííóþ âêëàäîì âñåõ ïîðÿäêîâ îòðàæåíèÿ, à åãî ýô-
ôåêòèâíîñòü è ýíåðãåòè÷åñêèé îòêëèê çàâèñèò îò ýíåðãèè ôîòîíîâ. Ïîýòîìó ïðÿìîå ñîïîñòàâëåíèå
ðåçóëüòàòîâ èçìåðåíèé ñ ðàñ÷åòàìè äëÿ îòðàæåíèé (220) è (111), ñäåëàííîå â ðàáîòå [Blazhevich,
Noskov 2019], ïðåäñòàâëÿåòñÿ íåäîñòàòî÷íî êîððåêòíûì.

Áîëüøèíñòâî èçìåðåíèé ïî èññëåäîâàíèþ ÏÐÈ ðåëÿòèâèñòñêèõ ÷àñòèö â êðèñòàëëàõ, ñì., íà-
ïðèìåð, îáçîðû [Ïîòûëèöûí, 1998; Ëîáêî, 2006] è öèòèðîâàííûå òàì ðàáîòû, âûïîëíåíî äëÿ êðè-
ñòàëëîâ ñ ñèììåòðè÷íîé ãåîìåòðèåé îòðàæåíèÿ. Ìîæíî îòìåòèòü òîëüêî ýêñïåðèìåíò [Brenzinger
et al., 1997], â êîòîðîì ñ ïîìîùüþ ïîëóïðîâîäíèêîâîãî äåòåêòîðà â îäíèõ è òåõ æå ýêñïåðèìåí-
òàëüíûõ óñëîâèÿõ ïðîâåäåíû èçìåðåíèÿ âûõîäîâ ÏÐÈ â êðèñòàëëå êðåìíèÿ ñ îðèåíòàöèåé <001>,
êàê è â ýêñïåðèìåíòå [Takabayashi et al., 2017]. Èçìåðåíèÿ âûïîëíåíû äëÿ îòðàæàþùèõ ïëîñêîñòåé
(110), (111) è (112). Èçâåñòíî, ÷òî â êðèñòàëëå ñ òàêîé îðèåíòàöèåé ïëîñêîñòè òèïà (111) è (112)
íàïðàâëåíû ïîä óãëîì ê ïëîñêîñòè (001), ñîâïàäàþùåé ñ ïîâåðõíîñòüþ êðèñòàëëè÷åñêîé ìèøåíè,
ïîýòîìó â ïðîöåññå ýòèõ èçìåðåíèé ðåãèñòðèðîâàëîñü ÏÐÈ äëÿ ñëó÷àÿ àñèììåòðè÷íîãî ðàññåÿíèÿ
ïîëÿ ÷àñòèöû.

Èçâåñòíî, ñì., íàïðèìåð, [Brenzinger et al., 1997; Áàëäèí è äð., 2006] è öèòèðóåìóþ òàì ëèòåðà-
òóðó, ÷òî â Áðýããîâñêîì íàïðàâëåíèè êðîìå ÏÐÈ ðàñïðîñòðàíÿþòñÿ äèôðàãèðîâàííîå ïåðåõîäíîå
èçëó÷åíèå (ÄÏÈ) è äèôðàãèðîâàííîå òîðìîçíîå èçëó÷åíèå (ÄÒÈ), íà âûõîä êîòîðûõ ìîæåò âëè-
ÿòü àñèììåòðèÿ îòðàæåíèÿ. Ïåðâûé ìåõàíèçì ðåàëèçóåòñÿ â îáëàñòè ýíåðãèé ôîòîíîâ ω < γωp, à
âòîðîé ïðè âûïîëíåíèè ïðîòèâîïîëîæíîãî óñëîâèÿ. Åñëè ω ∼ γωp, òî íåîáõîäèìî ó÷èòûâàòü âêëàä
îáîèõ ìåõàíèçìîâ èçëó÷åíèÿ. Âåëè÷èíà âêëàäà, îáóñëîâëåííîãî ýòèìè ìåõàíèçìàìè èçëó÷åíèÿ, â
ïîëíûé âûõîä èçëó÷åíèÿ çàâèñèò îò óñëîâèé èçìåðåíèé è äîñòàòî÷íî ïîäðîáíî àíàëèçèðîâàëàñü â
ðàáîòàõ [Áàëäèí è äð., 2006; Áàêëàíîâ è äð., 2007].

Âêëàä äèôðàêöèè ðåàëüíûõ ôîòîíîâ òîðìîçíîãî è ïåðåõîäíîãî èçëó÷åíèé ìàêñèìàëåí â ñëó-
÷àå èñïîëüçîâàíèÿ òîíêèõ êðèñòàëëîâ. Ïåðåõîäíîå èçëó÷åíèå (ÏÈ) ôîðìèðóåòñÿ âáëèçè âõîäíîé
ãðàíèöû ìèøåíè, ïîýòîìó èíòåíñèâíîñòü ÄÏÈ ïðàêòè÷åñêè íå çàâèñèò îò òîëùèíû êðèñòàëëà,
òîãäà êàê èíòåíñèâíîñòü ÏÐÈ ïðîïîðöèîíàëüíà òîëùèíå ìèøåíè è ñðàâíèòåëüíî ñëàáî çàâèñèò
îò ìíîãîêðàòíîãî ðàññåÿíèÿ ÷àñòèö â íåé, ïîñêîëüêó õàðàêòåðíûé óãîë âûëåòà ôîòîíîâ ÏÐÈ

Θph =
√
γ−2 + ω2

p/ω
2, êàê ïðàâèëî, çíà÷èìî áîëüøå óãëà ìíîãîêðàòíîãî ðàññåÿíèÿ ϑms ýëåêòðîíîâ

â êðèñòàëëå. Óãëîâîå ðàñïðåäåëåíèå òîðìîçíîãî èçëó÷åíèÿ ñóùåñòâåííî óæå óãëîâîãî ðàñïðåäå-
ëåíèÿ ÏÐÈ è, âñëåäñòâèå ýòîãî, ñèëüíåå çàâèñèò îò ìíîãîêðàòíîãî ðàññåÿíèÿ, ïîýòîìó ñ ðîñòîì
òîëùèíû êðèñòàëëà èíòåíñèâíîñòü ÄÒÈ ðàñòåò ñóùåñòâåííî ìåäëåííåå, ÷åì âûõîä ÏÐÈ [Áàêëàíîâ
è äð., 2007].

Íàëè÷èå ðàçíîãëàñèé â ïðîöåññå îïèñàíèÿ ÏÐÈ â êðèñòàëëàõ ñ àñèììåòðè÷íîé ãåîìåòðèåé ðàñ-
ñåÿíèÿ ïîëÿ ÷àñòèöû [Artru, 2019; Blazhevich, Noskov 2019] íàðÿäó ñ óâåðåííûì ïðîÿâëåíèåì âëè-
ÿíèÿ àñèììåòðèè îòðàæåíèÿ íà âûõîä ðåíòãåíîâñêîãî èçëó÷åíèÿ â ñîâåðøåííûõ êðèñòàëëàõ [Ïèí-
ñêåð, 1982] ïîçâîëÿåò ñ÷èòàòü ñîïîñòàâëåíèå ðåçóëüòàòîâ èçìåðåíèé, ãäå ðåàëèçîâûâàëàñü ãåîìåòðèÿ
àñèììåòðè÷íîãî ðàññåÿíèÿ, ñ ðåçóëüòàòàìè ðàñ÷åòîâ, ó÷èòûâàþùèõ âêëàä âñåõ âîçìîæíûõ ìåõà-
íèçìîâ èçëó÷åíèÿ, âàæíûì è àêòóàëüíûì.

2. Ó÷åò âëèÿíèÿ àñèììåòðèè îòðàæåíèÿ ðåíòãåíîâñêîãî èçëó÷åíèÿ îòíîñèòåëüíî ïî-
âåðõíîñòè êðèñòàëëà íà âûõîä èçëó÷åíèÿ. Äëÿ àíàëèçà âëèÿíèÿ àñèììåòðèè îòðàæåíèÿ íà
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âûõîä äèôðàãèðîâàííîãî èçëó÷åíèÿ âîñïîëüçóåìñÿ ìåòîäèêîé, ïðåäëîæåííîé â ðàáîòå [Laktionova
et al., 2014] è îñíîâàííîé íà ïîäõîäå Äàðâèíà è Ïðèíñà [Äæåéìñ, 1950; Ïèíñêåð, 1982] î ìíîãîêðàò-
íûõ ïåðåîòðàæåíèÿõ ôîòîíîâ íà ïëîñêîñòÿõ êðèñòàëëà.

Â èíòåðåñóþùèõ íàñ ýêñïåðèìåíòàõ èçìåðÿëàñü çàâèñèìîñòü âûõîäà èçëó÷åíèÿ â ôèêñèðîâàí-
íûé êîëëèìàòîð îò óãëà îðèåíòàöèè êðèñòàëëà Θ [Brenzinger et al., 1997] è çàâèñèìîñòü âûõîäà
èçëó÷åíèÿ â åäèíè÷íûé ýëåìåíò êîîðäèíàòíî ÷óâñòâèòåëüíîãî äåòåêòîðà îò åãî ïîëîæåíèÿ îòíîñè-
òåëüíî öåíòðà ðåôëåêñà, òî åñòü âåðòèêàëüíîå Y (θy) èëè ãîðèçîíòàëüíîå Y (θx) óãëîâûå ðàñïðåäå-
ëåíèÿ [Takabayashi et al., 2017]. Îðèåíòàöèîííûå çàâèñèìîñòè âûõîäà ÄÏÈ è ÄÒÈ (ñì., íàïðèìåð,
[Brenzinger et al., 1997]) ìîãóò áûòü ïðåäñòàâëåíû â âèäå:

YDTR(Θ) =

∫
∆ω(Θ,ΘD)

dω

∫
∆Ω(Θ,ΘD)

d2I∗TR
dωdΩ

R(ω,~n,~g,ΘD)dΩ. (1)

YDB(Θ) =

∫ T

0

dt

∫
∆ω(Θ,ΘD)

dω

∫
∆Ω(Θ,ΘD)

d2I∗BS
dωdΩ

R(ω,~n,~g,ΘD)dΩ, (2)

ãäå
d2I∗TR,BS
dωdΩ ñïåêòðàëüíî-óãëîâîå ðàñïðåäåëåíèå èíòåíñèâíîñòè ïåðåõîäíîãî (òîðìîçíîãî) èçëó÷å-

íèÿ ñ ó÷åòîì ðàñõîäèìîñòè ýëåêòðîííîãî ïó÷êà è, â ñëó÷àå ðåãèñòðàöèè äèôðàãèðîâàííîãî òîðìîç-
íîãî èçëó÷åíèÿ, ìíîãîêðàòíîãî ðàññåÿíèÿ, à ∆Ω(Θ,ΘD) è ∆ω(Θ,ΘD) îáëàñòü èíòåãðèðîâàíèÿ ïî
òåëåñíîìó óãëó è ñïåêòðàëüíîìó äèàïàçîíó èçëó÷åíèÿ, äëÿ êîòîðûõ äèôðàãèðîâàííîå èçëó÷åíèå
ïîñëå îòðàæåíèÿ ìîæåò ïîïàñòü â äåòåêòîð, ðàñïîëîæåííûé ïîä óãëîì ΘD, äëÿ óãëà îðèåíòàöèè
êðèñòàëëà Θ. R(ω,~n,~g,ΘD) � îòðàæàþùàÿ ñïîñîáíîñòü äëÿ äàííîãî íàïðàâëåíèÿ âåêòîðîâ ðàñïðî-
ñòðàíåíèÿ ôîòîíà è îáðàòíîé ðåøåòêè ïëîñêîñòè êðèñòàëëà, íà êîòîðîé ïðîèñõîäèò îòðàæåíèå, ~n
è ~g, ñîîòâåòñòâåííî. T � òîëùèíà êðèñòàëëà.

Óãëîâîå ðàñïðåäåëåíèå äèôðàãèðîâàííîãî èçëó÷åíèÿ îïðåäåëÿåòñÿ àíàëîãè÷íûì îáðàçîì. Â
÷àñòíîñòè, âåðòèêàëüíîå óãëîâîå ðàñïðåäåëåíèå äèôðàãèðîâàííîãî ïåðåõîäíîãî èçëó÷åíèÿ çàïè-
ñûâàåòñÿ ñëåäóþùèì îáðàçîì:

YDTR(θy) =

∫
∆ω(θy,θx,ΘD)

dω

∫
∆Ω(θy,θxΘD)

d2I∗TR
dωdΩ

R(ω,~n,~g,ΘD)dΩ, (3)

ãäå ∆ω(θy, θx,ΘD), ∆Ω(θy, θx,ΘD) � ñïåêòðàëüíûé è óãëîâîé äèàïàçîíû, äëÿ êîòîðûõ äèôðàãèðî-
âàííîå èçëó÷åíèå ïîñëå îòðàæåíèÿ ìîæåò ïîïàñòü â ýëåìåíò äåòåêòîðà, ðàñïîëîæåííûé ïîä óãëàìè
θy, θx îòíîñèòåëüíî öåíòðà ðåôëåêñà.

Äëÿ îïðåäåëåíèÿ âûõîäà äèôðàãèðîâàííîãî èçëó÷åíèÿ ñ ïîìîùüþ âûðàæåíèé (1)-(3) íåîáõîäè-
ìà èíôîðìàöèÿ îá îòðàæàþùåé ñïîñîáíîñòè êðèñòàëëà R(ω,~n,~g,ΘD). Â ñîîòâåòñòâèè ñ ìåòîäèêîé
[Laktionova et al., 2014] äëÿ ôèêñèðîâàííîãî íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ ~n èç ïó÷êà
ñî ñïåêòðàëüíî-óãëîâûì ðàñïðåäåëåíèåì d2I

dωdΩ ïðè âûïîëíåíèè áðýããîâñêîãî óñëîâèÿ äëÿ êâàíòîâ
ñ ýíåðãèåé ω îòðàæàþòñÿ òîëüêî ôîòîíû â ýíåðãåòè÷åñêîì èíòåðâàëå

∆ω = ω cos(ΘB)/ sin(ΘB)∆Θ, (4)

ãäå ΘB � óãîë ìåæäó íàïðàâëåíèåì âåêòîðà ~n è îòðàæàþùåé ïëîñêîñòüþ ñ âåêòîðîì îáðàòíîé
ðåøåòêè ~g, íàïðàâëåííûì ïî íîðìàëè ê íåé.

Äëÿ íåïîëÿðèçîâàííîãî èçëó÷åíèÿ è îòñóòñòâèÿ ïîãëîùåíèÿ âåëè÷èíà ∆Θ îïðåäåëÿåòñÿ ñëåäó-
þùèì îáðàçîì [Äæåéìñ, 1950]:

∆Θ = 2 · η∆θ0, (5)

ãäå ∆θ0 = 2·δ
sin 2ΘB

� ïîïðàâêà ê óãëó Áðýããà ΘB èç-çà ïðåëîìëåíèÿ âîëíû â êðèñòàëëå, δ = (ω0/ω)2/2

� îòëè÷èå ïîêàçàòåëÿ ïðåëîìëåíèÿ îò 1, à η = 1
2
f(~g)
f(0) (1 + cos(2ΘB)), ãäå f(~g) � Ôóðüå-êîìïîíåíòà

ïðîñòðàíñòâåííîãî ðàñïðåäåëåíèÿ ýëåêòðîíîâ â àòîìå êðèñòàëëà, (f(0) = z, ãäå z � ÷èñëî ýëåêòðîíîâ
â àòîìå).

Â êà÷åñòâå îöåíêè õàðàêòåðíîãî ïàðàìåòðà ìîäåëè � äëèíû ïåðâè÷íîé ýêñòèíêöèè ìîæíî èñ-
ïîëüçîâàòü âûðàæåíèå [Äæåéìñ, 1950]:

lex = d/(2ξ̄ sin ΘB), (6)

ãäå d � ìåæïëîñêîñòíîå ðàññòîÿíèå, à exp(−2ξ̄) - îñëàáëåíèå èíòåíñèâíîñòè ïåðâè÷íîé âîëíû ïðè
ïðîëåòå ÷åðåç îäíó ïëîñêîñòü:

2ξ̄ =
πd2NF

n

e2

mc2
. (7)
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Çäåñü N � êîíöåíòðàöèÿ ðàññåèâàþùèõ öåíòðîâ, F = |S(~g)|f(~g) exp(−Ag2/2)
f(0) � ñòðóêòóðíûé ìíîæè-

òåëü, |S(~g)| - ñòðóêòóðíûé ôàêòîð ýëåìåíòàðíîé ÿ÷åéêè êðèñòàëëà, exp(−Ag2/2) � ôàêòîð Äåáàÿ-
Óîëëåðà, ãäå A � ñðåäíèé êâàäðàò àìïëèòóäû òåïëîâûõ êîëåáàíèé àòîìîâ êðèñòàëëà, à n � ïîðÿäîê
îòðàæåíèÿ.

Äëÿ ó÷àñòêà êðèñòàëëà ñ òîëùèíîé t, ìíîãî ìåíüøå äëèíû ïåðâè÷íîé ýêñòèíêöèè lex, âåðî-
ÿòíîñòü îòðàæåíèÿ ôîòîíîâ ñ ýíåðãèåé ω è íàïðàâëåíèåì äâèæåíèÿ ~n, äëÿ êîòîðûõ âûïîëíÿåòñÿ
áðýããîâñêîå óñëîâèå, ïðîïîðöèîíàëüíà êîëè÷åñòâó ïåðåñåêàåìûõ èìè ïëîñêîñòåé [Äæåéìñ, 1950].
Ñëåäîâàòåëüíî, çàâèñèìîñòü ÷èñëà êâàíòîâ, íå èñïûòàâøèõ îòðàæåíèå, îò äëèíû ïóòè â êðèñòàëëå
ìîæåò áûòü çàïèñàíà â âèäå Nγ(t) = Nγ(0) exp(−t/lex) [Äæåéìñ, 1950], ãäå Nγ(0) � ÷èñëî ôîòîíîâ
â íà÷àëüíîé òî÷êå.

Äëÿ ó÷åòà ïîãëîùåíèÿ è ðàññåÿíèÿ ôîòîíîâ âñëåäñòâèå ïðîöåññîâ, íå ñâÿçàííûõ ñ äèôðàêöè-
åé, çàâèñèìîñòü ÷èñëà ôîòîíîâ, íå èñïûòàâøèõ âçàèìîäåéñòâèå, îò ïðîéäåííîãî â êðèñòàëëå ïóòè
ìîæíî ïåðåïèñàòü â âèäå:

Nγ(ω,~n, t) = Nγ(ω,~n, 0) exp(−µtot(ω,~g, ~n)t), (8)

ãäå µtot(ω,~g, ~n) = µ(ω) + µdif (ω,~g, ~n) � ïîëíûé ëèíåéíûé êîýôôèöèåíò ïîãëîùåíèÿ èçëó÷åíèÿ ñ
ýíåðãèåé ω, äëÿ íàïðàâëåíèÿ îòðàæàþùåé ïëîñêîñòè êðèñòàëëà ~g è íàïðàâëåíèÿ äâèæåíèÿ ôîòîíà
~n. Çäåñü µ(ω) � ëèíåéíûé êîýôôèöèåíò ïîãëîùåíèÿ èçëó÷åíèÿ ñ ýíåðãèåé ω â ìàòåðèàëå êðè-
ñòàëëà çà ñ÷åò ïðîöåññîâ ôîòîïîãëîùåíèÿ, êîãåðåíòíîãî è íåêîãåðåíòíîãî ðàññåÿíèé íà îòäåëüíûõ
àòîìàõ, à µdif (ω,~g, ~n) = 1/lex(ω,~g, ~n), ãäå lex(ω,~g, ~n) äëèíà ïåðâè÷íîé ýêñòèíêöèè äëÿ ôîòîíîâ,
ýíåðãèÿ è íàïðàâëåíèå äâèæåíèÿ êîòîðûõ óäîâëåòâîðÿåò áðýããîâñêîìó óñëîâèþ. Åñëè ýòî óñëîâèå
íå âûïîëíÿåòñÿ, äëèíà ïåðâè÷íîé ýêñòèíêöèè ðàâíà áåñêîíå÷íîñòè, òî åñòü èçëó÷åíèå ïðîõîäèò
÷åðåç êðèñòàëë, êàê ÷åðåç íåóïîðÿäî÷åííîå âåùåñòâî.

Âîçìîæíîñòü òàêîé ôîðìû çàïèñè ïîçâîëÿåò èñïîëüçîâàòü õîðîøî èçâåñòíûé â ýêñïåðèìåíòàëü-
íîé ôèçèêå ìåòîä ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîõîæäåíèÿ ôîòîíîâ ÷åðåç âåùåñòâî, ñìîòðè,
íàïðèìåð, [Àêêåðìàí è äð., 1986], è äëÿ ïðîöåññà èõ ïðîõîæäåíèÿ ÷åðåç êðèñòàëë â óñëîâèÿõ äè-
ôðàêöèè.

Ïðîöåññ ïðîõîæäåíèÿ ôîòîíîâ ÷åðåç îðèåíòèðîâàííûé êðèñòàëë ìîäåëèðîâàëñÿ ñëåäóþùèì îá-
ðàçîì. Äëÿ ïàäàþùåãî íà êðèñòàëë èëè ðîäèâøåãîñÿ â í¼ì ôîòîíà ñ ýíåðãèåé ω è íàïðàâëåíèåì
äâèæåíèÿ ~n, óäîâëåòâîðÿþùåãî áðýããîâñêîìó óñëîâèþ â êðèñòàëëå, îïðåäåëÿëèñü âåëè÷èíû µ(ω),
µdif (ω,~g, ~n) è µtot(ω,~g, ~n). Äëÿ îïðåäåëåíèÿ µ(ω) èñïîëüçîâàëèñü çíà÷åíèÿ ñå÷åíèé âçàèìîäåéñòâèÿ
ôîòîíîâ ñ âåùåñòâîì, ïðèâåäåííûå â [Berger et al., 2017]. Çàòåì ðàçûãðûâàëñÿ ïðîáåã ôîòîíà äî
òî÷êè âçàèìîäåéñòâèÿ t = ln ξ/µtot, ãäå ξ � ñëó÷àéíîå ÷èñëî îò íóëÿ äî åäèíèöû. Äàëåå îïðåäå-
ëÿëèñü êîîðäèíàòû òî÷êè âçàèìîäåéñòâèÿ. Åñëè ýòà òî÷êà íå ïðèíàäëåæàëà êðèñòàëëó, èñòîðèÿ
ôîòîíà çàêàí÷èâàëàñü, è ðîçûãðûø íà÷èíàëñÿ ñíîâà.

Åñëè âçàèìîäåéñòâèå ïðîèçîøëî âíóòðè êðèñòàëëà, ðàçûãðûâàëîñü, êàêîé ïðîöåññ ïðîèçîøåë:
äèôðàêöèÿ èëè êàêîé-ëèáî èç ïðîöåññîâ íà îòäåëüíîì àòîìå. Ïîñêîëüêó âåðîÿòíîñòü ôîòîíà ïî-
ïàñòü â äåòåêòîð ñ ìàëîé óãëîâîé àïåðòóðîé â ðåçóëüòàòå ïîñëåäóþùèõ ïåðåðàññåÿíèé ïðåíåáðå-
æèìî ìàëà, â ïîñëåäíåì ñëó÷àå ôîòîí ñ÷èòàëñÿ ïîãëîùåííûì, èñòîðèÿ ðîçûãðûøà ôîòîíà çàêàí-
÷èâàëàñü, è ìîäåëèðîâàíèå íà÷èíàëîñü ñíîâà.

Åñëè ïðîèçîøëà äèôðàêöèÿ, ïðîöåññ ðîçûãðûøà ïîâòîðÿëñÿ äî òåõ ïîð, ïîêà ôîòîí íå âûõîäèë
èç êðèñòàëëà èëè íå ïîãëîùàëñÿ â í¼ì. Ïðîâåðêà âûëåòà ôîòîíà èç êðèñòàëëà îñóùåñòâëÿëàñü ïî
çíà÷åíèþ ïðîåêöèè òî÷êè âçàèìîäåéñòâèÿ íà íîðìàëü ê âûõîäíîé ïîâåðõíîñòè. Ñìåùåíèå ôîòîíà
âñëåäñòâèå äèôðàêöèè â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé íàïðàâëåíèþ ðàñïðîñòðàíåíèÿ, êàê ïðàâèëî,
íå ó÷èòûâàëîñü, ïîñêîëüêó òîëùèíà êðèñòàëëîâ, êîòîðûå íàñ èíòåðåñóþò, íå ïðåâûøàåò íåñêîëüêî
ñîòåí ìèêðîí.

Äëÿ êàæäîãî âûëåòåâøåãî èç êðèñòàëëà ôîòîíà çàïîìèíàëîñü êîëè÷åñòâî îòðàæåíèé. Âåðîÿò-
íîñòü ïîïàäàíèÿ äèôðàãèðîâàííîãî ôîòîíà â äåòåêòîð, çàìåíÿþùàÿ â äàííîì ñëó÷àå îòðàæàþ-
ùóþ ñïîñîáíîñòü R(ω,~n,~g,ΘD) ïðè ðàñ÷åòå âûõîäà äèôðàãèðîâàííîãî èçëó÷åíèÿ â ñîîòâåòñòâèè ñ
âûðàæåíèÿìè (1) � (3), îïðåäåëÿëàñü îòíîøåíèåì êîëè÷åñòâà ôîòîíîâ, èñïûòàâøèõ â êðèñòàëëå
íå÷åòíîå ÷èñëî îòðàæåíèé, òî åñòü âûëåòåâøèõ èç íåãî â íàïðàâëåíèè áðýããîâñêîãî ðàññåÿíèÿ, ê
÷èñëó ðîçûãðûøåé.

Ìåòîäèêà [Laktionova et al., 2014] ðàçðàáàòûâàëàñü, â îñíîâíîì, äëÿ ðàñ÷åòà äèôðàêöèè òîðìîç-
íîãî èçëó÷åíèÿ, êîòîðîå â äîñòàòî÷íî õîðîøåì ïðèáëèæåíèè ìîæíî ñ÷èòàòü íåïîëÿðèçîâàííûì.
Äëÿ îïèñàíèÿ âêëàäà ÄÏÈ â âûõîä êîãåðåíòíîãî èçëó÷åíèÿ ðåëÿòèâèñòñêèõ ýëåêòðîíîâ â òîí-
êèõ êðèñòàëëàõ [Goponov, Laktionova, Sidnin et al., 2017] ìåòîäèêà [Laktionova et al., 2014] áûëà
äîðàáîòàíà ñ ó÷åòîì íåîáõîäèìîñòè ó÷åòà çàâèñèìîñòè îòðàæàþùåé ñïîñîáíîñòè îò ïîëÿðèçàöèè
èçëó÷åíèÿ.

Èçâåñòíî, ÷òî ïåðåõîäíîå èçëó÷åíèå, êîòîðîå âîçíèêàåò íà ïåðåäíåé ãðàíè ìèøåíè ïðè ïàäåíèè
íà å¼ ïîâåðõíîñòü ðåëÿòèâèñòñêèõ ýëåêòðîíîâ è ìîæåò çàòåì äèôðàãèðîâàòü âíóòðè êðèñòàëëà,
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ëèíåéíî ïîëÿðèçîâàíî â ïëîñêîñòè âûëåòà [Ãàðèáÿí, ßí Øè 1983]. Âåêòîð íàïðÿæåííîñòè ýëåêòðè-
÷åñêîãî ïîëÿ èñïóùåííûõ ôîòîíîâ E ëåæèò â ïëîñêîñòè, ñîäåðæàùåé âåêòîð ñêîðîñòè ýëåêòðîíà
è âîëíîâîé âåêòîð èñïóùåííîãî ôîòîíà, òî åñòü íàïðàâëåíèå âåêòîðà E çàâèñèò îò àçèìóòàëüíîãî
óãëà âûëåòà ôîòîíà.

Äëÿ óäîáñòâà ñîïîñòàâëåíèÿ ñ âûðàæåíèÿìè, ïðèâåäåííûìè â ðàáîòàõ ïî äèíàìè÷åñêîé òåîðèè
ÏÐÈ è ÄÏÈ [Áëàæåâè÷, Íîñêîâ 2006; Blazhevich, Noskov 2008; Blazhevich, Noskov 2019], àçèìóòàëü-
íûé óãîë ϕ îòñ÷èòûâàåòñÿ îò ïëîñêîñòè, ñîäåðæàùåé âåêòîð ñêîðîñòè ýëåêòðîíà ~β è âåêòîð îáðàò-
íîé ðåøåòêè îòðàæàþùåé ïëîñêîñòè êðèñòàëëà ~g. Êàê èçâåñòíî, ñì., íàïðèìåð, [Äæåéìñ, 1950], îò-
ðàæàþùàÿ ñïîñîáíîñòü ðåíòãåíîâñêîãî èçëó÷åíèÿ êðèñòàëëîì çàâèñèò îò ïîëÿðèçàöèè ïàäàþùåãî
íà íåãî èçëó÷åíèÿ. Äëÿ èçëó÷åíèÿ ïîëÿðèçîâàííîãî âäîëü ïëîñêîñòè, îíà ïðîïîðöèîíàëüíà f(~g)/z.
Äëÿ èçó÷åíèÿ, ïîëÿðèçîâàííîãî ïåðïåíäèêóëÿðíî ïëîñêîñòè ïîÿâëÿåòñÿ ìíîæèòåëü cos(2ΘB). Â
òåðìèíàõ öèòèðîâàííûõ ðàáîò ýòî ïåðïåíäèêóëÿðíàÿ è ïàðàëëåëüíàÿ êîìïîíåíòû ïîëÿðèçàöèè.

Ñ ó÷åòîì ïîëÿðèçàöèè ïåðåõîäíîãî èçëó÷åíèÿ âûðàæåíèÿ (1) è (3) äëÿ ðàñ÷åòà îðèåíòàöèîííûõ
çàâèñèìîñòåé è óãëîâûõ ðàñïðåäåëåíèé èíòåíñèâíîñòè ÄÏÈ äîëæíû ñîñòîÿòü èç äâóõ ñëàãàåìûõ ñ

êîìïîíåíòàìè èíòåíñèâíîñòè èçëó÷åíèÿ, îáëàäàþùèìè ðàçíûìè ïîëÿðèçàöèÿìè, (
d2I∗TR
dωdΩ )⊥(‖) è îò-

ðàæàþùèìè ñïîñîáíîñòÿìè R⊥(‖)(ω,~n,~g,ΘD). Äëÿ óãëîâ ïàäåíèÿ ýëåêòðîíîâ íà êðèñòàëë ìåíüøå
π/2 è ìàëîãî çíà÷åíèÿ ðàñõîäèìîñòè ýëåêòðîííîãî ïó÷êà σ′ ïî ñðàâíåíèþ ñ õàðàêòåðíûì óãëîì èç-
ëó÷åíèÿ γ−1 ñïåêòðàëüíî-óãëîâóþ ïëîòíîñòü ïåðåõîäíîãî èçëó÷åíèÿ ìîæíî çàïèñàòü â ñëåäóþùåì
âèäå [Ãàðèáÿí, ßí Øè 1983]:

(
d2I∗TR
dωdΩ

)⊥ =
d2I∗TR
dωdΩ

sin2(ϕ)

(
d2I∗TR
dωdΩ

)‖ =
d2I∗TR
dωdΩ

cos2(ϕ), (9)

ãäå (
d2I∗TR
dωdΩ )⊥ è (

d2I∗TR
dωdΩ )‖ èíòåíñèâíîñòü èçëó÷åíèÿ, ïîëÿðèçîâàííîãî ïîïåðåê è âäîëü ïëîñêîñòè îò-

ñ÷åòà.
Øèðèíà ñïåêòðàëüíîé îáëàñòè îòðàæåíèÿ ∆ω⊥(‖) äëÿ êàæäîé èç êîìïîíåíò îïðåäåëÿåòñÿ àíà-

ëîãè÷íî âûðàæåíèÿì (4)-(5).

∆ω⊥(‖) = ω cos(ΘB)/ sin(ΘB)∆Θ⊥(‖)

∆Θ⊥ =
δ

sin 2ΘB

|S(g)|f(g) exp(−Ag2/2)

f(0)
. (10)

∆Θ‖ = ∆Θ⊥ · cos(2ΘB)

Çàâèñèìîñòü îòðàæàþùåé ñïîñîáíîñòè îò ïîëÿðèçàöèè èçëó÷åíèÿ ïðèâîäèò ê àíàëîãè÷íîé çà-
âèñèìîñòè äëèíû ïåðâè÷íîé ýêñòèíêöèè lex. Äëÿ ïåðïåíäèêóëÿðíîé ïîëÿðèçàöèè îíà îïðåäåëÿåòñÿ
â ñîîòâåòñòâèè ñ âûðàæåíèÿìè (6), (7). Äëÿ ïàðàëëåëüíîé ïîëÿðèçàöèè å¼ ìîæíî çàïèñàòü:

l‖ex =
l⊥ex

cos(2ΘB)
. (11)

Çäåñü íåîáõîäèìî îòìåòèòü, ÷òî â óæå öèòèðîâàííûõ ðàáîòàõ ïî äèíàìè÷åñêîé òåîðèè ÄÏÈ
[Áëàæåâè÷, Íîñêîâ 2006; Blazhevich, Noskov 2008] èñïîëüçóåòñÿ ïîõîæàÿ ìåòîäèêà îïðåäåëåíèÿ
ñïåêòðàëüíîé øèðèíû îáëàñòè îòðàæåíèÿ ðåíòãåíîâñêîãî èçëó÷åíèÿ ñîâåðøåííûìè êðèñòàëëàìè,
ïðè÷åì ñîîòâåòñòâóþùèå ôîðìóëû, ïîñëå ïðèâåäåíèÿ èõ ê îäèíàêîâîìó âèäó, ñîâïàäàþò ñ (10).
Çíà÷åíèÿ âåëè÷èí äëèí ïåðâè÷íîé ýêñòèíêöèè, ïîëó÷àåìûõ â ñîîòâåòñòâèè ñ âûðàæåíèÿìè (6), (7)
è (11), îòëè÷àþòñÿ îò çíà÷åíèé ýòèõ âåëè÷èí, ïîëó÷àåìûõ ïî ôîðìóëàì, ïðèâåäåííûì â öèòèðîâàí-
íûõ ðàáîòàõ, ïðèìåðíî íà 20%, ÷òî, ïî-âèäèìîìó, îáóñëîâëåíî ðàçíûì ïîíèìàíèåì ýòîé âåëè÷èíû
è ñàìîãî ïðîöåññà ïåðâè÷íîé ýêñòèíêöèè â ïîäõîäàõ, îñíîâàííûõ íà ïðîõîæäåíèè âîëí [Áëàæåâè÷,
Íîñêîâ 2006; Blazhevich, Noskov 2008] è ôîòîíîâ [Äæåéìñ, 1950] ÷åðåç êðèñòàëë.

Äëÿ ëó÷øåãî ïîíèìàíèÿ ìåòîäîëîãèè ðàñ÷åòà è âëèÿíèÿ àñèììåòðèè îòðàæàþùèõ ïëîñêîñòåé
îòíîñèòåëüíî âûõîäíîé ïîâåðõíîñòè íà ïðîöåññ ïðîõîæäåíèÿ èçëó÷åíèÿ ÷åðåç êðèñòàëë íà ðèñóíêå
1 ïðèâåäåíû òðè âîçìîæíûõ îðèåíòàöèè êðèñòàëëà ñ ãðàíüþ, ñîâïàäàþùåé ñ ïëîñêîñòüþ (001),
îòíîñèòåëüíî íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ ôîòîíîâ, ÷òî ñîîòâåòñòâóåò ãåîìåòðèè ýêñïåðèìåíòîâ
[Brenzinger et al., 1997; Takabayashi et al., 2017]. Êðèñòàëëû ðàçâåðíóòû òàê, ÷òî óãîë ìåæäó íàïðàâ-
ëåíèåì îòðàæàþùèõ ïëîñêîñòåé (111), (110), (111̄) è ôîòîíà � ΘB âî âñåõ ñëó÷àÿõ îäèí è òîò æå,
ñîîòâåòñòâåííî ðèñóíêè 1à, 1á è 1â äëÿ ε <1, ε=1 è ε >1. Ðåãèñòðèðóþùàÿ àïïàðàòóðà ðàñïîëîæåíà
ñëåâà îòíîñèòåëüíî íàïðàâëåíèÿ ôîòîíîâ. Òàì æå ïîêàçàí ïðîöåññ ïîñëåäîâàòåëüíûõ ïåðåîòðàæå-
íèé ôîòîíîâ, ðîæäåííûõ íà ïîâåðõíîñòè ìèøåíè èëè ïàäàþùèõ íà íå¼, ïðè ïðîõîæäåíèè ÷åðåç
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êðèñòàëë äëÿ êàæäîé èç îðèåíòàöèé. Âíå çàâèñèìîñòè îò îðèåíòàöèè êðèñòàëëà ôîòîíû ìîãóò èñ-
ïûòàòü íå÷åòíîå êîëè÷åñòâî îòðàæåíèé è âûëåòåòü â áðýããîâñêîì íàïðàâëåíèè (1), ïîãëîòèòüñÿ â
íåì (2), ëèáî èñïûòàòü ÷åòíîå ÷èñëî ïåðåîòðàæåíèé è âûëåòåòü â ïåðâîíà÷àëüíîì íàïðàâëåíèè (3).

Ðèñ. 1. Îðèåíòàöèè êðèñòàëëà ñ âûõîäíîé ãðàíüþ (001) äëÿ ïîëó÷åíèÿ êîãåðåíòíîãî èçëó÷åíèÿ îò
îòðàæàþùèõ ïëîñêîñòåé (111), (110) è (11̄1)

Fig. 1. Orientation of crystals with an exit face (001) to obtain coherent radiation from re�ecting planes (111),

(110) è (11̄1)

Èç ðèñóíêà âèäíî, ÷òî ïðè êàæäîì ïåðåîòðàæåíèè ôîòîí ìåíÿåò íàïðàâëåíèå äâèæåíèÿ, ïîýòî-
ìó åãî ïóòü â êðèñòàëëå áîëüøå T/ cos(ΘB ± δ), ÷òî îáû÷íî ïðåäïîëàãàåòñÿ ïðè àíàëèçå ïðîöåññà
ïðîõîæäåíèÿ ðåíòãåíîâñêîãî èçëó÷åíèÿ ÷åðåç îðèåíòèðîâàííûå êðèñòàëëû. Ïî ýòîé æå ïðè÷èíå
ñðåäíÿÿ äëèíà ïóòè ôîòîíà â êðèñòàëëå áåç ó÷åòà ïîãëîùåíèÿ áëèçêà ê ïîëóñóììå äëèí ïóòåé
âäîëü ïåðâîíà÷àëüíîãî íàïðàâëåíèÿ è áðýããîâñêîãî îòðàæåíèÿ. Ïî ïîðÿäêó âåëè÷èíû ñðåäíåå ÷èñ-
ëî îòðàæåíèé ðàâíî îòíîøåíèþ äëèíû ïóòè ôîòîíà â êðèñòàëëå ê äëèíå ïåðâè÷íîé ýêñòèíêöèè.
Êàê è ðàíüøå, T � òîëùèíà êðèñòàëëà, èìåþùåãî ôîðìó ïàðàëëåëèïèïåäà, ΘB � óãîë ìåæäó
íàïðàâëåíèåì äâèæåíèÿ ôîòîíà è ïëîñêîñòüþ êðèñòàëëà, δ=35.26◦ � óãîë ìåæäó íîðìàëüþ ê ïî-
âåðõíîñòè êðèñòàëëà, ñîâïàäàþùåé ñ íàïðàâëåíèåì ïëîñêîñòè (110), è îòðàæàþùèìè ïëîñêîñòÿìè
òèïà (111). Èñïîëüçîâàíèå óãëà δ = π/2− δ′ âìåñòî δ′, ââîäèìîãî àâòîðàìè âûøåóïîìÿíóòûõ ðàáîò
[Áëàæåâè÷, Íîñêîâ 2006; Blazhevich, Noskov 2008], ïðåäñòàâëÿåòñÿ áîëåå íàãëÿäíûì ñ òî÷êè çðåíèÿ
îïèñàíèÿ ãåîìåòðèè èçìåðåíèé.

Ãëàâíîé îñîáåííîñòüþ êðèñòàëëîâ ñ àñèììåòðè÷íîé ãåîìåòðèåé ðàññåÿíèÿ ÿâëÿåòñÿ îòëè÷èå óãëà
âûëåòà ôîòîíîâ èç ìèøåíè îòíîñèòåëüíî íîðìàëè ê å¼ ïîâåðõíîñòè îò óãëà Áðýããà. Â ÷àñòíîñòè,
äëÿ îðèåíòàöèè íà ðèñóíêå 1à ñ âåëè÷èíîé ε <1 óãîë âûëåòà äèôðàãèðîâàííîãî ôîòîíà áîëüøå
óãëà Áðýããà, à äëÿ âûëåòåâøåãî â ïåðâîíà÷àëüíîì íàïðàâëåíèè ìåíüøå íåãî. Äëÿ îðèåíòàöèè ñ
ε > 1 îáðàòíàÿ ñèòóàöèÿ, ôîòîí, âûëåòåâøèé â íàïðàâëåíèè áðýããîâñêîãî îòðàæåíèÿ, ïîêèäàåò
êðèñòàëë ïî÷òè âäîëü íîðìàëè ê ïîâåðõíîñòè ìèøåíè, à ëåòÿùèé â ïåðâîíà÷àëüíîì íàïðàâëåíèè
ïîä áîëüøèì óãëîì ê íåé. Â ðåçóëüòàòå âåðîÿòíîñòü âûëåòà ôîòîíà âäîëü êàæäîãî èç âîçìîæíûõ
íàïðàâëåíèé óæå íå îäèíàêîâà, êàê äëÿ ñèììåòðè÷íîé ãåîìåòðèè (ñì. ðèñóíîê 1á), à îòëè÷àåòñÿ â
ε ðàç.

Äëÿ ïîäòâåðæäåíèÿ âûøåñêàçàííîãî âîñïîëüçóåìñÿ òåì, ÷òî äëÿ âûøåäøèõ èç êðèñòàëëà ôî-
òîíîâ ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ñîâïàäàåò ñ äëèíîé ïåðâè÷íîé ýêñòèíêöèè. Ôîòîí, äâèæó-
ùèéñÿ â òîì èëè èíîì íàïðàâëåíèè, âûëåòèò èç êðèñòàëëà, åñëè èñïûòàåò îòðàæåíèå íà ðàññòîÿíèè
l < lex · cos(δ ∓ ΘB) îò âûõîäíîé ïîâåðõíîñòè êðèñòàëëà. Ñëåäîâàòåëüíî, îòíîøåíèå âåðîÿòíîñòåé
âûëåòà ôîòîíà â êàæäîì èç íàïðàâëåíèé ðàâíî îòíîøåíèþ ýòèõ ðàññòîÿíèé cos(δ∓ΘB)/ cos(δ±ΘB)
è ïîñëå çàìåíû δ íà δ′ ñîâïàäàåò ñ âåëè÷èíîé ε = sin(δ′+ΘB)/ sin(δ′−ΘB) [Áëàæåâè÷, Íîñêîâ 2006;
Blazhevich, Noskov 2008]. Íå ñëîæíî çàìåòèòü, ÷òî ïðè ïåðåõîäå îò îðèåíòàöèè íà ðèñóíêå 1à ê
îðèåíòàöèè íà ðèñóíêå 1â ÷èñëèòåëü è çíàìåíàòåëü â ôîðìóëå äëÿ ε ìåíÿþòñÿ ìåñòàìè.

Â êà÷åñòâå èëëþñòðàöèè âûøåñêàçàííîãî íà ðèñóíêå 2 ïðèâåäåíî ðàñïðåäåëåíèå ôîòîíîâ ïî
÷èñëó îòðàæåíèé â íàïðàâëåíèÿõ áðýããîâñêîãî ðàññåÿíèÿ (êðèâàÿ 1) è ïåðâîíà÷àëüíîãî äâèæåíèÿ
(çàâèñèìîñòü 2) äî èõ âûëåòà èç êðèñòàëëà äëÿ óñëîâèé ýêñïåðèìåíòà [Takabayashi et al., 2017] è
òîëùèíû êðèñòàëëà 0.25 ìì, òî åñòü ôîòîíîâ, èñïûòàâøèõ äî âûëåòà èç êðèñòàëëà íå÷åòíîå (1) è
÷åòíîå (2) ÷èñëî îòðàæåíèé. Ïîëíàÿ ïëîùàäü ïîä êàæäîé çàâèñèìîñòüþ P1,2 = Σnmaxi=1 ρ1,2(n) ñîîò-
âåòñòâóåò âåðîÿòíîñòè âûëåòà ôîòîíà â òîì èëè èíîì íàïðàâëåíèè. Ðàñ÷åò âûïîëíåí äëÿ òîëùèíû
êðèñòàëëà 0.25 ìì, à íå 50 ìèêðîí êàê â ýêñïåðèìåíòå, ïîñêîëüêó äëÿ òîëùèíû êðèñòàëëà 50 ìèê-
ðîí èç-çà ìåíüøåãî êîëè÷åñòâà îòðàæåíèé ðàçëè÷èÿ ôîðìû ðàñïðåäåëåíèé äëÿ ðàçíûõ îðèåíòàöèé
ìåíåå çàìåòíû.

Â öèòèðóåìîé ðàáîòå äëÿ óãëà ïîâîðîòà ïëîñêîñòè (110), ïåðïåíäèêóëÿðíîé ê âûõîäíîé ïî-
âåðõíîñòè ìèøåíè, îòíîñèòåëüíî íàïðàâëåíèÿ ýëåêòðîíîâ ΘB=16.2◦ (ðèñóíîê 1á) ðåàëèçîâûâàëàñü
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ãåîìåòðèÿ ñèììåòðè÷íîãî îòðàæåíèÿ íà ïëîñêîñòÿõ (110). Äëÿ ïîëó÷åíèÿ àñèììåòðè÷íîãî îòðà-
æåíèÿ íà ïëîñêîñòÿõ (111) ñ ε=0.658 êðèñòàëë ðàçâîðà÷èâàëñÿ îòíîñèòåëüíî íàïðàâëåíèÿ ïàäåíèÿ
ýëåêòðîííîãî ïó÷êà íà óãîë Θ = δ −ΘB=17.3◦ â ïðîòèâîïîëîæíîì íàïðàâëåíèè (ðèñóíîê 1à).

Ðèñ. 2. Ðàñïðåäåëåíèå ïî ÷èñëó îòðàæåíèé ôîòîíîâ äî âûëåòà èç êðèñòàëëà äëÿ óñëîâèé ýêñïåðèìåíòà
[Takabayashi et al., 2017] è òîëùèíû êðèñòàëëà 0.25 ìì. à � ñèììåòðè÷íîå îòðàæåíèå íà ïëîñêîñòÿõ (110);

á � àñèììåòðè÷íîå îòðàæåíèå íà ïëîñêîñòÿõ (111)

Fig. 2. Distribution by the number of photon re�ections before exit from the crystal for the experimental

conditions [Takabayashi et al., 2017] and crystal thickness 0.25 mm. a � symmetric re�ection on the (110)

planes; b � asymmetric re�ection on the (111) planes

Èç ðèñóíêà 2à âèäíî, ÷òî äëÿ ñèììåòðè÷íîé ãåîìåòðèè ðàññåÿíèÿ ðàñïðåäåëåíèÿ ïî ÷èñëó îòðà-
æåíèé äî âûëåòà ôîòîíà èç êðèñòàëëà äëÿ îáîèõ íàïðàâëåíèé ïðàêòè÷åñêè ñîâïàäàþò, êàê è âåðî-
ÿòíîñòè âûëåòà P1 ≈0.485, P2 ≈0.467. Èç-çà ïîãëîùåíèÿ ôîòîíîâ â êðèñòàëëå âåëè÷èíà P = P1 +P2

ìåíüøå 1. Ìîæíî îòìåòèòü íåçíà÷èòåëüíûé ñäâèã ðàñïðåäåëåíèÿ 1 îòíîñèòåëüíî ðàñïðåäåëåíèÿ 2,
îáóñëîâëåííûé òåì, ÷òî ñíà÷àëà èäåò îòðàæåíèå â íàïðàâëåíèè áðýããîâñêîãî ðàññåÿíèÿ è òîëüêî
çàòåì ïåðåîòðàæåíèå â íàïðàâëåíèè ïåðâîíà÷àëüíîãî äâèæåíèÿ. Ïî ýòîé æå ïðè÷èíå P1 > P2.

Èç-çà ñòàòèñòè÷åñêîãî õàðàêòåðà ïðîöåññà ïðîõîæäåíèÿ ôîòîíîâ ÷åðåç êðèñòàëë íàáëþäàåòñÿ
ðàçáðîñ ÷èñëà îòðàæåíèé îòíîñèòåëüíî ñðåäíåãî n̄ ∼ 0.5T/lex ≈14.6, ãäå T � ñðåäíÿÿ äëèíà ïóòè
ôîòîíîâ äî âûëåòà èç êðèñòàëëà. Øèðèíà ðàñïðåäåëåíèé ∆n/n̄ ∼0.35, ãäå n̄ è ∆n � öåíòð òÿæåñòè
ðàñïðåäåëåíèÿ è øèðèíà íà ïîëóâûñîòå.

Äëÿ àñèììåòðè÷íîé ãåîìåòðèè (ðèñóíîê 2á) ðàçëè÷èå ìåæäó ðàñïðåäåëåíèÿìè áîëåå ñóùåñòâåí-
íû. Â ñîîòâåòñòâèè ñ çàìå÷àíèåì î ñîîòíîøåíèè âåðîÿòíîñòåé âûëåòà â íàïðàâëåíèÿõ áðýããîâñêîãî
îòðàæåíèÿ è ïåðâîíà÷àëüíîãî äâèæåíèÿ äëÿ ε <1 ðàñïðåäåëåíèå 1 íèæå ðàñïðåäåëåíèÿ 2, P1 ≈0.319
ìåíüøå P2 ≈0.500, à èõ îòíîøåíèå P1/P2 ≈0.639 áëèçêî ê âåëè÷èíå àñèììåòðèè ε=0.658. Öåíòð
òÿæåñòè ðàñïðåäåëåíèÿ n̄ ∼ 0.5T/lex ≈31.9 ñäâèíóò â ñòîðîíó áîëüøåãî ÷èñëà îòðàæåíèé èç-çà èç-
ìåíåíèÿ äëèíû ïåðâè÷íîé ýêñòèíêöèè ôîòîíîâ ñ l220

ex =9.22 ìèêðîíà äî l
111
ex =5.11 ìèêðîí âñëåäñòâèå

óìåíüøåíèÿ ýíåðãèè ôîòîíîâ ñ ω220=17.692 êýÂ äî ω111=10.834 êýÂ. Ñëåäóåò íàïîìíèòü, ÷òî äëÿ
àñèììåòðè÷íîãî îòðàæåíèÿ äëèíà ïóòè ôîòîíîâ â êðèñòàëëå áîëüøå, ÷åì äëÿ ñèììåòðè÷íîãî, ÷òî
òàêæå ïðèâîäèò ê óâåëè÷åíèþ êîëè÷åñòâà îòðàæåíèé.

Çàâèñèìîñòè, ïðèâåäåííûå íà ðèñóíêå 2, ïîëó÷åíû äëÿ èçëó÷åíèÿ ñ ïåðïåíäèêóëÿðíîé êîì-
ïîíåíòîé ïîëÿðèçàöèè. Â ñîîòâåòñòâèè ñ âûðàæåíèÿìè (10), (11) äëÿ ïàðàëëåëüíîé êîìïîíåíòû
ïîëÿðèçàöèè îáëàñòü ïîëíîãî îòðàæåíèÿ â cos 2ΘB ðàç ìåíüøå, à äëèíà ïåðâè÷íîé ýêñòèíêöèè âî
ñòîëüêî æå ðàç áîëüøå. Ïîýòîìó âûõîä èçëó÷åíèÿ è ÷èñëî ïåðåîòðàæåíèé äî âûëåòà èç êðèñòàëëà
âî ñòîëüêî æå ðàç ìåíüøå, ïðè ñîõðàíåíèè ñîîòíîøåíèÿ P1/P2 ∼ ε. Âûõîä ÄÒÈ ðàññ÷èòûâàåòñÿ
òàêèì æå îáðàçîì ñ ó÷åòîì ðîæäåíèÿ ôîòîíîâ âíóòðè êðèñòàëëà è îòñóòñòâèåì ó÷åòà ïîëÿðèçàöèè.
Òî åñòü èíòåíñèâíîñòè êîìïîíåíò ñ ïåðïåíäèêóëÿðíîé è ïàðàëëåëüíîé ïîëÿðèçàöèåé îäèíàêîâû è
íå çàâèñÿò îò àçèìóòàëüíîãî óãëà âûëåòà ôîòîíà.

3. Ñîïîñòàâëåíèå ðåçóëüòàòîâ èçìåðåíèé ñ ðàñ÷åòîì. Â ðàáîòå [Goponov, Laktionova,
Sidnin et al., 2017] ïîêàçàíî, ÷òî êèíåìàòè÷åñêàÿ òåîðèÿ ÏÐÈ ñ ó÷åòîì âêëàäîâ ÄÒÈ è ÄÏÈ îïè-
ñûâàåò ðåçóëüòàòû èçìåðåíèé â òîíêèõ êðèñòàëëàõ ñ òî÷íîñòüþ íå õóæå 10-15%. Ïîýòîìó äëÿ ñî-
ïîñòàâëåíèÿ ðåçóëüòàòîâ èçìåðåíèé äëÿ àñèììåòðè÷íîãî îòðàæåíèÿ ïîëÿ ÷àñòèöû [Brenzinger et
al., 1997; Takabayashi et al., 2017] ñ ðàñ÷åòîì âîñïîëüçóåìñÿ ýòèì æå ïîäõîäîì. Äëÿ ðàñ÷åòà ÏÐÈ
èñïîëüçîâàëàñü ôîðìóëà äëÿ ñïåêòðàëüíîãî óãëîâîãî ðàñïðåäåëåíèÿ èçëó÷åíèÿ, ïîëó÷åííàÿ â êè-
íåìàòè÷åñêîì ïðèáëèæåíèè â ðàáîòå [Nitta, 1991]. Äëÿ ðàñ÷åòà âêëàäà äèôðàãèðîâàííîãî òîðìîç-
íîãî èçëó÷åíèÿ èñïîëüçîâàëèñü ðåçóëüòàòû ðàáîòû [Êëåéíåð è äð., 1992], ó÷èòûâàþùèå ïîäàâëå-
íèå èíòåíñèâíîñòè òîðìîçíîãî èçëó÷åíèÿ èç-çà ýôôåêòà ïëîòíîñòè. Äëÿ ðàñ÷åòà ÄÏÈ èñïîëüçîâà-
ëîñü ñïåêòðàëüíî-óãëîâîå ðàñïðåäåëåíèå ïåðåõîäíîãî èçëó÷åíèÿ, îïèñûâàåìîå ôîðìóëîé Ãàðèáÿíà.
Ïðåäïîëàãàëîñü, ÷òî îíî ðîæäàåòñÿ íåïîñðåäñòâåííî ïðè âëåòå â êðèñòàëë è äèôðàãèðóåò â íåì.
Ðàñõîäèìîñòü ýëåêòðîííîãî ïó÷êà, ìíîãîêðàòíîå ðàññåÿíèå ÷àñòèö â êðèñòàëëå, óãîë êîëëèìàöèè

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2



Î âëèÿíèè àñèììåòðèè îòðàæåíèÿ íà êîãåðåíòíîå èçëó÷åíèå ... 160

èçëó÷åíèÿ è äðóãèå ýêñïåðèìåíòàëüíûå óñëîâèÿ ó÷èòûâàëèñü â ñîîòâåòñòâèè ñ ìåòîäèêîé, îïèñàí-
íîé â ðàáîòå [Bogomazova et al., 2003].

Íàèáîëåå èíôîðìàòèâíûì äëÿ ñîïîñòàâëåíèÿ ðåçóëüòàòîâ èçìåðåíèé ñ ðàñ÷åòîì ïðåäñòàâëÿåòñÿ
ýêñïåðèìåíò [Brenzinger et al., 1997], â êîòîðîì ïðîâåäåíû àáñîëþòíûå èçìåðåíèÿ óãëîâîé ïëîòíîñòè
âûõîäà èçëó÷åíèÿ ýëåêòðîíîâ ñ ýíåðãèåé 855 ÌýÂ äëÿ îòðàæàþùèõ ïëîñêîñòåé (110), (111), (112)
êðèñòàëëà êðåìíèÿ òîëùèíîé 124 ìèêðîíà ñ ïîìîùüþ ïîëóïðîâîäíèêîâîãî äåòåêòîðà (ÏÏÄ) ñ
àïåðòóðîé êîëëèìàòîðà Ø=1 ìì, êîòîðûé ðàñïîëàãàëñÿ ïîä óãëîì ΘD=45◦ íà ðàññòîÿíèè 101 ñì îò
êðèñòàëëà. Ýòî ïîçâîëèëî ýêñïåðèìåíòàëüíî ðàçäåëèòü âêëàäû ðàçëè÷íûõ ïîðÿäêîâ îòðàæåíèÿ, â
îòëè÷èå îò ýêñïåðèìåíòà [Takabayashi et al., 2017], ãäå èñïîëüçîâàííàÿ ðåãèñòðèðóþùàÿ àïïàðàòóðà
íå äàëà âîçìîæíîñòè ýòî ñäåëàòü.

Êàê óïîìèíàëîñü âî ââåäåíèè è âèäíî èç ðèñóíêà 1, äëÿ ðåãèñòðàöèè ÏÐÈ îò ðåôëåêñà (111)
äåòåêòîðîì, ðàñïîëîæåííûì ñ ëåâîé ñòîðîíû îòíîñèòåëüíî íàïðàâëåíèÿ ýëåêòðîííîãî ïó÷êà, êðè-
ñòàëë ñ áîëüøîé ãðàíüþ, ñîâïàäàþùåé ñ ïëîñêîñòüþ (001), ìîæåò áûòü ïîâåðíóò âîêðóã âåðòèêàëü-
íîé îñè, ñîâïàäàþùåé ñ êðèñòàëëîãðàôè÷åñêîé îñüþ < 11̄0 >, íà óãîë δ − ΘB ïî ÷àñîâîé ñòðåëêå,
ëèáî íà óãîë δ+ ΘB â ïðîòèâîïîëîæíóþ ñòîðîíó. Â ïåðâîì ñëó÷àå äîëæíî íàáëþäàòüñÿ èçëó÷åíèå
îò ïëîñêîñòè (111) ñ ε=0.547, à âî âòîðîì îò ïëîñêîñòè (11̄1) è ε=1.827. Â îáîèõ ñëó÷àÿõ îòñ÷åò óãëîâ
èäåò îò ñîâïàäåíèÿ íîðìàëè ê ïîâåðõíîñòè ìèøåíè è íàïðàâëåíèÿ ýëåêòðîííîãî ïó÷êà. Ïëîñêîñòè
òèïà (112̄) ïåðïåíäèêóëÿðíû ïëîñêîñòÿì (111), ïîýòîìó èçìåðåíèÿ äëÿ ðåôëåêñà (224) òàêæå áûëè
âûïîëíåíû äëÿ àñèììåòðè÷íîé ãåîìåòðèè.

Ðåçóëüòàòû ðàñ÷åòîâ óãëîâîé ïëîòíîñòè âûõîäà èçëó÷åíèÿ â ðàìêàõ êèíåìàòè÷åñêîé òåîðèè
ÏÐÈ, âûïîëíåííûõ àâòîðàìè öèòèðóåìîé ðàáîòû, ñîâïàëè ñ ðåçóëüòàòàìè èçìåðåíèé ñ òî÷íîñòüþ
äî ïîãðåøíîñòè íîðìèðîâêè ∼ ± 10%. Òàêîå æå ñîãëàñèå ïîëó÷åíî â ðàáîòå [Goponov, Laktionova,
Sidnin et al., 2017], ãäå áûë äîïîëíèòåëüíî ó÷òåí âêëàä äèôðàêöèè ôîòîíîâ ïåðåõîäíîãî è òîðìîç-
íîãî èçëó÷åíèé. Â ðàáîòå [Brenzinger et al., 1997] ïðèâåäåíû çíà÷åíèÿ óãëîâîé ïëîòíîñòè âûõîäà
èçëó÷åíèÿ äëÿ ïåðâîãî ïîðÿäêà îòðàæåíèÿ â ìàêñèìóìå ãîðèçîíòàëüíîãî óãëîâîãî ðàñïðåäåëåíèÿ,
÷òî ñîîòâåòñòâóåò óãëó íàáëþäåíèÿ θx ∼ Θph îòíîñèòåëüíî öåíòðà ðåôëåêñà, è îòðàæàþùèõ ïëîñ-
êîñòåé (110), (111) è (112). Äëÿ òî÷íîãî ñîïîñòàâëåíèÿ ðåçóëüòàòîâ èçìåðåíèé è ðàñ÷åòîâ ñ öåëüþ
ïîèñêà âêëàäà àñèììåòðèè â âûõîä ÏÐÈ, ÄÏÈ è ÄÒÈ ýòîé èíôîðìàöèè íåäîñòàòî÷íî, ïîñêîëüêó
âêëàä äèôðàêöèè ðåàëüíûõ ôîòîíîâ ñîñðåäîòî÷åí â öåíòðå óãëîâîãî ðàñïðåäåëåíèÿ [Laktionova et
al., 2014].

Áîëåå èíòåðåñíûì ïðåäñòàâëÿåòñÿ ñîïîñòàâëåíèå ðåçóëüòàòîâ èçìåðåíèé óãëîâûõ ðàñïðåäåëåíèé
ïëîòíîñòè èçëó÷åíèÿ äëÿ îòðàæàþùåé ïëîñêîñòè (111) è äâóõ ïîðÿäêîâ îòðàæåíèÿ (111) è (333),
òàê æå ïðèâåäåííûõ â öèòèðóåìîé ðàáîòå, ñ ðàñ÷åòîì. Êàê îòìå÷åíî âûøå, ïîëó÷èòü îòðàæåíèå
(111) â êðèñòàëëå ñ òàêîé ãåîìåòðèåé ìîæíî äâóìÿ ñïîñîáàìè. Íà ðèñóíêå 3 ïðèâåäåíî èçìåðåííîå
ãîðèçîíòàëüíîå ðàñïðåäåëåíèå óãëîâîé ïëîòíîñòè èçëó÷åíèÿ J = Y/∆Ω, ãäå Y � âûõîä ôîòîíîâ íà
îäèí ýëåêòðîí, à ∆Ω � òåëåñíûé óãîë, ïåðåêðûâàåìûé äåòåêòîðîì, äëÿ ïîðÿäêà îòðàæåíèÿ (111)
ñ ýíåðãèåé ôîòîíîâ ω= 5.17 êýÂ. Çäåñü æå ïðèâåäåíû ðàññ÷èòàííûå óãëîâûå ðàñïðåäåëåíèÿ äëÿ
îòðàæàþùèõ ïëîñêîñòåé (111) è (11̄1), ñîîòâåòñòâåííî, êðèâûå 1 è 2.

Ðèñ. 3. Ãîðèçîíòàëüíîå óãëîâîå ðàñïðåäåëåíèå äëÿ îòðàæåíèÿ (111) â ýêñïåðèìåíòå [Brenzinger et al.,
1997]. Òî÷êè � ýêñïåðèìåíò; êðèâûå � ðàñ÷åò äëÿ îòðàæàþùèõ ïëîñêîñòåé (111) è (11̄1) (ñì. ðèñóíîê 1)

Fig. 3. The horizontal angular distribution for the re�ection of (111) in the experiment [Brenzinger et al., 1997].

Points � experiment; curves � calculation for re�ecting planes (111) and (11̄1) (see Figure 1)

Ðàçëè÷èå â èíòåíñèâíîñòè èçëó÷åíèÿ äëÿ ýòèõ îòðàæàþùèõ ïëîñêîñòåé íå ñâÿçàíî ñ äèíàìè-
÷åñêèìè ýôôåêòàìè â èçëó÷åíèè, à îáóñëîâëåíû ðàçëè÷èåì äëèí ïóòåé ýëåêòðîíîâ, èçëó÷åíèå êî-
òîðûõ ìîæåò âûéòè èç êðèñòàëëà. Äëÿ ïîäòâåðæäåíèÿ âûøåñêàçàííîãî âîñïîëüçóåìñÿ òåì, ÷òî
ïðè âûïîëíåíèÿ óñëîâèÿ la << T , ãäå T è la òîëùèíà êðèñòàëëà è äëèíà ïîãëîùåíèÿ èçëó÷å-
íèÿ ñ ýíåðãèåé ω, ôîòîíû ìîãóò âûéòè èç êðèñòàëëà òîëüêî åñëè èõ ïóòü â íåì íå ïðåâûøà-
åò la ≈ 20 ìèêðîí. Äëÿ îðèåíòàöèè (111) ýòî ñîîòâåòñòâóåò äëèíå ïóòè èçëó÷àþùåãî ýëåêòðîíà
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le = la cos(δ + ΘB)/ cos(δ −ΘB) ∼ 11 ìèêðîí, òî åñòü ïóòü ýëåêòðîíà çíà÷èìî ìåíüøå ïóòè ôîòîíà
(ñì. ðèñ. 1à). Â äàííîì ñëó÷àå íàïðàâëåíèå äâèæåíèÿ ýëåêòðîíà â êðèñòàëëå ñîîòâåòñòâóåò ôîòîíó,
äâèæóùåìóñÿ â ïåðâîíà÷àëüíîì íàïðàâëåíèè. Â ñëó÷àå ãåíåðàöèè èçëó÷åíèÿ íà ïëîñêîñòè (11̄1)
le = la cos(δ − ΘB)/ cos(δ + ΘB) ∼ 37 ìèêðîí. Ïîñêîëüêó âûõîä ÏÐÈ ïðîïîðöèîíàëåí äëèíå ïóòè
ýëåêòðîíà â êðèñòàëëå, òî äëÿ ïëîñêîñòè (11̄1) âûõîä èçëó÷åíèÿ â òðè ñ ëèøíèì ðàçà áîëüøå, ÷åì
äëÿ ïëîñêîñòè (111). Åñëè la çíà÷èìî áîëüøå òîëùèíû êðèñòàëëà T , êàê íàïðèìåð äëÿ èçëó÷åíèÿ
òðåòüåãî ïîðÿäêà îòðàæåíèÿ ñ ω ≈ 15.5 êýÂ è la ≈420 ìèêðîí, òî îòíîøåíèå âûõîäîâ èçëó÷åíèÿ
ïðîïîðöèîíàëüíî îòíîøåíèþ äëèí ïóòåé ýëåêòðîíîâ le = T/ cos(δ −ΘB) è le = T/ cos(δ + ΘB) äëÿ
îòðàæåíèé (111) è (11̄1), ñîîòâåòñòâåííî.

Ñëåäóåò ïîä÷åðêíóòü, ÷òî â öèòèðóåìîé ðàáîòå äåòåêòîð îñòàâàëñÿ íà ìåñòå, à èçìåðåíèå çàâè-
ñèìîñòè âûõîäà èçëó÷åíèÿ îòíîñèòåëüíî öåíòðà ðåôëåêñà îñóùåñòâëÿëîñü çà ñ÷åò èçìåíåíèÿ óãëà
îðèåíòàöèè êðèñòàëëà, òî åñòü èçìåðÿëàñü îðèåíòàöèîííàÿ çàâèñèìîñòü, à íå óãëîâîå ðàñïðåäå-
ëåíèå. Â ñîîòâåòñòâèè ñ çàêîíîìåðíîñòüþ ΘD = 2ΘB â ñëó÷àå, åñëè îòðàæàþùàÿ ïëîñêîñòü íà-
ïðàâëåíà âåðòèêàëüíî, óãëîâîå ðàñïðåäåëåíèå â äâà ðàçà øèðå îðèåíòàöèîííîé çàâèñèìîñòè, ÷åì è
âîñïîëüçîâàëèñü àâòîðû [Brenzinger et al., 1997]. Ðàñ÷åòû ïîêàçûâàþò, ìåæäó óãëîâûì ðàñïðåäåëå-
íèåì è ðàñòÿíóòîé â äâà ðàçà îðèåíòàöèîííîé çàâèñèìîñòüþ åñòü íåçíà÷èòåëüíàÿ ðàçíèöà. Îäíàêî,
ñëåäóÿ àâòîðàì öèòèðóåìîé ðàáîòû, áóäåì ãîâîðèòü îá óãëîâîì ðàñïðåäåëåíèè èçëó÷åíèÿ.

Êàê âèäíî èç ðèñóíêà 3, çàâèñèìîñòü 2 äëÿ îòðàæàþùåé ïëîñêîñòè (11̄1) ñóùåñòâåííî áëèæå
ê ýêñïåðèìåíòàëüíûì äàííûì, ÷åì çàâèñèìîñòü 1. Ïîëó÷åííîå â ðåçóëüòàòå ðàñ÷åòà çíà÷åíèå óã-
ëîâîé ïëîòíîñòè èçëó÷åíèÿ Jcalc = 4.8 · 10−3 ôîòîí/(ýëåêòðîí*ñòåðàäèàí) õîðîøî ñîãëàñóåòñÿ ñ
èçìåðåííûì çíà÷åíèåì Jexp = (4.5±0.5) ·10−3 ôîòîí/(ýëåêòðîí*ñòåðàäèàí) [Brenzinger et al., 1997].
Ñëåäîâàòåëüíî, ýêñïåðèìåíò [Brenzinger et al., 1997] âûïîëíåí äëÿ îòðàæàþùåé ïëîñêîñòè (11̄1).
Ðàçëè÷èå ðàññ÷èòàííîé è èçìåðåííîé çàâèñèìîñòåé ìîæåò áûòü îáóñëîâëåíî ïîãðåøíîñòüþ íîð-
ìèðîâêè èëè, ÷òî áîëåå âåðîÿòíî, ïîãëîùåíèåì ôîòîíîâ ìàòåðèàëîì ïåðåäíåé ñòåíêè äåòåêòîðà.
Âêëàä äèôðàêöèè ðåàëüíûõ ôîòîíîâ íå ó÷èòûâàëñÿ, òàê êàê âûõîä òîðìîçíîãî èçëó÷åíèÿ ïîäàâëåí
ýôôåêòîì ïëîòíîñòè, à âêëàä ÄÏÈ ïðåíåáðåæèìî ìàë, ïîñêîëüêó òîëùèíà êðèñòàëëà áîëåå ÷åì â
ïÿòü ðàç ïðåâûøàåò äëèíó ïîãëîùåíèÿ ôîòîíîâ ñ òàêîé ýíåðãèåé.

Íà ðèñóíêå 4à ïðèâåäåíû ðàññ÷èòàííûå óãëîâûå ðàñïðåäåëåíèÿ âûõîäà ÏÐÈ, ÄÒÈ, ÄÏÈ è ñóì-
ìàðíîãî âûõîäà êîãåðåíòíîãî èçëó÷åíèÿ äëÿ ïîðÿäêà îòðàæåíèÿ (333), ñîîòâåòñòâåííî, çàâèñèìîñòè
1-4. Ðàñ÷åò âûïîëíåí äëÿ ðåãèñòðàöèè èçëó÷åíèÿ îò îòðàæàþùåé ïëîñêîñòè (11̄1). Íà ðèñóíêå 4á
ïðèâåäåíû èçìåðåííûå è ðàññ÷èòàííûå ðàñïðåäåëåíèÿ óãëîâîé ïëîòíîñòè èçëó÷åíèÿ. Ñëåäóåò îò-
ìåòèòü, ÷òî äëÿ îòðàæàþùåé ïëîñêîñòè (111) âûõîä èçëó÷åíèÿ áóäåò ïðèìåðíî â äâà ðàçà íèæå.

Ðèñ. 4. Ãîðèçîíòàëüíîå óãëîâîå ðàñïðåäåëåíèå äëÿ îòðàæåíèÿ (333) è îòðàæàþùåé ïëîñêîñòè (11̄1). à �
Ðàññ÷èòàííûå çàâèñèìîñòè âûõîäà èçëó÷åíèÿ: 1 � ÏÐÈ; 2 � ÄÏÈ, 3 � ÄÒÈ; 4 � ÏÐÈ+ÄÏÈ+ÄÒÈ. á �

ðàñïðåäåëåíèå óãëîâîé ïëîòíîñòè èçëó÷åíèÿ. Òî÷êè � ýêñïåðèìåíò [Brenzinger et al., 1997], êðèâàÿ � ðàñ÷åò

Fig. 4. The horizontal angular distribution for the re�ection (333) and the re�ecting plane (11̄1). a � Calculated

dependences of the radiation yield: 1 � PXR; 2 � DTR, 3 � DB; 4 � PXR + DTR + DB. b � distribution of the

angular density of radiation. Points � experiment [Brenzinger et al., 1997], curve � calculation

Èç ðèñóíêà 4 à âèäíî, ÷òî âêëàä ÄÏÈ è ÄÒÈ ñóùåñòâåííî èçìåíèë óãëîâîå ðàñïðåäåëåíèå ðåãè-
ñòðèðóåìîãî èçëó÷åíèÿ. Èç-çà äèôðàêöèè ðåàëüíûõ ôîòîíîâ è ìåíüøåãî õàðàêòåðíîãî óãëà âûëåòà
ôîòîíîâ ÏÐÈ ïðîâàë â öåíòðå óãëîâîãî ðàñïðåäåëåíèÿ (ñì. ðèñóíîê 3) ïðàêòè÷åñêè îòñóòñòâóåò.
Äîïîëíèòåëüíîé ïðè÷èíîé èçìåíåíèÿ ñîîòíîøåíèé âêëàäîâ ÏÐÈ è äèôðàãèðîâàííûõ ðåàëüíûõ
ôîòîíîâ ÿâëÿåòñÿ ðàçíàÿ çàâèñèìîñòü èõ èíòåíñèâíîñòè îò âåëè÷èíû f(~g), êàê áûëî îòìå÷åíî â
[Áàêëàíîâ è äð., 2007]. Èíòåíñèâíîñòü ÏÐÈ ïðîïîðöèîíàëüíà |f(~g)|2, à èíòåíñèâíîñòü ÄÏÈ è ÄÒÈ
âåëè÷èíå f(~g). Âêëàä ÄÏÈ, â òîì ÷èñëå è èç-çà àñèììåòðèè îòðàæåíèÿ, ñîïîñòàâèì ñ èíòåíñèâ-
íîñòüþ â ìàêñèìóìå ÏÐÈ. Âêëàä ÄÒÈ ñðàâíèòåëüíî ìàë, òàê êàê ω333=15.51 êýÂ < γωp= 51.53
êýÂ. Êàê è äëÿ îòðàæåíèÿ (11̄1) íàáëþäàåòñÿ óäîâëåòâîðèòåëüíîå ñîãëàñèå ðåçóëüòàòîâ èçìåðåíèé
è ðàñ÷åòîâ.

Ñëåäóåò îòìåòèòü, ÷òî ó÷åò àñèììåòðèè îòðàæàþùåé ïëîñêîñòè îòíîñèòåëüíî âûõîäíîé ïîâåðõ-
íîñòè óâåëè÷èë âêëàä äèôðàêöèè ðåàëüíûõ ôîòîíîâ íà ∼ 30%. Ýòî çíà÷èìî óëó÷øèëî ñîãëàñèå

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2



Î âëèÿíèè àñèììåòðèè îòðàæåíèÿ íà êîãåðåíòíîå èçëó÷åíèå ... 162

ðåçóëüòàòîâ èçìåðåíèé ñ ðàñ÷åòîì. Áåç íåãî ïðîâàë â öåíòðå çàâèñèìîñòè áûë áû ãëóáæå, à ñîãëà-
ñèå õóæå. Íåîáõîäèìî ïîä÷åðêíóòü, ÷òî ñîïîñòàâëåíèå ðåçóëüòàòîâ èçìåðåíèé ðàáîòû [Brenzinger
et al., 1997] è ðàñ÷åòà íå âêëþ÷àåò êàêèõ-ëèáî ìàñøòàáèðóþùèõ êîýôôèöèåíòîâ çà èñêëþ÷åíèåì
ïðåäïîëîæåíèÿ î ãåîìåòðèè èçìåðåíèé.

Óæå óïîìèíàâøèéñÿ ýêñïåðèìåíò [Takabayashi et al., 2017] âûïîëíåí äëÿ êðèñòàëëà àëìàçà è
ñëåäóþùèõ ýêñïåðèìåíòàëüíûõ óñëîâèé. Ýíåðãèÿ ýëåêòðîíîâ 255 ÌýÂ, ðàñõîäèìîñòü ýëåêòðîííîãî
ïó÷êà 0.25 ìðàä. Õàðàêòåðíûå ðàçìåðû ïó÷êà íà ìèøåíè â âåðòèêàëüíîé è ãîðèçîíòàëüíîé ïëîñ-
êîñòè σy ≈0.9 ìì, σx ≈0.3 ìì, ñîîòâåòñòâåííî. Áîëüøàÿ ãðàíü êðèñòàëëà àëìàçà òîëùèíîé 50 µì
ïåðïåíäèêóëÿðíà îñè <001>. Äëÿ ïîëó÷åíèÿ êîãåðåíòíîãî èçëó÷åíèÿ îò ïëîñêîñòè (110) ñ ýíåðãèåé
ôîòîíîâ ω220=17.7 êýÂ è Θph ≈2.9 ìðàä êðèñòàëë ðàçâîðà÷èâàëñÿ íà óãîë Θ = ΘD/2=16.1◦ âîêðóã
âåðòèêàëüíîé îñè ïî íàïðàâëåíèþ ê äåòåêòîðó, à äëÿ èññëåäîâàíèÿ èçëó÷åíèÿ îò ïëîñêîñòè (111) ñ
ω111=10.9 êýÂ è Θph ≈4.0 ìðàä íà óãîë 19.16◦ â ïðîòèâîïîëîæíóþ ñòîðîíó (ñì. ðèñóíêè 1á è 1à).

Â êà÷åñòâå äåòåêòîðà èñïîëüçîâàëàñü ïîçèöèîííî-÷óâñòâèòåëüíàÿ ðåíòãåíîãðàôè÷åñêàÿ ïëàñòè-
íà òèïà SR(Imagine plate � IP) ñ õèìè÷åñêèì ñîñòàâîì BaFBr:Eu2+, ïðîñòðàíñòâåííûì ðàçðåøåíèåì
íå õóæå 50 µì, òîëùèíîé 112 µì è ïëîòíîñòüþ 3.07 ã/ñì3 [Meadowcroft et al., 2008], óñòàíîâëåííàÿ
íà ðàññòîÿíèè 1 ì îò êðèñòàëëà ïîä óãëîì ΘD=32.2◦. Â îòëè÷èå îò ïîëóïðîâîäíèêîâîãî äåòåêòîðà
IP-ïëàñòèíà ðåãèñòðèðóåò íå îòäåëüíûå ôîòîíû, à ïîãëîùåííóþ äîçó, îñòàâëåííóþ èçëó÷åíèåì â
å¼ ðàáî÷åì îáúåìå [Takabayashi et al., 2017]. Äðóãèìè ñëîâàìè, ðåãèñòðèðóåòñÿ ñóììàðíîå óãëîâîå
ðàñïðåäåëåíèå ôîòîíîâ âñåõ ïîðÿäêîâ îòðàæåíèÿ ñ ó÷åòîì çàâèñèìîñòè ýôôåêòèâíîñòè äåòåêòîðà
è åãî îòêëèêà îò èõ ýíåðãèè. Ïîä îòêëèêîì äåòåêòîðà ïîíèìàåòñÿ ñðåäíÿÿ ýíåðãèÿ, îñòàâëåííàÿ
ôîòîíîì â äåòåêòîðå.

Â ïðîöåññå îáðàáîòêè ðåçóëüòàòîâ èçìåðåíèé ýêñïåðèìåíòà [Takabayashi et al., 2017], îïóáëèêî-
âàííûõ â ðàáîòå [Âíóêîâ è äð., 2019], äëÿ ñîïîñòàâëåíèÿ ðåçóëüòàòîâ èçìåðåíèé è ðàñ÷åòîâ ñ ïîìî-
ùüþ ìåòîäà Ìîíòå-Êàðëî ïî àíàëîãèè c ìåòîäèêîé, îïèñàííîé â ðàáîòå [Goponov, Sidnin, Vnukov et
al., 2017], ïðîâåäåíî ìîäåëèðîâàíèå çàâèñèìîñòè ýôôåêòèâíîñòè (êðèâàÿ 1) è îòêëèêà IP-ïëàñòèíû
(êðèâàÿ 2) îò ýíåðãèè ðåãèñòðèðóåìîãî èçëó÷åíèÿ. Ïðè ïðîâåäåíèè ìîäåëèðîâàíèÿ ó÷èòûâàëîñü
òîëüêî íàëè÷èå àòîìîâ áàðèÿ, áðîìà è ôòîðà, ïîñêîëüêó êîíöåíòðàöèÿ àòîìîâ åâðîïèÿ â âåùåñòâå
äåòåêòîðà ìàëà. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïðèâåäåíû íà ðèñóíêå 5.

Ðèñ. 5. Çàâèñèìîñòü ýôôåêòèâíîñòè (1) è ýíåðãåòè÷åñêîãî îòêëèêà (2) IP-ïëàñòèíû îò ýíåðãèè ôîòîíîâ
Fig. 5. Dependence of the e�ciency (1) and energy response (2) of an IP on the photon energy

Èç ðèñóíêà âèäíî, ÷òî ýôôåêòèâíîñòü äåòåêòîðà ñïàäàåò ñ ðîñòîì ýíåðãèè ôîòîíîâ, çà èñêëþ÷å-
íèåì îáëàñòè ýíåðãèé âáëèçè êðàÿ ôîòîïîãëîùåíèÿ áàðèÿ, ãäå íàáëþäàåòñÿ ñêà÷îê ýôôåêòèâíîñòè.
Çàâèñèìîñòü ýíåðãåòè÷åñêîãî îòêëèêà óìåíüøàåòñÿ áîëåå ïëàâíî, ÷åì ýôôåêòèâíîñòü ðåãèñòðàöèè,
òî åñòü âêëàä áîëåå æåñòêîãî èçëó÷åíèÿ â ïîêàçàíèÿ äåòåêòîðà âûøå. Â ÷àñòíîñòè, äëÿ îäèíàêîâîé
èíòåíñèâíîñòè èçëó÷åíèÿ ñ ýíåðãèÿìè ω220=17.7 êýÂ è ω111=10.9 êýÂ â ïåðâîì ñëó÷àå ïîêàçàíèÿ
äåòåêòîðà áóäóò âûøå, òàê êàê ýíåðãåòè÷åñêèå îòêëèêè ∆E220 =14.2 êýÂ/ôîòîí è ∆E111=10.53
êýÂ/ôîòîí, óêàçàííûå ñòðåëêàìè íà ðèñóíêå 5, îòëè÷àþòñÿ ïî÷òè â ïîëòîðà ðàçà.

Äëÿ ïîäòâåðæäåíèÿ âûâîäà î âëèÿíèè õàðàêòåðèñòèê IP-ïëàñòèíû íà èçìåðÿåìûå ðàñïðåäåëå-
íèÿ íà ðèñóíêå 6à ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà âåðòèêàëüíûõ óãëîâûõ ðàñïðåäåëåíèé âûõîäà
èçëó÷åíèÿ äëÿ îòðàæàþùåé ïëîñêîñòè (111) è òðåõ ïîðÿäêîâ îòðàæåíèÿ. Ðàñ÷åò âûïîëíåí äëÿ
ïåðåìåùåíèÿ êâàäðàòíîãî äåòåêòîðà ñî ñòîðîíîé 0.3 ìì ÷åðåç öåíòð ðåôëåêñà ñ ó÷åòîì óñëîâèé
ýêñïåðèìåíòà [Takabayashi et al., 2017], âêëþ÷àÿ ðàçìåð ïó÷êà ýëåêòðîíîâ íà ìèøåíè è ïîãëîùåíèå
èçëó÷åíèÿ íà ïóòè îò êðèñòàëëà äî äåòåêòîðà [Âíóêîâ è äð., 2019]. Íà ðèñóíêå 6á ïðèâåäåíû óã-
ëîâûå ðàñïðåäåëåíèÿ îòêëèêà äåòåêòîðà ïðè ðåãèñòðàöèè ôîòîíîâ äëÿ òðåõ ïîðÿäêîâ îòðàæåíèÿ
(êðèâûå 1-3) è ðåçóëüòèðóþùåå óãëîâîå ðàñïðåäåëåíèå � òî÷êè. Ó÷òåí âêëàä âñåõ ìåõàíèçìîâ èçëó-
÷åíèÿ, òî åñòü ÏÐÈ, ÄÏÈ è ÄÒÈ, ïðè÷åì äëÿ ïåðâîãî ïîðÿäêà îòðàæåíèÿ âêëàä äèôðàãèðîâàííûõ
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ðåàëüíûõ ôîòîíîâ â öåíòðå ðåôëåêñà íå ïðåâûøàåò 7% îò èíòåíñèâíîñòè â ìàêñèìóìå, ÷òî ñîïî-
ñòàâèìî ñ óâåëè÷åíèåì èíòåíñèâíîñòè èçëó÷åíèÿ â ìèíèìóìå çàâèñèìîñòè èç-çà âëèÿíèÿ êîíå÷íûõ
ðàçìåðîâ ïó÷êà ÷àñòèö íà ìèøåíè [Âíóêîâ è äð., 2019].

Ðèñ. 6. Âåðòèêàëüíûå óãëîâûå ðàñïðåäåëåíèÿ äëÿ îòðàæåíèÿ îò ïëîñêîñòè (111) è óñëîâèé ýêñïåðèìåíòà
[Takabayashi et al., 2017]. à � ðàñïðåäåëåíèÿ ôîòîíîâ äëÿ 1-3 ïîðÿäêîâ îòðàæåíèÿ. á � ðàñïðåäåëåíèÿ

ýíåðãèè, îñòàâëåííîé ôîòîíàìè â äåòåêòîðå. Êðèâûå � ðàñïðåäåëåíèÿ äëÿ îòäåëüíûõ ïîðÿäêîâ
îòðàæåíèÿ. Òî÷êè � ðåçóëüòèðóþùàÿ çàâèñèìîñòü

Fig. 6. Vertical angular distributions for re�ection from the (111) plane and experimental conditions
[Takabayashi et al., 2017]. a � photon distribution for 1-3 orders of re�ection. b � distribution of energy left by

photons in the detector. Curves are distributions for individual re�ection orders. Points are the resulting
dependency

Èç ðèñóíêà âèäíî, ÷òî âêëàä âòîðîãî è òðåòüåãî ïîðÿäêîâ îòðàæåíèÿ íå ïðåâûøàåò 2-3 ïðî-
öåíòîâ îò èíòåíñèâíîñòè ïåðâîãî ïîðÿäêà îòðàæåíèÿ, ïîýòîìó ôîðìà óãëîâîãî ðàñïðåäåëåíèÿ, èç-
ìåðåííîãî ñ ïîìîùüþ IP-ïëàñòèíû, áëèçêà ê óãëîâîìó ðàñïðåäåëåíèþ ôîòîíîâ ïåðâîãî ïîðÿäêà
îòðàæåíèÿ, ÷åì âîñïîëüçîâàëèñü äëÿ ñîïîñòàâëåíèÿ ðåçóëüòàòîâ ýêñïåðèìåíòà ñ ðàñ÷åòîì àâòîðû
ðàáîòû [Blazhevich, Noskov 2019]. Â òî æå âðåìÿ ñëåäóåò îòìåòèòü, ÷òî ôîðìà ðåçóëüòèðóþùåãî
óãëîâîãî ðàñïðåäåëåíèÿ, èçìåðÿåìàÿ ïðèáîðîì, (òî÷êè) îòëè÷àåòñÿ îò ðàñïðåäåëåíèÿ äëÿ ïåðâîãî
ïîðÿäêà îòðàæåíèÿ � êðèâàÿ 1 íà ðèñóíêå 6á. Íàáëþäàåòñÿ îòëè÷èå è â ñîîòíîøåíèè èíòåíñèâíîñòè
èçëó÷åíèÿ è ïîêàçàíèé äåòåêòîðà â ïðîöåññå ðåãèñòðàöèè îòäåëüíûõ ïîðÿäêîâ îòðàæåíèÿ.

Íà ðèñóíêå 7 ïðèâåäåíû ðåçóëüòàòû èçìåðåíèé âåðòèêàëüíûõ óãëîâûõ ðàñïðåäåëåíèé èçëó÷å-
íèÿ äëÿ îòðàæàþùèõ ïëîñêîñòåé (111) è (110), ïîëó÷åííûå â ýêñïåðèìåíòå [Takabayashi et al., 2017]
ñ ïîìîùüþ IP-ïëàñòèíû, ñîîòâåòñòâåííî, òî÷êè è òðåóãîëüíèêè. Çäåñü æå ïðèâåäåíû ðàñ÷åòíûå
çàâèñèìîñòè. Èç-çà îòñóòñòâèÿ èíôîðìàöèè îá àáñîëþòíîé ÷óâñòâèòåëüíîñòè IP-ïëàñòèíû ñîâìå-
ùåíèå ðàñ÷åòíûõ çàâèñèìîñòåé ñ èçìåðåííûìè îñóùåñòâëåíî ñ ïîìîùüþ ìàñøòàáíîãî ìíîæèòåëÿ.
Áîëåå ïîäðîáíîå ñîïîñòàâëåíèå ðåçóëüòàòîâ èçìåðåíèé è ðàñ÷åòîâ ïðèâåäåíî â ðàáîòå [Âíóêîâ è
äð., 2019].

Ðèñ. 7. Âåðòèêàëüíûå óãëîâûå ðàñïðåäåëåíèÿ èçëó÷åíèÿ â ýêñïåðèìåíòå [Takabayashi et al., 2017]. à �
èçìåðåííûå è ðàññ÷èòàííûå ðàñïðåäåëåíèÿ äëÿ îòðàæåíèé (111) è (220), ñîîòâåòñòâåííî, òî÷êè,

òðåóãîëüíèêè è êðèâûå 1, 2. á � ðåçóëüòàòû ðàñ÷åòà
Fig. 7. Vertical angular distributions of radiation in an experiment [Takabayashi et al., 2017]. à � measured and

calculated distributions for re�ections (111) and (220), respectively, points, triangles and curves 1, 2. b �
calculation results

Êàê âèäíî èç ðèñóíêà, íàáëþäàåòñÿ õîðîøåå ñîãëàñèå ðåçóëüòàòîâ èçìåðåíèé ñ ðàñ÷åòîì âî âñåì
äèàïàçîíå óãëîâ íàáëþäåíèÿ, ÷òî ïîäòâåðæäàåò ïðàâèëüíîñòü ó÷åòà ñîîòíîøåíèÿ âêëàäîâ ÏÐÈ
è äèôðàêöèè ðåàëüíûõ ôîòîíîâ è âëèÿíèÿ ðàçìåðà ïó÷êà íà êðèñòàëëå íà èçìåðÿåìîå óãëîâîå
ðàñïðåäåëåíèå. Ïîä÷åðêíåì, ÷òî òàêîå æå ñîãëàñèå íàáëþäàåòñÿ è äëÿ ãîðèçîíòàëüíûõ óãëîâûõ
ðàñïðåäåëåíèé [Âíóêîâ è äð., 2019].
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Âìåñòå ñ òåì, ñëåäóåò îòìåòèòü, ÷òî íîðìèðîâî÷íûå êîíñòàíòû äëÿ îáåèõ îòðàæàþùèõ ïëîñ-
êîñòåé îòëè÷àþòñÿ, ñì. ñîîòíîøåíèå çàâèñèìîñòåé 1, 2 íà ðèñóíêàõ 7à è 7á. Îòíîøåíèå èçìåðåí-
íîãî âûõîäà èçëó÷åíèÿ äëÿ ïëîñêîñòè (111) ñ ìåíüøåé ýíåðãèåé ôîòîíîâ ê ðàñ÷åòó áîëüøå, ÷åì
äëÿ ïëîñêîñòè (110). Ïî-âèäèìîìó, ýòî îáóñëîâëåíî íåïîëíîòîé èíôîðìàöèè î õàðàêòåðèñòèêàõ
IP-ïëàñòèíû. Íàïðèìåð, ìåíüøèå çíà÷åíèÿ åå òîëùèíû èëè ïëîòíîñòè, ÷åì èñïîëüçîâàííûå ïðè
ïðîâåäåíèè ìîäåëèðîâàíèÿ, ìîãóò ïðèâåñòè èìåííî ê òàêîìó ðåçóëüòàòó.

Äðóãîé ïðè÷èíîé ìîæåò áûòü íåàäåêâàòíîñòü êèíåìàòè÷åñêîé òåîðèè ÏÐÈ äëÿ îïèñàíèÿ õà-
ðàêòåðèñòèê èçëó÷åíèÿ â ñëó÷àå àñèììåòðè÷íîãî ðàññåÿíèÿ ïîëÿ ÷àñòèöû [Áëàæåâè÷, Íîñêîâ 2006;
Blazhevich, Noskov 2008; Blazhevich, Noskov 2019]. Ñëåäóåò ïîä÷åðêíóòü, ÷òî îòíîøåíèå çàðåãèñòðè-
ðîâàííîãî âûõîäà èçëó÷åíèÿ äëÿ ïëîñêîñòè (111) ñ àñèììåòðè÷íîé ãåîìåòðèåé ðàññåÿíèÿ ê ðàñ÷åòó
â êèíåìàòè÷åñêîì ïðèáëèæåíèè âûøå, ÷åì äëÿ ïëîñêîñòè (110), òîãäà êàê â ñîîòâåòñòâèè ñ öèòè-
ðîâàííûìè ðàáîòàìè îíî äîëæíî áûòü â ε ðàç ìåíüøå.

Îòâåò íà âîïðîñ, êàêàÿ èç ïðè÷èí ÿâëÿåòñÿ ïðàâèëüíîé, ìîæåò áûòü ïîëó÷åí òîëüêî ïðè èçìåðå-
íèè õàðàêòåðèñòèê èçëó÷åíèÿ äëÿ äâóõ èäåíòè÷íûõ îòðàæàþùèõ ïëîñêîñòåé ñ ðàçíûì çíà÷åíèåì
àñèììåòðèè â îäèíàêîâûõ ýêñïåðèìåíòàëüíûõ óñëîâèÿõ. Íàïðèìåð, äëÿ îòðàæàþùèõ ïëîñêîñòåé
(111) è (11̄1), ëèáî äëÿ ïåðïåíäèêóëÿðíûõ èì (112̄) è (11̄2̄) êðèñòàëëà àëìàçà èëè êðåìíèÿ ñ âõîäíîé
ãðàíüþ, ïåðïåíäèêóëÿðíîé îñè < 001 >, ñì. ðèñóíîê 1.

4. Çàêëþ÷åíèå. Ðåçóëüòàòû ïðîâåäåííûõ èññëåäîâàíèé êðàòêî ìîãóò áûòü ñôîðìóëèðîâàíû
ñëåäóþùèì îáðàçîì:

1) Ñ ïîìîùüþ ìåòîäà Ìîíòå-Êàðëî ðåàëèçîâàí ïîäõîä Äàðâèíà è Ïðèíñà î ìíîãîêðàòíûõ ïå-
ðåîòðàæåíèÿõ ðåíòãåíîâñêèõ ôîòîíîâ íà îòðàæàþùèõ ïëîñêîñòÿõ êðèñòàëëà, ó÷èòûâàþùèé ïîëÿ-
ðèçàöèþ èçëó÷åíèÿ è âîçìîæíîñòü àñèììåòðèè îòðàæàþùèõ ïëîñêîñòåé îòíîñèòåëüíî âûõîäíîé
ïîâåðõíîñòè.

2) Àñèììåòðèÿ îòðàæàþùåé ïëîñêîñòè îòíîñèòåëüíî âûõîäíîé ïîâåðõíîñòè êðèñòàëëè÷åñêîé
ìèøåíè ïðèâîäèò ê èçìåíåíèþ ñîîòíîøåíèÿ èíòåíñèâíîñòè îòðàæåííûõ ôîòîíîâ è âûëåòåâøèõ â
ïåðâîíà÷àëüíîì íàïðàâëåíèè â ε = sin(δ′±ΘB)/ sin(δ′∓ΘB) ðàç, ãäå δ′ � óãîë ìåæäó ïîâåðõíîñòüþ
ìèøåíè è îòðàæàþùåé ïëîñêîñòüþ, à ΘB � óãîë ìåæäó íàïðàâëåíèåì ôîòîíà è ïëîñêîñòè.

3) Êèíåìàòè÷åñêàÿ òåîðèÿ ÏÐÈ ñ ó÷åòîì âêëàäà äèôðàêöèè ðåàëüíûõ ôîòîíîâ îïèñûâàåò ðå-
çóëüòàòû èçìåðåíèé óãëîâûõ ðàñïðåäåëåíèé èçëó÷åíèÿ áûñòðûõ ýëåêòðîíîâ â òîíêèõ êðèñòàëëàõ
â íàïðàâëåíèè áðýããîâñêîãî ðàññåÿíèÿ ñ ïîãðåøíîñòüþ íå õóæå 10-15% êàê äëÿ ñèììåòðè÷íîé, òàê
è äëÿ àñèììåòðè÷íîé ãåîìåòðèè ðàññåÿíèÿ ïîëÿ ÷àñòèöû îòíîñèòåëüíî âûõîäíîé ãðàíè ìèøåíè.

4) Äëÿ îêîí÷àòåëüíîãî îòâåòà íà âîïðîñ î âëèÿíèè àñèììåòðèè ðàññåÿíèÿ íà èíòåíñèâíîñòü ÏÐÈ
íåîáõîäèìû èçìåðåíèÿ äëÿ èäåíòè÷íûõ îòðàæàþùèõ ïëîñêîñòåé è ðàçíûõ çíà÷åíèé àñèììåòðèè â
îäèíàêîâûõ ýêñïåðèìåíòàëüíûõ óñëîâèÿõ.
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